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PREFACE TO SECOND EDITION 


The rapid development in structural design during the present 
century has continued at an accelerated pace in the nearly ten 
years since the publication of the first edition of this book. The 
professional equipment of the civil engineer now must include a 
thorough working mastery not only of th(' laws of statics but also 
of the basic principles underlying the analysis of statically indeter- 
minate structures. 

To meet this need for their own students the authors have 
added two chapters to tliis book: Chapter X dealing with statically 
indeterminate structures composed of members acting primarily 
in flexure, and (Chapter XI which extends the discussion to include 
statically indeterminate forms of trussed structures. 

Advantage has Ix^eii taken of the new edition necessitated by 
the additional chapt(‘rs to make some minor changes, but in gen- 
eral the first nine cliaptiu’s remain in substantially their original 
form and b(‘Come Part One of the second edition. 

In presenting Part Two the authors have followed their own 
teaching practice^ in cent('ring the discussion on the changes in 
shape of th(‘ loaded structure, and the calculation of the magnitude 
of those changes by th(' geometry of small angle changes along the 
axes of the iiKMnlx'rs. They regard the geometric approach to the 
analysis of statically indeterminatt' .structures as fundamental, and 
have pn'ferrc'd to empha.size that procedure rather than to give a 
sketchy outline of numerous ‘'methods’' of analysis that are in 
reality only elaborations of the basic principles. 

In the discussion of principles and in the illustrative examples 
formularization has been avoided as far as possible, as the authors 
heartily concur in the statement by Percival Lowell that: “For- 
mulae are the anaesthetics of thought, not its stimulants. . . .“ * 
With that in mind no particular attempt has been made to attain 
complet(' uniformity in nomenclature. 


From the preface to “Mars and Its Canals,” by Percival Ix)\voll, p. ix. 
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At first the illustrative examples have been given in detail and 
the calculations carefully explained; later, as the background has 
become more fully developed, the illustrative calculations have 
been given in more condensed form and explanations gradually 
eliminated. 

The authors wish to acknowledge that many years of close asso- 
ciation with Professor Hardy Cross have greatly influenced their 
point of view. While they are glad to acknowledge that influence 
they must absolve Professor Cross of responsibility for any inade- 
quacies that may be found in this book. 

T. C. S. 

Urbana, Illinois J. V. 

January, 1941 



PREFACE TO FIRST EDITION 


It is very important for the student beginning the study of the 
theory of structures to gain a clear and accurate understanding 
of the underlying principles of the subject. The tendency to try 
to memorize types of structures and procedures applicable to them, 
so evident in many students, influenced the authors to present this 
simple but thorough discussion of the application of the funda- 
mental laws of statics in structural analysis. 

An understanding of the principles underlying the analysis of 
indeterminate structures is unquestionably essential to the modem 
structural engineer, but the most important of these principles 
are the laws of statics, and the authors are emphatic in their 
belief that the study of indeterminate structures should follow a 
thorough course in determinate structures. As this text-book is 
intended for the student beginning the study of structural analysis, 
it therefore seemed best to devote it exclusively to a discussion 
of the essential fundamentals of the theory of simple structures. 

Throughout the presentation of the material in this book the 
authors have endeavored, by constant and insistent emphasis on 
the laws of statics, to develop in the student ^s mind an apprecia- 
tion of the importance of these fundamental principles, to show 
that the subject is in fact very simple, that there is no necessity 
for remembering standard classifications or cases or different 
methods for different stmctures, but that this single set of prin- 
ciples is directly applicable to every problem. 

The text includes all the material essential for a thorough 
course in the analysis of simple structures and somewhat more 
than can be fully covered in the time usually devoted to the sub- 
ject. In its preparation particular attention was given to a clear 
and careful presentation of reactions, shears, and moments, which 
the authors regard as the foundation stones of the subject. Influ- 
ence lines are first discussed at the beginning of the study of mov- 
ing loads and are freely used thereafter. It is believed that 
influence lines for simple structures are generally more useful 

vii 
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qualitatively than quantitatively, but their use in calculation has 
been fully discussed, illustrated, and recommended when such 
use offers advantages. In all cases the authors have insisted on 
the construction of influence lines by the application of funda- 
mental principles, and have not introduced any of the graphical 
or semi-graphical methods frequently presented, as they believe 
that these have a tendency to leave the student with the memory 
of a method of construction and only a vague notion of the prin- 
ciples involved. The discussion of moving concentrated loads 
is thorough, but special attention has been given to simplicity in 
presentation. In Chapter VH the authors have endeavored by 
constantly emphasizing the underlying principles of statics to 
impress on the student that graphic statics is not in any sense a 
separate method or science but merely a means of calculation 
which is sometimes more convenient than arithmetical methods 
in the solution of problems in statics. 

It is important for the student to solve many problems in order 
to fix in his mind the principles discussed and b) illustrate their 
application. For this purpose the authors have included an 
uhusually large number of problems tak(‘n from among those they 
have prepared and used in their own teaching. These problems 
are grouped at the ends of the chapters in which the principles 
involved are discussed. Many of them do not represent common 
structures, but it has been found that a generous sprinkling of 
unusual exercises helps in keeping the student \s mind focused on 
fundamental principles and in offsetting the tendency to mem- 
orize types and cases. 

The order of presentation is that which the authors have 
found effective. Ilealizing,- however, that the preparation of 
students varies, and that some teachers may prefer a different 
order, they have so arranged the book that Chapters V and VI 
may precede Chapter IV, and that Chapter VII, Graphic Statics, 
may be used as a separate course preceding or following the other 
material, or given concurrently, as some consider preferable. 

In the preparation of the book the authors have had in mind 
technical school students, primarily. They believe, however, that 
the method of presentation should also make it especially adapted 
to the needs of men studying alone. 

The authors wish particularly to acknowledge their indebted- 
ness to Professor Hardy Cross, who has carefully read a major 
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portion of the manuscript and made valuable suggestions. 
Acknowledgment is also made to Professor H. A. Rice for sug- 
gesting a convenient form of moment table, 'J'ables III and IV 
being similar to one he has used in his classes for many years. Credit 
for photographs and some tabular matter has been given at appro- 
priate points in the text. 

T. C. S. 

J. V. 

Urbana, Illinois 
JunCf 1931 
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PART ONE 


THEORY OF SIMPLE STRUCTURES 

CHAPTER I 
INTRODUCTION 

1. Relation of Analysis to Design. — The design of a structure 
or other engineering work consists, broadly speaking, of two stages. 
The first stage is the functional design, that is, the planning of 
the structure to perform in as efficient, reliable, enduring, and 
economical a manner as possible the service which it is intended 
to render. The second stage includes the arrangement of the 
various members or parts to meet properly the needs of the func- 
tional plan, and also the choice of material for, and proper propor- 
tioning of, each of these parts so that it will safely and economically 
fill its place in the completed project. In carrying out the second 
stage of the work the engineer is continually confronted with the 
necessity for calculating the reactions, shears, bending moments, 
and stresses produced in the structure by the loads which must 
be supported or resisted. The calculation of these reactions, shears, 
moments, and stresses is a necessary and important step in the 
design, but it is not its object y and the successful designer must 
have so thorough an understanding of the fundamental principles 
of structural analysis and such facility in their application that he 
makes these essential computations as a matter of course, leaving 
his mind free to focus on those aspects of his design in which 
technical skill, the application of the results of experience and 
engineering judgment, are all-important. 

2. Importance of Fimdamental Principles. — It is the purpose 
of this text to give a brief but thorough discussion of the funda- 
mental principles of structural analysis necessary in the design of 
simple structures. Simple structures are those in which reactions, 
shears, moments, and stresses may be determined, or estimated 
with sufficient accuracy, by application of the laws of statics. 

The rapid development in structural design in the last ten or 
fifteen vears has made it practically imperative that the engineer 
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specializing in the design of modem stmctures have training in the 
methods of analysis available for structures in which the applica- 
tion of the laws of statics is not sufficient. But the laws of statics 
are the structural engineer's fundamental tools and no others are 
so important. A working mastery of them will enable a satis- 
factory and economical solution of a majority of the problems in 
structural design, and without it an understanding and intelligent 
use of more advanced methods of analysis is impossible. It 
should be the purpose of every student of the theory of simple 
structures to gain such a thorough grounding in these fundamental 
principles that their correct use is a matter of second nature to 
him, so that his future study of advanced methods will rest on a 
secure foundation and be uninterrupted by the necessity for cor- 
recting weaknesses in fundamental training. 

3. Fundamental Preparation. — In the preparation of this book 
the authors have had in mind technical-school students who liave 
satisfactorily completed two years of college work, comprising the 
usual training in mathematics, physics, engineering drawing, and 
elementary mechanics. It should be possible, however, for a 
mature student who has not had these advantages, but who hjis a 
good understanding of arithmetic, the elements of algebra, the 
elements of mechanics, and especially the principles of plane 
geometry, to use the book successfully in private study. In their 
own teaching of the subject the authors expect students to have 
had, or to be pursuing concurrently, a fundamental course in the 
mechanics of materials. 

It is presumed that in his study of elementary mechanics the 
student has learned the meaning of: 

Force and its units of measure. 

Equilibrium and the meaning of its fundamental laws. 

Parallelogram of Forces, its meaning and use in the compo- 
sition and resolution of forces. 

Moment of Forces and Couples. 

4. Equilibrium. — Too much emphasis cannot be placed on the 
importance of the student^s having firmly fixed in his mind the 
statement and meaning of the fundamental laws of equilibrium, i.e. 

HH = 0 
27 = 0 
SM = 0 
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It should be clearly understood that these laws are not sus- 
ceptible to mathematical proof. They are based on the results of 
observation and were first advanced by Sir Itaac Newton in his 
statement of the laws of motion. They are merely a mathematical 
expression of Newton’s law, which states that if a body is at rest 
(or in uniform motion) for every action upon it there is an equal 
and opposite reaction. In words, these expressions say that 

2// = 0 : The algebraic sum of all the horizontal forces acting 
on a body which is in equilibrium mast equal zero. 

SF = 0 : The algebraic sum of all the vertical forces acting on 
a body which is in equilibrium viust equal zero. 

ZM — 0 : The algebraic sum of the moments of all the forces 
acting on a body which is in equilibrium, about any 
point in the plane of those forces, must equal zero. 

The application of these laws is sufficient for a solution of every 
problem discussed in Part One (after making simplifying assump- 
tions in some cases), and they 
must be satisfied for every struc- 
ture in equilibrium whether or 
not they are sufficient for an 
analysis of its stresses. 

5. Practical and Ideal Struc- 
tures. — In the analysis of struc- 
tures it is usual to deal with an 
ideal structure, which may 
perhaps be roughly defined as 
a practical structure reduced to 
its c(‘nter lines or simplest 
terms. For example. Fig. 1(a) 
represents a ^‘practical” structure, i.e., an ordinary I beam rest- 
ing on brick walls; (6) in the same figure represents the cor- 
responding ‘‘ideal” structure. The practical structure Inis depth 
and width, rests on supports of considerable area, and supports 
timber beams of appreciable width which deliver loads to the 
I beam, these loads being distributed in some manner over the 
width of the timber beam. The ideal structure is represented as 
a line, is supposed to be supported at two points, A and J5, located 
at the centers of the walls on which the practical beam rests, and 



Tig. 1. 
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supports loads which are in turn represented as applied at points 
which, as indicated by the arrows, are assumed at the centers of 
the timber beams. 

There are similar differences between the practical and ideal 
forms of other types of structures. As another example, Fig. 2 
shows the ideal form, used in analysis, of the practical truss of 



Fig. 2. 


which a detail view is shown in Fig. 3. Here the ideal truss is 
composed of members represented as lines, assumed to be connected 
at their intersections by frictionless pins. The practical truss, on 
the other hand, consists of members of considerable width con- 
nected at their intersections by means of gusset plates of fairly 
large size. Sometimes the differences between the ideal and the 
practical forms introduce discrepancies into an analysis based on 



Courteny of Bruce Oilhert Johneton 

Fig. 3. 


the ideal form which are too large to be ignored, and more accurate 
studies are necessary. Such investigations are entirely beyond 
the scope of this text and will not be further discussed. 

It is impracticable here to enter into an extended description 
of the differences between the line diagrams and the practical forms 
of the various structures which will be studied, but the student 
should be constantly on the alert to relate the ideal structure he is 
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analyzing to its practical form which may be observed in or near 
most communities. 

6. S3naibols and Conventions. — In making slcetches of the ideal 
structures which will be studied it will be convenient to make use 
of certain symbols and conventions in indicating the manner of 
support and construction of the framework under consideration. 
Those which will be most commonly employed are shown in Fig. 
4. In this figure (a), (6), and (r) represent supports for beams or 
columns (the end of the beam or column is indicated by the line 
connecting at A) in which vertical or horizontal movement at the 
point of support, A, is prevented, but in which the beam or column 
is free to turn on the point of support A ; (d), (e), (/), and (g) 
represent supports in which movement normal to the surface on 


>4 


(o) 



(h) 


Jd ^ — 

(b) (c) 





1 kip = 1000 lbs. and is written 


Fig. 4. 



(n (g) 



which the rollers or links are supported is prevented, but in which 
rotation on the point of support and movement parallel to the 
surface of support are unimpeded; (ft), (i), and (j) represent sup- 
ports at which movement or rotation in any direction is absolutely 
prevented; (ft) represents a structure composed of two members 
meeting at the comer A and so rigidly constmcted that the angle 
between the members meeting at A cannot change regardless of 
the manner or magnitude of loading; {V) represents a stmcture 
which is similar to that shown in (ft) but in which the construction 
is such that, although the members cannot separate, there is no 
resistance whatever to change in the angle between the members 
meeting at A, Although a dot has been used in Fig. 4 to repre- 
sent a hinge a circle is sometimes used and both are used in what 
follows. 
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LOADS 

7. Kinds of Loads. — The loads which a structure has to support 
may be divided into two general classes: 

(1) Dead Loads. 

(2) Live Loads. 

8. Dead Loads. — Dead loads are loads which are always fixed 
in position, always acting, and of unchanging magnitude. The 
weight of the material of which a structure is composed, and the 
weight of permanent equipment such as gas or water pipes, or 
electric cables, etc., are loads of this character. Dead load always 
acts vertically. 

9. Live Loads. — In the design of structures it is seldom that 
the engineer has to deal only with fixed or dead loads. In addition 
there are generally loads which are more or less temporary and 
which vary in magnitude, such as: 

The goods stored on a warehouse floor. 

The furniture, fixtures, and occupants of an office. 

Snow on the roof of a building or deck of a bridge. 

Cranes on the crane runways of a building. 

Coal in the bunkers of a coaling station or power house. 

Wind on any structure. 

Trains or other vehicles on a bridge, etc. 

Such loads are called live loads.” Live loads should be 
further divided into two classes: 

(1) Live loads which more, such as trains, trucks, cranes, 

etc. 

(2) Live loads which are movable, such as goods on a ware- 

house floor, furniture in an office, books in a library, 
etc. 

Live loads of the first class often produce an effect greater than 
would be produced by loads of the same magnitude which were 
fixed in position. This additional effect is generally called impact 
and may be of considerable importance in the design of structures 
which must sustain moving loads. 

10. Choice of Design Loads. — Sometimes the loads which a 
structure will be called upon to support dr resist are very definite 
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and easily determined, but more often the selection of the loads 
which should be used in the design is a matter requiring broad 
experience and an intimate knowledge of past development and 
present tendencies in the type of loads expected. For example, 
the engineer responsible for writing the load specification for the 
design of a railway bridge must have a thorough knowledge of the 
changes which have taken place in the rolling stock of his particular 
road over a long period of time, must be familiar with the current 
equipment and the policy of the road in legard to weight of trains 
regularly handled, and must in some way make an estimate or 
forecast of what developments are likely to take place during the 
probable life of the proposed structure. Hundreds of bridges have 
been replaced and hundreds of others are on current replacement 
programs because a forecast of future development in loads was 
not, or could not be, successfully made at the time of their con- 
struction. The authors have in mind a railroad which, because of 
radical changes in its rolling stock, found it necessary to carry out 
an extensive program of reinforcement for a series of bridges in less 
than ten years from the time they were originally built. 

It is not possible or pertinent here to enter into a discussion of 
what loads should be used in design. Loads which are now in 
common use, however, will be briefly described and illustrated. 

11. Weights of Structures. — The weight of a structure depends 
of course upon its size and the material from which it is built. 
For some kinds of structures there are quite reliable records of 
weights of many as actually built, and from these data the engineer 
may make an accurate estimate in advance of design. Data 
regarding many other kinds of structures are almost wholly lacking, 
and in such cases reliance must be placed on experience, and on 
preliminary estimates, which may require revision after a design 
has been prepared. 

Useful data regarding the weights of steel bridges of all kinds 
may be found in Bridge Engineering,” by Dr. J. A. L. Waddell,^ 
and in Design of Steel Bridges,” by F. C. Kunz.^ Many texts 
on design give formulas for bridge weights. In general, such 
formulas arc reliable, if at all, only for a given specification and 
live load, and these are often not stated. Nevertheless they may 
be helpful to the inexperienced engineer if used with discretion 

^ John Wiley & Sons. 

* McGraw-Hill Book Co. 
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but the results should always be checked with estimates following 
design. 

Buildings are so varied in type and character of construction, 
as well as in the loads to be expected, that few reliable records of 
their weights are available. Often the weight of the frame of a 
building is not a very important factor in comparison with the 
other loads supported, and it usually is comparatively easy to 
make a reasonable estimate of its magnitude. Formulas for roof 
truss weights are numerous, but are generally even less reliable 
than formulas for bridge weights, and most experienced designers 
prefer to make their own estimates. 

In making estimates of weight from completed designs the data 
concerning regularly available structural forms given in manu- 
facturers^ handbooks and catalogs, are essential. Useful informa- 
tion on the weights of various substances will be found in practic- 
ally all engineer’s handbooks. The weight of the material in a 
structure is a very definite quantity, and although it may be diffi- 
cult to estimate reliably in advance of design, it is possible eventu- 
ally to calculate it to any necessary degree of accuracy. 

12. Movable and Moving Loads in General. — Generally speak- 
ing, the movable or moving loads to which a structure may be 
subjected are far less definite than the dead loads. The live load 
selected for use in design should simulate as accurately as possible, 
in effect, the actual loads which may be reasonably expected to 
come regularly upon the structure, and should be such that the 
resulting design will be safe, economical, and enduring under these 
conditions. It is necessary also that the structure be secure 
against failure under the action of the greatest load or combination 
of loads to which there is any reasonable possibility of its being 
subjected, but of course it is not necessary to make the design as 
though such an extraordinary load or combination of loads were 
to be of regular occurrence. Loads do not have the same effect 
on all parts of a structure and it may be wasteful to design an 
entire bridge or building for those loads which are necessary to 
secure safety and endurance in some one or two members. For 
example, an office floor may be subjected to very heavy loads over 
a relatively small area, such as would be caused by files and safes, 
and the floor framing must be so designed that the tenant may 
place equipment of this kind in any position he finds most con- 
venient. However, so heavy a load over the entire area of the 
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floor is impossible, and it would be ridiculous to design the frame 
as a whole for any such condition. Similar situations occur in 
bridge design. 

It should be clear that in choosing a design load probahility 
of occurrence, frequency of occurrence, and possible extent must 
all be considered, and that the working stress (i.e., factor of 
safety to be permitted under various conditions also enters into 
the problem. The problem is one requiring great technical skill 
and wide experience for a satisfactory solution and cannot be 
further discussed in this text. It is entirely appropriate, however, 
here to describe and illustrate loads which do actually occur, and 
to state what design loads are often used under typical conditions. 

13. Movable and Moving Loads in Buildings. — The live loads 
to which buildings are subjected are more commonly movable 
than moving. The important loads in a warehouse, for example, 
are the goods stored therein. These goods must be handled of 
course, and during such handling, by hand or mechanically oper- 
ated trucks, they are moving loads. Unless the handling equip- 
ment is very heavy, however, the effect on the structure as a 
whole is not likely to be as important as the great weight of the 
stored goods. Figure 5 shows five views in warehouses showing 
the storing and handling of various kinds of goods. Electric 
trucks of the kind shown in this view have fairly heavy wheel 
loads which may be important in the design of the flooring, but 
which are insignificant in the design of the frame as a whole. 

It is necessary in the design of a warehouse to take into con- 
sideration the kind of material to be stored. Table I gives data 
on actual loads found to exist in warehouses of various kinds. It 
is impossible to say positively that a certain kind of material will 
be stored to a definite height over a given area, and, in choosing 
the design load, probable weight, probable height of piling, and 
probable area of storage must all be considered, as well as the fact 
that in design, loads will be taken over the entire area of a floor, 
whereas in fact passageways or aisles must be left between storage 
areas. Passageways, however, are not always in the same places 
and it is necessary that the design provide for storage over any 
area. Live loads often recommended for warehouse design are 
also recorded in Table I.^ 


* Taken by permission from A. I. S. C. ** Handbook of Steel Construction.” 
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TABLE I 

Contents of Storage Warehouses 


Material 

Weights per 
cubic foot 
of space, 
pounds 

Height of 
pile, feet 

Weights per 
square foot 
of floor, 
pounds 

Recommended 
live loads, 
pounds per 
8((uare foot 

Building Materials 






Asbestos 

50 

6 

300 



Bricks, building 

45 

6 

270 



Bricks, tire clay 

75 

6 

450 



Cement, natural 

59 

6 

354 

300 


Cement, Portland 

73 

6 

438 

to 


Gypsum 

50 

6 

300 

400 


Lime and plaster 

5.3 

5 

265 



Tiles 

50 

6 

300 



Woods, bulk 

45 

6 

270 



Drugs, Pa.int8, Oil, etc. 






Alum, pearl, in barrels 

33 

6 

198 



Bleaching powder, in hogsheads. 
Blue vitriol, in barrels 

31 

45 

3 4 

5 

102 

226 



Glycerine, in cases 

52 

6 

312 



Linseed oil, in barrels 

36 

6 

216 



Linseed oil, in iron drums. . . . 

45 

4 

180 



Logwood extract, in boxes. 

70 

5 

350 



Rosin, in barrels 

48 

6 

288 

200 


Shellac, gum 

38 

ti 

228 

to 


Soaps 

50 

6 

300 

300 


Soda ash, in hogsheads. 

62 

2 •‘4 

167 



Soda, caustic, in iron drums.. 

88 

3 4 

29 4 



Soda, silicate, in barrels 

53 

6 

318 



Sulphuric acid 

60 

i 4 

100 



Toilet articles 

35 

6 

2i0 



Varnishes 

.'>5 

6 

330 



White lead paste, in cans. . 

171 

3 4 

610 



White lead, dry 

86 

44 

408 



Red lead and litharge, dry 

132 

34 

495 



Dry Goods, Cotton, 






Wool, etc . 






Burlap, in bales 

43 

6 

258 



Carpets and rugs 

30 

6 

180 



Coir yarn, in bales 

33 

8 

261 



Cotton, in hales, American. . . . 

30 

8 

210 



Cotton, in bales. Foreign. . 

40 

8 

320 



Cotton bleached goods, in cases. 

28 

8 

22 4 



Cotton flannel, in cases 

12 

8 

96 



Cotton sheeting, in eases 

23 

8 

184 



Cotton yarn, in cases 

25 

8 

2(K) 

200 


Excelsior, compressed 

10 

8 

152 

to 


Hemp, Italian, compressed. . . . 
Hemp, Manila, eompressed .... 

22 

8 

176 

2.50 


30 

8 

210 



Jute, compressed 

41 

8 

328 



Linen damask, in cases 

50 

5 

' 250 



Linen goods, in cases 

30 

8 

240 



Linen towels, in cases 

40 . 

6 

210 



Silk and silk goods 

45 

8 

360 



Sisal, compressed 

21 

8 

168 



Tow, compressed 

20 

8 

232 



Wool, in bales, compressed. . . . 

48 





Wool, in bales, not eompressed. 

13 

8 

101 



Wool, worsteds, in cases 

27 

8 

216 
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TABLE I — Continued 

Contents op Stoeaoe WARBHor,'>E8 


Material 

Weights per 
cubic foot 
of space, 
pounds 

Height of 
pile, feet 

Weights per 
square foot 
of floor, 
pounds 

Recommended 
live loads, 
pounds per 
square foot 

Grockribh, Win eh, I 

Liquors, etc. 




1 

Beans, in bags 

40 

s 

320 


Beverages 

40 

8 

320 


Canned goods, in cases 

.58 

6 

348 


Cereals 

4.5 

8 

300 


Cocoa 

35 

8 

280 


Coffee, roasted, in bags 

3.3 

8 

264 


Coffee, green, in bags 

39 

8 

312 


Dates, in cases 

.5.5 

6 

330 


Figs, ill cases 

74 

.5 

370 


Flour, in barrels 

40 

.5 

200 


Fruits, fr«‘8h 

3.5 

8 ! 

280 

250 

Meat and meat products 

4 5 

♦i 

270 

to 

Milk, condensed 

.50 

() 

300 

300 

Molasses, in barrels 

48 i 

5 

240 


Hic(‘, in bags 

.58 

() 

318 


fcial soda, in barrels 

46 

,5 

230 


Salt, in bags i 

7(/ 

5 

350 


Soap powder, in cases 

38 

8 

304 


Starch, in barrels 

2.5 

6 

150 


Sugar, in barrels 

43 

.5 

215 


Sugar, in eases 

51 

6 

306 


Tea, in chests 

25 

8 

200 


Wines and licpiors, in barrels 

3S 

6 

228 


Hardw\hk, kit. 





Automobile parts 

40 

8 

320 


('ham 

100 

6 

(■>0(5 


Cutlery 

4.5 

8 

3(>0 


Door chi'oks 

4.5 

6 

270 


lOleotrieal goods and machinery. 

40 

8 

320 


Iling«‘H . 

64 

t> 

384 


Locks, in eases, paek(*d 

31 

6 

186 


Muehinery , light 

20 

8 

160 

300 

IMumliing, fixtures 

30 

8 

240 

to 

I’lumbing, suiiplies 

5.5 

6 

330 

4 (JO 

Sash fasteners 

48 

ti 

2S8 


Screws. 

101 

6 

606 


.Shafting steel 

Slieet t in, in boxes 

125 

278 

2 

5.56 


'Tools, small, nn’tal 

7 5 

6 

450 


Wire cables, •»n reels 

Wire, insulated copper, in coils. 

(.3 

r, 

425 

315 


Wire, galvanized iron, in coils. . 

74 

D, 

333 


Wire, magnet, on spools 

1 .> 

a 

4,50 


Mi.srELi, wEors 
Automobile tires 

1 

6 

ISO 


Automolulcs, uncrated 

Books (solidly jiacked) 

s 


64 


T>5 

6 

390 


Furniture 

(Jlass and chiiiaware, in crates.. 

20 

40 

8 

320 


Hides and heather, in bah'S 

20 

8 

100 


Hides, buffalo, in bundles 

L<‘ather and leather goods 

37 

8 

290 


40 

8 

320 


Paper, newspaper, and straw- 
boards 

35 


210 


6 


Paper, writing and calendared.. 

60 

6 

360 


Hone, in coils 

32 

6 

192 


Rubber, crude 

.50 

8 

400 


Tobacco, bale.s 

3.5 

8 

280 
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The principal live load in private dwellings and office buildings 
consists of furniture, books, files, safes, and like equipment, and 
these are movable loads. Moving live loads in the form of con- 



Courteiy of the Elweti-Parker Electric Co. 

Fia. 5. 


gested groups of people must also be taken into consideration, 
particularly in corridors or assembly rooms, and on stairways. 

The load produced by a crowd of people has been the subject 
of much discussion and some experimentation. A very interesting 
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study of possible loads from congested groups of people was made 
by Professor Louis Jerome Johnson of Harvard University and 
described by him in his discussion of C. C. S^hneider^s paper on 
‘‘ The Structural Design of Buildings.’^^ Through the courtesy 
of Professor Johnson Fig. 6 is presented. This view shows a 



Courtesy of Prof. L. J. Johnson 

Fia. 6. 


group of 40 students in a box 6 ft. by 6 ft. inside dimensions. 
These men averaged 163.2 lb. each in weight, giving an average 
load of 181.3 lb. per sq. ft. on the 36 sq. ft. loaded. The men were, 
carefully selected with a view to producing as large a load as pos- 
sible and of course do not in any sense represent what may be 


* Transactions f Am. Soc, C. E.y Vol. 54, p. 441. 
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expected from a miscellaneous group. In order to illustrate the 
meaning of a live load of 100 lb. per sq. ft. from a group of people 
the authors have performed similar experiments in the classroom, 
and in connection therewith have obtained, without any attempt 
at selection or excessive crowding, loads exceeding 125 lb. per sq. ft. 

The United States Department of Commerce Building Code 
Committee has made an exhaustive study of ordinary building 
loads. The results of this study were summarized in a report 
submitted Nov. 1, 1924, entitled Minimum Live Loads Allowable 
for Use in Design of Buildings,^' which may be secured from the 
Superintendent of Documents, Government Printing Office, 
Washington, D. C. The following statement is quoted from the 
report: 

MINIMUM LIVE LOADS ALLOWABLE FOR USE IN THE 
DESIGN OF BUILDINGS 

As recommended by the 

Building Code Committee of the Bureau of Standards, 

United States Department of Commerce 

1. Definitions. 

1. Dead Load . — The dead load in a building includes the weight of 
walls, pennanent partitions, framing, floors, roofs, and all other permanent 
stationary construction entering into a building. 

2. Live Load . — The live load includes all loads except dead loads. 

2. General. 

Buildings and all parts thereof shall be of sufficient strength to support 
safely their imposed loads, live and dead, in addition to tlieir own proper 
dead load; provided, however, that no building or part of a building shall 
be designed for live loads less than those specified in the following sections. 

3. Human Occupancy. 

1. For rooms of private dwellings, hospital rooms and wards, 
guest rooms in hotels, lodging and tenement houses, and for similar 
occupancies, the minimum live load shall be taken as 40 pounds per 
square foot uniformly distributed, except that where floors of one 
and two family dwellings are of monolithic type or of solid or ribbed 
slabs the live load may be taken as 30 pounds per square foot. 

2. For floors for office purposes and for rooms with fixed seats, 
as in churches, school classrooms, reading rooms, museums, art 
galleries, and theaters, the minimum live load shall be taken as 
50 f)Ounds per square foot uniformly distributed. Provision shall 
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be made, however, in designing office floors for a load of 2,000 
pounds placed upon any space 2^ feet square wherever this load 
upon an otherwise unloaded floor would produce stresses greater 
than the 50-pound distributed load. 

3. For aisles, corridors, lobbies, public spaces in hotels and 
public buildings, banquet rooms, assembly halls without fixed seats, 
grandstands, theater stages, gymnasiums, stairways, fire escapes 
or exit passageways, and other spaces where crowds of people are 
likely to assemble, the minimum live load shall be taken as 100 
pounds per scjuare foot uniformly distj*ibuted. This requirement 
shall not apply, however, to such spaces in private dwellings, for 
which the minimum live load shall be taken as in paragraph 1 of 
this section. 

4. Industrial or Commercial Occupancy. 

In designing floors used for industrial or commercial purposes, or pur- 
poses other than previously mentioned, the live load shall be assumed as 
the maximum caused by the use which the building or part of the building 
is to serve. The following loads shall be taken as the minimum live loads 
permissible for the occupancies listed, and loads at least equal shall be 
assumed for uses similar in nature to those listed in this section. 


Minimum 
Live Load in 

Floors used for: lbs. per sq. ft. 

Storage purposes (general) 250 

Storage purposes (special) 100 

Manufacturing (light) 75 

Printing plants 100 

Wholesale stores (light merchandise) 100 

Retail salesrooms (liglit merchandise) 75 

Stables 75 

Garages 

All types of vehicles 100 

Passenger cars only 80 


Sidewalks — 250 or 800 pounds concentrated, whichever 
gives the largest moment or shear. 

6. Roof Loads. 

Roofs having a rise of 4 inches or less per foot of horizontal projection 
shall be proportioned for a vertical live load of 30 pounds per square foot 
of horizontal projection applied to any or all slopes. With a rise of more 
than 4 inches and not more than 12 inches per foot a vertical live load of 
20 pounds on the horizontal projection shall be assumed. If the rise 
exceeds 12 inches per foot no vertical live load need be assumed, but pro- 
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vision shall be made for a wind force acting normal to the roof surface 
(on one slope at a time) of 20 pounds per square foot of such surface. 

6. Allowance for Movable Partition Loads. 

Floors in office and public buildings and in other buildings subject to 
shifting of partitions without reference to arrangement of floor beams or 
girders shall be designed to support, in addition to other loads, a single 
partition of the type used in the building, placed in any possible position. 

7. Reductions in Live Loads. 

Except in buildings for storage purposes the following reductions in 
assumed total floor live loads are permissible in designing all columns, 
piers or walls, foundations, trusses, and girders. 

Reduction of total live loads carried 

Per cent 


Carrjdng one floor 0 

Carrying two floors 10 

Carrying three floors 20 

Carrying four floors 30 

Carrying five floors 40 

Carrying six floors 45 

Carr 3 dng seven or more floors 50 


For determining the area of footings the full dead loads plus the live 
loads, with reductions figured as permitted above, shall be taken; except 
that in buildings for human occupancy, listed in section 3, a further 
reduction of one-half the live load as permitted above may be used. 

Industrial plants manufacturing metal products or other heavy 
articles are ordinarily provided with electric cranes of varying 
capacities for use in handling heavy pieces. Buildings housing 
such equipment are often subjected to extremely heavy loads. 
The maximum loads to be expected, however, are fairly definite 
in such cases, unless the cranes are severely overloaded, as some- 
times happens. Figure 7 shows a 25()-ton crane in a railroad shop 
handling part of a heavy freight locomotive. Figure 8 shows 
mono-rail hoists operating over storage bins of the Rainier Pulp 
and Paper Company, Shelton, Washington. 

The structural engineer seldom has to deal with moving con- 
centrated loads heavier than are produced by cranes of large 
capacity. As an example, the end trucks, with wheel loads and 
spacings, for 25-, 50-, 75-, and 100-ton cranes are shown diagram- 
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matically in Fig. 9. The data were taken from Crane Engineer- 
ing/^ published by the Whiting Corporation. 

14. Moving Loads on Highway Bridges.- The loads which 
highway bridges are called upon to carry have increased tre- 
mendously in recent years. Thirty years ago an occasional trac- 
tion engine or a road roller was an exceptional load. Today large, 
fleets of heavy motor trucks carry an enormous volume of local 
freight over the highways. These loads are not exceptional but 
usual, and may be observed at any time on through routes — in 



Cowltfy of the Hamitchfeger Corporation 

Fig. 7. 


fact, on some routes between large cities they form probably a 
major portion of an almost uninterrupted stream of traflSc. The 
exceptional load at present is usually some heavy piece of machin- 
ery or piece of contractor's equipment transported over the high- 
way on a trailer of special construction. To illustrate loads of 
these types, Figs. 10 and 11 showing standard trucks and trailers, 
and Figs. 12 and 13 showing exceptional loads on specially con- 
structed trailers are presented. In England trailers of the general 
type shown in Fig. 13, having a rated capacity of 100 tons, are 
in use, and in the United States a single load of 163 tons has been 
moved by highway on equipment of this sort. 
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In the design of a bridge it is of course impossible to investigate 
the stresses which may be produced by every possible truck or 



Courfcfiy of the Uarniechfeger Corporation 

Fig. 8. 


truck train which may at one time or another pass over the struc- 
ture. In order to simplify the design procedure it is necessary to 
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adopt a conventional load which will produce stresses as large as 
those which will be caused by the greatest lo.ids to be regularly 
expected, and result in a structure capable oi supporting (at a 
reduced margin of safety) the heaviest load ever likely to cross 
during its life. 

The way in which recent design specifications have attempted 
to meet this necessity is illustrated in Figs. 14 and 15, taken from 
the report of a Conference 
Committee composed of repre- 
sentatives from the American 
Association of State Highway 
OflScials and the American 
Railway Engineering Associa- 
tion. The data given are prac- 
tically self-explanatory, but it 
may be noted that the uniform 
load shown with the electric 
car loading is to have a mag- 
nitude equal to that specified 
for the class load for which 
the bridge is designed; i.e., if 
the bridge is to carry H-20 load- 
ing a uniform load of 640 lb. 
per ft. of track is to precede or 
follow, or precede and follow 
the car loads. 

16. Moving Loads on Railroad Bridges. — There has been as 
marked a change in railroad bridge loads as in highway bridge 
loads, but in recent years the change has not been quite so rapid. 
In 1894 when Mr. Theodore Cooper, one of the best-known Ameri- 
can bridge engineers, proposed a loading (to be mentioned later) 
intended to represent with reasonable accuracy the heaviest 
locomotives then in use, the 40,000-lb. axle loads which he sug- 
gested were thought to be suflScient. In 1903 Mr. Cooper raised 
the heaviest axle loads in his compromise locomotive to 50,000 lb., 
and stated that this should be sufficient for future load require- 
ments.’^® There are in use today locomotives with axle loads 
close to 80,000 lb., and probably most locomotives on major lines 


I' I 


^ Cl 









• Tranaaciiona, Am. Soc. C. E., Vol. 61, p. 106. 
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Courietv of the White Company 


tions of its main line, and these rails were designed to carry 100,000- 
lb, axle loads at 100 miles per hour.® About 25 years ago it was 
* Engineering News Record, April 23, 1931, p. 693. 
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prophesied that the limit in axle loads had been reached, as the 
track structure and roadbed were thought to l.'C unable to stand 
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passenger or fast freight locomotives and Fig. 17 heavy freight 
locomotives. Figure 18 shows a modem electric locomotive for 
heavy freight train service. Data regarding axle loads and wheel 
base for these locomotives are given in Table IL 



Truck Trains fo be Used for Loaded Lengths of 60 Feei or Less 
Fig. 14. 

The train load is usually represented as a uniform load following 
or preceding, or following and preceding, the locomotives. When 
Mr. Cooper first suggested the loading which bears his name, 
4000 lb. per ft. of track was thought to be ample. The train load 
now is generally taken as 7200 lb. per ft. of track, and ore trains 
operating on some roads are said to weigh 7500 lb. per ft. of track. 

Occasionally special loads, such as heavy gun carriages or 
special well cars for transporting heavy machinery, may pass over 
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60 Ton Cars 
SO Ton Cars 
40 Ton Cars 

'9 

30 Ton Cars 
20 Ton Cars 


Uniform Load 


Uniform Load 






nmni 


limn 


I i ! I m 

60 Ton Cars i 7' 3g' , 7 , | 7'I Jg' j 7'l 

50 Ton Cars ^ T' l]' 25' J 7'^ ^5' J 7'' 

40 Ton Cars 'k 'l 20\\ 6'^^ 14 ' ' 6' * 20'\\ 6 ' ^ 

30 Ton Cars , '^'fT 

20 Ton Cars , [ 5' ^ 16' I j'j * /4\ 5'\ ^6^ 5' "I" 

ELECTRIC CAR LOADING. WEIGHT REFERS TO EACH CAR 


^ Concenirated\ /& 000 for Moment 

Load }26 000 for Shear 

- Uniform Load 640fbs.per Linear foot of Lane 


H 20 LOADING 


^ Concentrated \I3 500 for Moment 

Load )/9 500 for Shear 

Uniform Load 460 lbs. per Linear Foot of Lane 


H 15 LOADING 


u. ConceniraiedX 9 000 for Moment 

Load JIJ 000 for Shear 

^Uniform Load 320 lbs. per Linear foot of Lane 


H 10 LOADING 

EQUIVALENT LOADING FOR LOADED LENGTHS 
EXCEEDING 60 FEET 


Fiq. 16 . 
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for a particular road for the heaviest engines in use on that line. 
At that time most bridge designing was done by structural steel 
fabricators, and all bridge companies handling work of this kind 
had in their files dozens of engine diagrams representing the loco- 
motives in use on different railroads. When so many different 
diagrams were used in design, no one diagram was used often 
enough to justify the preparation of elaborate tables giving shears 
and moments for various lengths and numbers of panels. The 
result was an enormous expenditure of time and effort in calculat- 
ing the stresses needed for the preparation of designs. This led to 
many attempts to devise artificial engine diagrams which would 
represent with reason- 
able accuracy large 
numbers of locomotives. 

The system of this 
kind which received the 
widest acceptance was 
that devised by Mr. 

Theodore Cooper, men- 
tioned previously. As a 
matter of fact. Cooper’s 
Loadings became nearly 
a universal standard 


^ I 
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Engineering News-Record, Dec., 1928 , Vol. 101 , No. 25 

Fia. 20. 

for railroad use. It is 

still the most common standard loading in spite of the fact that 
it is no longer an accurate representation of the heavy locomo- 
tives now in use. 

Dr. D. B. Steinman in 1922 presented to the American Society 
of Civil Engineers a very elaborate paper entitled ‘‘Locomotive 
Loadings for Railway Bridges,^' ^ which showed the great dis- 
crepancies between stresses produced by Cooper^s loadings and 
those produced by the ten heaviest locomotives then in operation 
on American railroads. He also devised a new system, designated 
as M-loadings, which more accurately represents the effect of 
modem locomotives. The paper was widely discussed and received 
very general approval, except in railroad circles. It has not been 
very much used in design, although adopted as an alternative 
loading in the final report of an American Society of Civil Engineers 


^ TransaciionSy Am. Soc. C. E., Vol. 86, p. 606. 
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Committee on Specifications for Design and Construction of 
Stoel Railway Bridge Superstructure.’^ ^ 

In 1929 a new system, designated as the A-64 loading, was 
proposed in General Specifications for Steel Railway Bridges,”^ 
prepared by committees from the American Society of Civil En- 
gineers and the American Railway Engineering Association. 

Diagrams representing the three loadings just discussed are 
shown in Fig. 21. In the Cooper and Steinman series heavier or 
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Fia. 21. 


lighter loads are in direct ratio, i.e., an E-70 or M-70 loading is 
^ times the E-60 or M-60, and similarly an E-50 or M-50 is f o 
times the E-60 or M-60. The same relation presumably is to be 
used for loads heavier than A-64, and is so specified for lighter loads 
with a limit of f the standard. A diagram of the axle loads and 
wheel spacing of the Norfolk & Western electric locomotive of 
Fig. 18 is also shown in Fig. 21 for comparison with the standard 
types. 

* Transactions, Am. Soc. C. E., Vol. 86, p. 471. 

• Proceedings, Am. Soc. C. E., December, 1929. 
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An approximate substitute for the A-64 loading is suggested 
in the Specifications mentioned above, which is as follows. 

For spans of less than 40 ft., a series of seven axle loads of 64,000 lb! 
each, spaced 5 ft. between centers. For spans of 40 ft. or more, a uniform 
load of 6400 lb. per ft. of track with a single load placed in the most effec- 
tive position. For moments the single load shall be 128,000 lb. ; for shears, 
the amount given by the formula: 

F = 128 + JL 

in which 

E = the single load, in thousands of pounds; 
and 

L = the span length, iu feet. 

This formula for E leads to inconsistent stresses for certain 
bars in common trusses, and the authors doubt whether the for- 
mula as given will lead to the desired result. 

17. Impact. — Loads moving along a structure tend to cause 
vibration if any of the loads are imperfectly balanced or if the 
track or roadway on wliich they move is not a perfectly smooth 
surface. This vibration results in stresses in the various parts of 
the structure which are larger than would be produced by the 
same loads at rest. The difference between the stresses caused by 
the moving loads and that which would result from the static loads 
is called impact. Impact has been the subject of considerable 
study and experimentation, but our knowledge is still insufficient 
to permit an entirely satisfactory treatment of the phenomenon. 
It is very generally agreed that some allowance should be made for 
impact, but there is some difference of opinion as to how much. 
Common allowances that have been used follow: 

Buildings supporting traveling cranes: 

25 per cent is added to the stresses produced by the cranes. 

Highway bridges: 

Floor / = 30 per cent 

50 

Trusses I = ^ Am. Soc. C. E., 1924. 

50 

^ 1 r A.R.E.A. and A.A.S.H.O., 1929 

12o + L 

hoc. dt. 
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Railway bridges: 


/ = 

I = 


1 = 


300 


300 + L 
300 


300 + 


L2 

100 


A.R.E.A., 1910. 
A.R.E.A., 1923. 


2000 - L 
1600 + lOL 


Am. Soc. C. E., 1923. 


In all these formulas L is the length of roadway or track loaded 
(total length of track or roadway loaded in multiple-track railway 
or multiple-lane highway bridges) to produce the shear, moment, 
or stress to which the impact is to be added, and / is the percentage 
to be added. 

Many other formulas have been proposed and used but these 
are sufficient to represent common practice. 

18. Lateral Forces. — The most common lateral force is the 
pressure exerted by wind. Wind acts on all structures and in 
some localities is a very important factor. It has received a good 
deal of study in the past, and is now, because of the tremendous 
increase in building heights, being given further attention. 

The reader is referred to a recent book, “Wind Stresses in 
Buildings,” by Robins Fleming,’ ' for an interesting discussion of 
the cause and effect of wind and a thorough summary of our 
present knowledge of the subject. The subject will not be further 
discussed here except to give the following data on common 
allowances for wind pressure. 

Buildings: Wind pressures from 20 lb. per sq. ft. to 30 lb. per sq. ft. 
are given in design specifications. Forty pf'unds per square foot is often 
specified for buildings to be located in tropical countries. The sheltering 
effect of nearby buildings is frequently taken into consideration. 

Bridges: The proper allowance for wind on bridges is nearly universally 
considered to be 30 lb. per sq. ft. on times the projection on a vertical 
plane of the exposed area for the loaded structure, and 50 lb. per sq. ft. 
on the same area for the unloaded structure. Practically all design 
specifications set certain minimum amounts to be applied to the loaded 
and unloaded chords of the structure. Wind on the train is usually a 


John Wiley <fe Sons, 1930. 
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separate item and is most commonly taken as 300 lb. per ft. The wind 
load on a train is of course a moving load, and the other wind loads are 
nearly always required to be so treated. The recently proposed specifica- 
tions of the American Society of Civil Engineers require that the projected 
area of all trusses be considered plus times the projected area of the 
floor system. ' 

An allowance is generally made for “side thrust in buildings 
supporting traveling cranes. Side thrust results from lateral 
acceleration and deceleration of loads and from weaving or 
“ nosing of the crane. Very little is known as to its actual 
magnitude. It is generally assumed to be 20 per cent of the lifted 
load, which is almost certainly excessive but conservative and 
satisfactory pending more complete investigation. 

An allowance for lateral “ nosing of locomotives is made in 
the design of bridges. In older specifiications it was generally 
combined with an allowance for wind on the train. In the 1923 
American Railway Engineering Association specifications an 
allowance of “ 5 f)er cent of the specified load on one track, but 
not more than 400 lb. per lin. ft.^^ is required. Some writers have 
pointed out that it is impossible for the train to exert a lateral 
force in one direction throughout its length, but it seems not 
improbable that “ nosing may produce a lateral vibration which 
may produce stresses equivalent to a horizontal load acting in one 
direction throughout the length of the structure. The proposed 
1929 specifications of the American Society of Civil Engineers 
provide that a single concentrated load of 20,000 lb. be used to 
represent the effect of side sway: this load to act in either hori- 
zontal direction at any point along the base of rail. 

Centrifugal force is an important lateral force acting on bridges 
which support a curved track. It depends of course on the speed 
of the train and the curvature of the track. As the student should 
remember from his mechanics, its magnitude is given by: 



in which 

C = horizontal centrifugal force; 

W = the vertical load; 

V = the velocity in feet per second; 
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R = the radius of curvature; 

g = acceleration due to gravity = 32.2. 

For use in connection with bridges this is usually reduced to 

.067IFy^ 

It 

in which 

C, W, and E are as before; 

V = speed in miles per hour, (usually assumed to be 
60 — 2^ X degree of curvature}; 

W is generally taken to l>e the live load including impact. 

19. Longitudinal Forces. — Longitudinal forces are produced by 
the starting and stopping of cranes on crane runways, and trains 
on bridges. The magnitude of this force on crane runways should 
generally be taken jis about 20 per cent of the wheel loads. In 
older specifications for bridge design the longitudinal force was 
generally given as 20 per cent of the vertical load. More recent 
specifications have recognized that this is excessive and have 
required that 20 per cent of the driver loads plus 10 per cent — or 
in some cases 5 per cent — of the other loads be used, which is 
more reasonable. 

20. Snow. — Snow load is an important load in the design of 
buildings. It is seldom considered in fixed bridges but may have 
importance in lift bridge design. 

The amount of snow load to be used depends largely on the 
climate and on the slope of the roof. On flat roofs it is usually 
taken at 20 to 30 lb. per sq. ft., and on pitched roofs at decreased 
amounts depending on the slope. Roofs having slopes of 1 to 1 or 
greater are generally considered not to hold snow, but a sleet load 
of not less than 10 lb. per scp ft. should be considered on all roofs, 
except where the climate is such that snow or sleet is impo.ssibIe. 
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REACTIONS 

21. General Principles. — If a body, subjcctod to forces acting 
in a plane, is at rest , there are three conditions of equilibrium which 
must be satisfied: 

:::// = 0 


2: T" - 0 


= 0 

It follows that in determining the reactions acting on the body, the 
loads being known, not more than three unknown quantities can 
be found. There are three things which must be known about 
each force in order to have it fully determined: its inagnitudey its 
directioriy and its point of application or line of actioyi. If a knowl- 
edge of all these concerning one reaction is lacking, then the 
magnitude, direction, and point of application or line of action of 
all other forces acting on the structure must be known. This 
reaction would then hold the body at rest against the action of the 
other forces. 

In normal cases, when the loads are not parallel, there are two 
reactions; the direction of one reaction is known and a point on 
the line of action of each. The 

unknown quantities are the mag- qq^ /20^ 

nitude of each reaction and the 
direction of one. The beam shown 

in Fig. 22, for example, has reac- A 

tions at A and B. The reaction 
at A must pass through the hinge Fia. 22. 

at that point, but its magnitude 
and direction are unknown. The reaction at B must pass through 
the hinge at B and must be vertical since the bearing is on rollers 
(assumed to be frictionless) which rest on a horizontal plane; its 

magnitude, however, is unknown. This may be more briefly 
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Fig. 23. 


stated by saying that the three unknowns are horizontal and 
vertical reactions at A and a vertical reaction at B, It is practic- 
ally always more convenient to deal with the horizontal and 
vertical components of reactions, and in what follows it is to be 
understood that it is these components which are to be found unless 
it is otherwise stated. 

If the beam of Fig. 22 is supported as shown in Fig. 23, the 
statements made above are still correct except that the reaction 

at B must of course be 
normal to the plane on 
which the rollers are sup- 
ported; i.e., it must act 
along the line B — B\ 
It is evident that there 
are still three unknowns : 
the magnitude and direc- 
tion of the reaction at A 
and the magnitude of 
the reaction at B. If we state the unknowns in this case as the 
horizontal and vertical components of the reactions at A and B^ 
it may seem at first that there are four reactions to be found. This 
is not the case, however, and a little study should make it clear 
that, since the direction of the reaction at B is fixed by the rollers, 
there is also a fixed relation between the horizontal and vertical 
components at this point. This relation is independent of the 
magnitude or position of the loads, 
and when one is determined the 
other is known at once. There is 
no fixed relation between the com- 
ponents at A ; either may change 
independently of the other with 
changes in loading, and the determi- 
nation of one does not fix the other. 

If the beam of Fig. 22 is subjected to vertical loads only, as 
shown in Fig. 24, it is clear without computation that there cannot 
be any horizontal reaction at A and that there are only two un- 
knowns: the magnitude of the vertical reactions at A and at B, 
It is important to recognize, however, that in arriving at the con- 
clusion of no horizontal reaction at A, the principle of S// = 0 has 
been used (consciously or unconsciously), and that only the two 




120 '^ 


\f \f 


Pig. 24. 


B 
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remaining equations of statics, SF = 0 and hM = 0, are available 
for calculating the magnitude of the vertical reactions at A and B, 

It must be remembered that the number of unknowns which 
can be determined is fixed by the number of equations available, 
and it makes no difference whether they pertain to one reaction or 
to several reactions as long as the unknown quantities do not 
exceed in number the independent equations. As will be seen 
later, the conditions of support or construction of a structure may 
result in conditions of equilibrium in addition to those given by 
the laws of statics for the whole structure. It is possible in such 
cases to determine a greater number of unknowns than the laws 
of statics alone would permit without recourse to equations includ- 
ing the elastic properties of the structure. Obviously the number 
of unknowns which may be determined in addition to those given 
by the laws of statics will be equal to the number of conditions of 
equilibrium resulting from the method of support or construction. 

22. Statical Indetermination. — When the number, of unknown 
reactions exceeds the number of conditions of equilibrium, the 
structure is said to be statically indeterminate; that is, its reac- 
tions cannot be determined by the use of the laws of statics alone. 
Equations involving the elastic behavior of the structure will be 
involved to such an extent that the total number of independent 
equations from all sources will be equal to the number of unknown 
quantities. Structures may be somewhat arbitrarily classified as 
statically indeterminate externally, internally, or both. Exter- 
nally statically indeterminate structures are those which are inde- 
terminate with respect to their reactions as just stated. Internally 
statically indeterminate structures are those which are indeter- 
minate with respect to the stresses in one or more of the members. 
Part One does not deal with the application to statically indeter- 
minate structures of equations of equilibrium based on the elastic 
properties of the structure. It does deal, however, with the cal- 
culation of reactions, shears and moments, or stresses in such 
structures after enough unknowns have been determined so that 
the remainder may be computed by use of the laws of statics: 

23. Examples for Classification. — It is important that the 
student be able to recognize whether or not a structure with which 
he has to deal is statically indeterminate. In Fig. 25 are repre- 
sented a number of structures with varying conditions of support 
and construction. Each structure should be carefully studied to 
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determine the number of unknowns and the number of conditions 
of equilibrium which are available for its analysis. The unknowns 
should be stated in terms of magnitude, direction, and point of 
application or line of action, as well as in terms of vertical and 
horizontal components. 

24. Methods of Analysis. — A method of attack for such 
problems may be illustrated by considering the structure shown in 
Fig. 25 (1). This structure has reactions on the earth (which is 
the ultimate source of support for every structure) at A and B. 
Since hinges are shown at A and C, the reaction at A must pass 


t I t ^ tit 

(o] (6) 




through the hinge at A and act along the line AC. This reaction, 
therefore, is known in direction and line of action, and unknown 
in -magnitude. The reaction at B is unknown in magnitude 
and direction, but the hinge at D makes it necessary for the 
reaction at B to pass through this point, and as a result a 
point on its line of action is known. There are therefore 
three unknowns: the magnitude of the reaction at A and the 
magnitude and direction of the reaction at B. As there are avail- 
able three equations from the laws of statics the structure is 
statically determinate and its reactions may be calculated by 
applying these laws. The unknowns may be stated in terms of 
horizontal and vertical components. There are two components 




Fjg. 25. (j) to (aa) 


and three at B. But the fact that there can be no bending 
moment at D furnishes one condition of equilibrium in addition 
to the three laws of statics and, therefore, the structure is stati- 
cally determinate. 
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Another method of attack which is often useful for problems of 
this kind is to break the structure up into two or more parts, each 
of which is a stable and determinate structure in itself ; supported 
by, loaded by, or supported and loaded by other parts. In this 





particular problem, for example, the part CDE may be considered 
as a separate structure supported at C and D or at .4 and D; and 
the part DB as a separate cantilever beam loaded at D by the 
reaction of CDE upon it. Then, dealing with the separate struc- 
ture CDiB or ACDE, the reaction at C or oX A is known in direction 
and line of action but unknown in magnitude*, while the reaction 
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at D is known to act at that point (that is, D is one point on the 
line of action of the reaction), but is unknown in magnitude and 
direction. These unknowns may be readily computed. The 
reaction at D may then be applied to the cantilever beam DB and 
the reactions at B (a horizontal component, a vertical component, 
and a moment) calculated directly. 

26. Illustrative Examples. — The computation of reactions may 
now be illustrated by a few typical examples. Figure 26 shows a 
simple beam carrying vertical loads. It will be noted that, since 
an appreciable area of the beam is bearing at each end, the reactions 





Alternate Method 

R, 




1 '/?/ 

40 X 7 = 280 
SO X 10 = 480 


X40 = U 


16 24 


— X 50 = 6 
20 

13 26 

X 

20 


760 

^ 20 == 55*1 


Fig. 26 . 


are not single forces, but are distributed loads acting upward on 
the ends of the beam over the support. As previously stated, it 
is customary to assume in such cases that the reaction is a con- 
centrated force acting in the center of the support. Taking 
moments about the right reaction, the left reaction is found to be 
38.0 kips. The right reaction is found to be 32.0 kips by taking 
moments about the left reaction or by application of 2F = 0. 
The right reaction may be found by each of these methods if it 
seems desirable to have an arithmetical check. The calculations 
described above are shown on the figure. The alternate method 
of computation, shown to the right of the calculations described 
above, is frequently convenient. It evidently involves no new 
principle, but has the advantage that the effect of each load on 
the reaction is kept separate, and the individual calculations may 
often be made mentally. 
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26 , In Fig. 27 is shown a simple beam with loads inclined to 
the vertical. The simplest way to determine the reactions is to 
resolve the inclined force into its horizontal and vertical compo- 
nents. The magnitudes of these components are shown as the 
dotted forces in the figure. By assuming the point of application 
at the beam, the horizontal component passes through the center 
of moments and the calculations may be made in the same manner 
as in the problem of Fig. 26. The necessary calculations are shown 
on the figure. 



19,770 1226 

~30 = 659*^]Rv 659 

567 ^ t = F 2 
or 

626 X 8 = 5,010 
600 X 20 ^ 12,000 


17,010 ~ SO - 567^ \ = V; 


Fio. 27. 


It should be noted in Fig. 27 that both reactions are hinged; 
one is supported on rollers and the other fixed to the masonry. 
The horizontal component at the fixed reaction must, of course, 
be equal to the algebraic sum of the horizontal components of all 
the forces acting on the beam. If both reactions were fixed against 
horizontal movement as well as hinged, the problem would be 
statically indeterminate since it would be impossible to determine 
how much of the horizontal component would be resisted by each 
reaction. If the reactions are both on rollers, the beam in Fig. 
27 becomes unstable. 
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27 . The beam shown in Fig. 28 has one end fixed in a wall and 
the other free. The beam is evidently statically, determinate for 
the portion outside of the wall which supports it. We do not 
know how the forces which are acting on the portion of the beam 
inside the wall are distributed. The ^ 

shear and moment at the face of the 

wall are taken as the reactions and are ^ Jr Jr 

equal to the algebraic sum of all the ^ — I 

forces acting on the portion of the beam ^ q 6k/I-66 
which is outside the wall and the sum ^ / 6 ^\ 7 / 6 '^ 

of the moments of these forces about 28 

the face of the wall. The calculations 

for these reactions are shown on the figure. A beam supported 
in this manner is commonly called a cantilever beam. 

28 . In Fig. 29 there is shown a beam with overhanging or 

30 ^ 60 ^ 40 ^^ 


U 20 ' >1 


7?1 60 X 8 = 480 
SO X S'2 = 960 

lUO 

40 X 8 = S20 


11202 '^ 

- 20 = /?2 = 74^' T 

Alternate Method 


II 

^ X 

20 

= 36 

_ ^ 

28 

.56 


— X 40 


72 

20 

~ 92 

16 

12 

18 

” 56^] 

— X SO 
20 



Fig. 29. 


cantilever ends. The reactions for such a beam may be deter- 
mined in the same manner as for other simple beams. The cal- 
culations for the reactions in this case are shown on the figure. 
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29. The beam in Fig. 30 at first may appear to be statically 
indeterminate as it has four reactions (at Aj Ej and F) to be 
determined by only two equations of statics, as the condition that 
Sif = 0 is not available since there are no horizontal forces. A 
little study, however, will make it clear that the two hinges placed 
in the middle span at C and D furnish two additional conditions 
of equilibrium and make the structure statically determinate. 
This furnishes another example of a structure which may be most 
conveniently analyzed by being broken up into several parts, each 
of which is a stable and determinate structure. In this case, for 



l^]\ 92^ ]\ 118.2'']\ 55.^ \ 

Fig. 30. 


example, the portion CD may be considered as a simple beam sup- 
ported at C and D; at C by the part ABC^ which is, in itself, a 
stable and determinate structure; and at D by the part DEF, also 
a stable and determinate structure. The reactions at C and D 
may now be calculated easily and applied as loads on the separate 
portions ABC and DEF, The calculations for the reactions are 
shown on Fig. 30(6). 

It should be noted in Fig. 30 that, although all the loads are 
vertical, it is necessary to have three reactions on rollers in order 
that the structure will be statically determinate for inclined loads. 
The horizontal reaction at A will equal the sum of all horizontal 
loads on the span. 
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30. A roof truss subjected to a wind load, assumed to be acting 
normal to the roof, is shown in Fig. 31, with roller?; under the left 
support. The magnitude of each reaction is shown in parenthesis 
at its support. The student should check these values. The 
method of attack in finding the reactions is the same as has already 
been illustrated. 



31. In Fig. 32 is shown a structure with reactions at different 
elevations. The direction of the right reaction is determined by 
the slope of the inclined post which is hinged at B and C. The 
magnitude of this reaction may be determined by taking moments 
about the point A. In taking moments the perpendicular distance 
from the line of action of the right reaction to the center of moments 
may be used, the right reaction may be resolved into two com- 
ponents, so taken that one component will pass through the center 
of moments, or the horizontal and vertical components may be 
expressed in terms of ('it her and assumed as applied at B, or any 
other known point on the line BC, After one component is 
found the other may be found at once from the known relation 
between them: that is, if R 2 is the right reaction and Ho and Vo 
its horizontal and vertical components, the known slope of the 
line BC gives at once the relations: 

8. 14.4 14.4 

H 2 ==~Vo and i ?2 = — 72 or —Ih 

The left reaction may now be found from Si/ == 0 and S7 = 0, or 
by taking moments at any convenient point. The calculations 
for the reactions are given on the figure. The student should 
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apply a vertical load of 20 kips at the center of BC and re- 
calculate the reactions. 

32. One principle which it is convenient to keep in mind is 
that any three non-parallel forces which are in equilibrium must 
act in the same plane and must pass through a common point. If 



r,i 7'^'] inso 

Hi = - V, 

//•> - X 4S.:3 - 3^.2^^ 

12 

'x 43.3 = oS.O'^' 

12.0 

Fig. . 32 . 

known loads are acting on a structure which has two reactions^ 
the direction and line of action of one reaction being known and 
a point on the line of action of the other, then the second reaction 
must pass through the known point and the intersection of the 
first reaction with the resultant of the loads. Two points on the* 
line of action of the second reaction now being known, its direction 
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is determined. This principle is fundamental in graphic statics, 
but it also may be often used to advantage in analytic methods. 

The structure shown in Fig. 33 may be used to illustrate this 
principle. As shown it is subjected to only horizontal external 
loads. The reaction at B must be vertical (because of the rollers) 
and must pass through the hinge at B. That is, it must act along 
the line BC. It is clear by inspection that th(^ resultant of the 
external loads acts along the line FC. Since the reaction must 
pass through the hinge at A, application of the above principle at 
once fixes its line of action as AC. The necessary calculations 



Alternate Method 
From moments about A 

R. = 3600 X -- = 2700\ 
12 


for the reactions using this principle are given on the figure. The 
calculations for the alternate method of taking moments about A 
are also given; it should be noted tliat the two methods involve 
identical computations. 

33 . In Fig. 34 is shown a structure having reactions at A and 
C fixed against horizontal or vertical movement, but free to turn 
about tlie hinges at these points. A point on the line of action of 
each reaction is known, but each is unknown in direction and in 
magnitude, or we may say that there are vertical and horizontal 
reactions at each support. There are, therefore, four unknown 
reactions, but the structure is made statically determinate by the 
addition of the hinge at B, the fact that there can be no bending 
moment at B furnishing an additional condition of equilibrium. 
(See Art. 36 for bending moment.) The calculations necessary in 
determining the reactions are shown on the figure. It should be 
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noted that, although there are four unknowns, the calculations are 
no more difficult than in the case of an ordinary beam. The reac- 
tions at A and C being at the same level, taking moments about 
either A or C eliminates three of the four unknowns, since both 
horizontal reactions and one vertical reaction pass through the 



Hi H, = //i = 146^ 

190.6 X 90 = 17,150 
60 X 20 = 1200 


120 X 60 = 7200 

8750 

~60 = 146 ^-^ 

W 120 
60 

100 370 
90 190.6 



Fig. 34. 


570 * 179 . 4 '"] 


center of moments. The fourth unknown may then be found by 
direct calculation. 

34. Arches. — The structure discussed in the preceding para- 
graph is known as a three-hinged arch. In general, arches are 
distinguished from other structures in having reactions fixed 
against horizontal movement. Arches may be three-hinged^ two- 
hinged^ one-hinged, or hingeless. Only those of the first-named 
type are statically determinate. The hingeless arch is very 
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extensively used in modern concrete bridge construction. The 
one-hinged arch is rare. Two-hinged and three-hiiiged arches are 
widely used in large buildings such as armories, drill halls, and 
dirigible hangars, and for highway and railway bridges. The 
methods discussed in Part Two can be applied in the analysis of 
hingeless and two-hinged arches. In recent years there have been 
constructed many notable examples of arches of all types, except 
the one-hinged. 



fin X ^0 = u^oo 
120 X 60 = 7,200 


- 60Ht = 8,400 

now - 40 III = -- 26,900 


-won I - - 17,500 

//, = 

//, == 17, 

60 X 175 = 10,500 
8,400 


18,900 

-rOO = 210 ^ T = Pi 

Fig. 35. 


100 X 20 = 2000 
90 X 60 = 5400 


oow - 401I2 = 7400 

III = II2 
Pi "h V2 — S70 

90{370 - r ,) - 40H1 = 7,400 

- - 4OH1 = - 25,900 

370 

210 

^2 = 160 ^ t 


In Fig. 35 the arch of Fig. 34 is shown with reactions at different 
levels. The calculations in this case are more extensive but not 
more difficult. It is convenient in this case to obtain an equation 
involving H\ and Pi by taking moments about B of all forces on 
the left, and an equation involving H 2 and V 2 by taking moments 
about the same point of all the forces on the right. Then, from 
SP = 0 and S// = 0, the relation between Pi and P 2 and between 
Hi and H 2 may be found, which enables the two equations found 
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by taking moments about B to be solved. The calculations are 
shown on the figure. 

The reactions for the structure shown in Fig. 35 may also be 
found by resolving the reactions at A and C into vertical com- 
ponents and components parallel to a line passing through A 



and C. The components of the reactions are then as shown in 
Fig. 36, and the computations for Va and Vc are identical with 
those for Fi and V 2 in Fig. 34. It should be understood that the 
vertical components thus found are not the true vertical reactions, 
that at A is more and that at C is less, owing to the vertical com- 



6750 ^ 

^50~-l75^^Hf -//2 

^ 29 - -194^ 

179.4 

19^ k 

160.0 \-'V2 


ponents of the inclined forces acting along the line through A 
and C. The calculations for this correction are shown in Fig. 37. 
The computations for the moment about 8750 ft.-kips, are the 
same as in Fig. 34, but, as shown in Fig. 37, the moment arm for 
computing Hi is now 50 ft. The vertical components of the 
inclined reactions are obtained from the slope of the line through 
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A and C. Correcting Va and Fc by this component gives the 
true values of Vi and F 2 . The student should nol<.‘ that the only 
changes in these computations, as compared with those for an 
arch such as in Fig. 34, are the substitution of the new moment 
arm for Hi and adding and subtracting the corrections to Va 
and Vc- This method has certain advantages in computing the 
reactions of an arch with supports at different levels. 


PROBLEMS 

In calculating reactions, compute the horizontal and vertical components 
only, unless otherwise instructed. 

1. Find the reactions for the beam shown. 

Ans. ri = 105.0*^1 rj = 90*=T 

Hi = 43.2*-» 



Pkob. 1. 


2. Find the reactions for this beam. 


4 



PilOR. 


->l 8 '- 0 ‘ 
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3. Compute the reactions for the structure shown. 



PROB. 3. 


4. Compute the reactions for the structure shown. 

^ns. F, = 48*T F, = 106‘t 
Hi = H, = 53 *-^ 



I I \ i I I 

- -:i\4'uc'^/0'-*c-W'--^-8'->\ 6' K— 


W/0'-^ 28' -H 

pROB. 4. 
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Calculate the reactions on the structure shown. 



Prob. 7. 


8. Calculate the reactions on the structure shown. 

Ans. Vi = 282.9*T F. - 57.l‘t 
Ml = 9770'* ) 



Prob. 8. 
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16 . Calculate the reactions on the structure. 


Ans. V, =92.25‘t Vi = 187.75*1 //i = 80*<- 



Prob. 15. 




PROBLEMS 


53 


18. Find the reactions for the frame. 

Ans. Vi = 93J*] V 2 = 213J*t 
Hi = 56 *^ H 2 = 56 *— 



19. The normal pressures are to be taken as 20 lb. per sq. ft. for inclined 
surfaces and 30 lb. per sq. ft. for vertical surfaces. The truss shown is an 
intermediate truss in a series. Bents 20 ft. c. to c. (a) Compute the reactions 
with wind coming from the left. (6) Compute the reactions with wind coming 
from the right. 



Prob. 19. 

20. Find the reactions for the truss. The loads shown are normal to the 
surfaces. 
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23. (a) Given that the weight of the bascule span is 450*, compute the 
necessary weight of the counterweight for balance, neglecting friction. 

(6) Compute the reactions at A and B due to the ba.icule and counter- 
weight only: First when the span is closed, as shown, and second when it has 
opened 60°. 

(c) Compute the reaction of the bascule on the pin at B; first when the 
span is closed as shown, and second when it has opened 60°. 



I U ' 1^ 

U-45--J2-— — 


Bascule 


\ 


240 ' ~ 

Prob. 23. 


24. Is the structure shown (a) stable? (b) determinate? (c) If your answer 
to either (a) or (6) is no, why not? If your answer is yes to both (a) and (6), 
compute the reactions. 



25. Find the i 
•ucture. 

ns. Vi = 89.8* 
//, = 12**- 
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26. Find the reactions for the structure. 



27. Find the reactions at A, B, and C for the structure shown. 

Ans. Va = 147.8‘t Vg =178.1*1 Vc = 14.1*t 
Ha = 443.3*- Hb = 237.5*-» He = 205.8*- 



Prob. 27. 
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REACTIONS 
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CHAPTER III 


SHEARS AND MOMENTS — FIXED LOADS 

36 , In studying the internal stresses in a structure there is one 
and only one method of attack. The method is to pass an imagi- 
nary section cutting the structure into two parts, choose one of the 
parts, and apply the laws of statics to determine what internal 
forces must act on the cut section in order to hold the part under 
consideration in equilibrium against the known external forces. 



In making such an analysis two functions of the external loads 
are continually coming up. These functions are called the shear 
and the bending moment. For example, suppose that we wish 
to study the stresses at section a~h in the beam shown in Fig. 38 (a). 
Applying the method given above, pass an imaginary section at 
a-h cutting the beam into two parts, as shown in Fig. 38 (6), and 
consider the part on the left of the section. Adding up the external 
vertical forces at the left of the section, we find a resultant upward 
force of 76* — this is the shear — and in order to satisfy the 
requirement SF = 0 there must be a vertical internal force of 76* 
acting down on the section as shown in Fig. 38 (5). Taking the 
moments of the external forces to the left of the section about a 
point at the center of gravity of the section we obtain a resultant 

62 
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clockwise moment of 4300 ft.-kips — this is the bending moment, 
and in order to satisfy the requirement SM = 0 there must be an 
internal moment of 4300 ft.-kips acting on section a-h in a counter- 
clockwise direction. The internal moment is frequently called 
the resisting moment since it resists the effort of the external 
forces to bend the beam; i.e., it resists the bending moment of the 
external forces. As learned in mechanics of materials, the internal 
or resisting moment is a couple produced by the tensile and com- 
pressive stresses acting on the fibers of the beam. Since the 
uncut beam is in equilibrium these forces found by passing an 
imaginary plane at the section a-h must actually exist within the 
structure on this section, and must of course be exerted on the 
part of the beam to the left of the section by that part to the right. 
The same results will be obtained by considering the part of the 
beam to the right of the section a-h. There will be found neces- 
sary to hold the external forces on the right in equilibrium a vertical 
force of 76 A:, but acting up instead of down, and a moment of 
4300 ft.-kips, acting clockwise instead of counter-clockwise. As 
above, these forces must actually exist within the uncut structure 
at section a-h and must be exerted on the part of the beam to the 
right of the section by that part to the left. 

36. Definitions. — We may now write definitions for shear and 
bending moment. It should be kept in mind that these are 
definitions; there is nothing to derive or prove, for they merely 
describe certain functions of the external loads which continually 
recur in the analysis of internal stresses and for which it is con- 
venient to have a name. 

Shear. — The shear at any section is defined as: 

The algebraic sum of all the external forces acting parallel 
to the section on either side of the section. 

This definition should be carefully memorized and studied 
until it is thoroughly understood. It should be particularly 
impressed on the mind that all the external forces or components 
of external forces acting on the side considered which are parallel 
to the section must be included in the sum, but only those external 
forces on that side of the section. It is important also to under- 
stand clearly that external forces acting on either side may be used, 
and that that side which involves the smallest amount of work 
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should be chosen; this will generally be that side on which the 
fewer external forces are acting. In general, sections are taken 
normal to the axis of the beam. 

Moment. — Bending moment is defined as: 

The algebraic sum of the moments of all the external 
forces acting on either side of the section taken about the 
center of gravity of the section. 

This definition also should be carefully memorized and studied 
until it is thoroughly understood. Again it is important to impress 
on the mind particularly that the moments of all the external 
forces acting on the side of the section considered must be included 
in the sum, but only those on that side. It is necessary to under- 
stand clearly that the moments of the external forces acting on 
either side of the section may be used, and that that side which 
involves the smallest amount of work should be chosen; this will 
generally be that side on which the fewer external forces are acting. 

37. Signs. — The sign for shear is most conveniently determined 
by keeping in mind the beam shown in Fig. 39, on which a single 
concentrated load is shown acting. The reactions act as shown, 
and the shear on section a-h is taken as 
positive. The convention expressed by this 
figure may be stated in words by saying 
that when the external forces acting on the 
part of the beam to the left of the section 
tend to push that part up, the shear is 
positive, or when the external forces acting on the part of the 
beam to the right of the section tend to push that part down the 
shear is positive. Negative shear of course is the reverse. 

The most convenient convention for the sign of bending 
moments is that which calls moment producing compression in the 
top fibers positive, and tension in the top fibers negative. No 
other rule is necessary, and stating the convention in any other 
way tends to confusion rather than to clarity. 

The same conventions should be used for vertical members, 
but in applying them in such cases the sheet should be turned so 
that the right-hand side becomes the bottom. For example, in Fig. 
40 the signs of shear and moment at section a~b in the vertical 
member BC should be determined by turning the sheet around so 



Fig. 39. 
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that the right-hand side becomes the bottom. The end B is then 
the right-hand end. The part of the beam BC to the left of a~h 
then tends to move up and the shear is 
positive. The top fibers at a-h are in com- 
pression and the moment is positive. 

The sign conventions given above for 
columns are those adopted by Professor 
Hardy Cross in his treatment of statically 
indetenninate structures. They are con- 
venient, automatic, and easy to remember, 
and errors in their application arc nearly 
impossible. 

38. Shear and Moment Diagrams. — It is frequently helpful in 
studying shears and moments to construct diagrams which show 



C 

Fig. 40. 
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the vaxiation in the shear, or in the moment, along the beam. 
This may be readily done by erecting at different points on the 
axis of the beam, or on a reference line of the same length, ordi- 
nates the length or height of which represent the magnitude of the 
shear, or of the moment, at the section where the ordinate is 
placed. A line, series of lines, or a curve connecting the tops of 
all the ordinates will then show the variation in the shear or mo- 
ment across the beam. Positive shear and positive moment are 
generally plotted above the reference line. Reference lines for 
vertical members should be vertical, and positive shears and 
wVft 



moments plotted above the line with reference to the right-hand 
side of the sheet as the bottom. 

39. Examples. — There follow a number of examples showing 
shear and moment diagrams for beams under various conditions 
of loading. These should be carefully studied, keeping in mind 
the definitions and sign conventions given above. Figure 41 (a) 
and (b) shows the shear and moment diagrams for the beam of 
Fig. 38. 

In Fig. 42 is shown a beam with a uniformly distributed load of 
w pounds per foot, the shear and moment diagrams being shown 
below the beam. As shown, the shear curve is a straight line and 
the moment curve is a parabola. The character of the shear or 
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moment curve for any beam can be determined by writing the 
equation for shear or moment. Taking the origin at the left 
support, the equation for shear on this beam is 

wl 

o = — — wx 

and the equation for moment, 

, , wlx wx^ 

M = 

2 2 

This may be written 

w 

M = -X (I - x) 

or, if 

X — a and (I -- x) = b 

M = ^wab 


i.e., the bending moment at any section of a simple beam with a 
uniform load equals one-half the load per foot, times the product 
of the two segments into which the section divides the beam. 

The shear will be a maximum when x = 0 or x = Z and will 



The moment will be a maximum when x 


1 

2 


and will equal 


wP 

8 * 


Care should be taken that only the uniform load to one side 
of the section is considered in calculating the shear or moment. 

The expressions just given for bending moment on any section 
of a simple beam, (Af = ^wab) and at the center {M = ^ wP)^ 
should be remembered. In general it is objectionable to try to 
remember formulas for bending moment. However, it is so fre- 
quently necessary in practical work to calculate the bending 
moment at various points on a beam uniformly loaded, and at the 
load on a beam supporting a single concentrated load, that it is 
very convenient to keep in mind the expressions given above and 
those given below in Fig. 43. 

Figure 43 (a) and (6) shows the shear and moment diagrams 
for beams supporting a single concentrated load. It should be 
noted that when a single concentrated load is applied at the center 
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of the span the maximum bending moment is twice that on the 
same span with the same total load uniformly distributed. 



Fia. 43. 


In Fig. 44 is shown a simple beam supporting several concentrated 
loads with its shear and moment diagrams below. It should be 

100 ^ 200 ^/ 00 ^ 200 ^/ 00 ^ 



observed that the shear curve is a series of horizontal lines with a 
change in ordinate under each load equal to the load, while the 
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moment curve is a series of straight lines, the (equation changing 
at each load. 

A cantilever beam supporting concentrated loads is shown in 
Fig. 45 with its shear and moment diagrams. The values of 
shear and moment between the free end and the fixed end are 
computed in the same manner as for beams simply supported at 
each end. 



A very common form of loading is a uniform load {w pounds per 
foot) combined with several concentrated loads. The shear curve 
will be a series of straight lines having a slope equal to w pounds 
per foot and a change in ordinate under each concentrated load 
equal to the load ; the moment curve will be a series of parabolic 
arcs, the equations changing at each concentrated load. Such a 
beam with its shear and moment diagrams is shown in Fig. 46. 

A beam with a uniformly varying load is shown in Fig. 47 with 
its shear and moment diagrams and their respective equations. 



■^■ 10 ° 
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The shear diagram is a parabola and the moment diagram a curve 
of the third degree. 

It will be seldom that a structure is encountered the loading of 
which is not one of, or some combination of, the three types given, 


|< 40 ^ >1 



generally one, or a conibination of the first two. In cases of com- 
plicated loading it may be found advantageous to calculate the 
shear or moment for each type of loading separately and add these 
values algebraically. 

In Figs. 48 and 49 are shown beams having vertical as well as 
horizontal portions. The shear and moment diagrams should he 
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very carefully studied with reference to the sign conventions 
adopted. 

SV/^ar 



Moment 

Fig. 48 . 


40. Relation between Loading and Shear. — The definitions 
of shear and moment given above fix certain relations between the 
loading and the shear and between the shear and the moment 
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which are very useful. It is important to understand these rela- 
tions clearly and to keep them in mind. 

In Fig. 50 there is shown a beam subjected to miscellaneous 
loads and the resulting shear and moment diagrams. 

Pass any section, as 1-1, and consider the part of the beam 
on the left. The shear is 


Vi-i = Ri — wia — Pi — P2 



At a section a short distance dx farther along the beam, the 
shear is the same; i.e., there has been no change in shear between 
the sections, or we may say that the rate of change of the shear 
between the sections is zero. Evidently the shear line should be 
horizontal at this section. Pass another section as 2-2 and 
consider the part of the beam to the left. The distributed load 
through which the section 2-2 is passed is of varying magnitude 
and may be taken as p pounds per foot at any section, p being a 
variable. Calling the part of the distributed load between the 
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section 2-2 and the left end of this load TT, as shown in Fig. 
50, the shear at 2-2 is 


V 2-2 = — ma — Pi — P 2 — W (1) 

If the change in shear between section 2-2 and a section a 
short distance dx farther along the beam is dVy evidently the shear 
at the latter section is 

F 2-2 + dV ^ Ri — wia — Pi ~ P> — W — pdx (2) 



Subtracting (1) from (2) 
and 


or the rate of change of the shear at any section is the load per 
unit of length at that section. The minus sign in front of p merely 
indicates that the shear is decreasing, as is clear from the shear 
diagram. 


dV = — pdx 
dV 
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If a section is taken under a concentrated load, it should be 
clear that the rate of change of the shear is infinite, since we have 
a finite load divided by an infinitely short length. This means 
evidently that the slope of the shear diagram at a concentrated 
load is infinite: i.e., the tangent of the angle between the shear 
line and the reference line is infinite, or the angle is 90°, and at a 
concentrated load the shear line becomes vertical. 

41. Relation between Shear and Bending Moment. — In Fig. 
50 consider the bending moment at any section, such as 2-2 for 
example, and call the distance from the left reaction to this sec- 
tion, X. If e is the distance from the section 2-2 to the center 
of gravity of the portion of distributed load of weight W (see above) 
the bending moment at section 2-2 evidently is 

M2-~2 = R\x — Pi(x — 6) ~ P2{x — c) 



If dM is the change in bending moment between section 2-2 
and a section a short distance dx farther along the beam, the bend- 
ing moment at the latter section is 


M 2-2 + dM = R\{x + dx) — Pi{x + dx — h) 

— P' 2 (x + dx — c) — Wial^x + dx — 
dx 

— W{e dx) — pdx • — (4) 

where p, as above, is the magnitude of the variable distributed 
load at the section under consideration. Subtracting (3) from (4), 
dx 

and neglecting pdx • — as a quantity too small to be conceived 


and 


dM — Ridx — Pidx — P 2 dx — Wyadx — Wdx 


dx 


Pi — Pi — P 2 — w\a — IF = 


F 2-:2 


or the rate of change of the bending moment at any section is the 
shear at that section. 
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If a section is taken at a concentrated load, there is a sudden 
change in shear and, therefore, a sudden change in the rate of 
change of the bending moment: in other words, there must be a 
sudden change in the direction of the moment curve at a con- 
centrated load. 

It is convenient to deal with some loads as concentrated loads, 
but it should be clearly understood that a load concentrated at a 
mathematical point is a physical impossibility. It is physically 
impossible to have a shear line which has a vertical portion at a 
load or a moment curve which suddenly “ breaks or changes 
from one direction to another. In Fig. 51, for example, is a beam 




Fig. 52. 


with two concentrated loads. It is usual and convenient to deal 
with this beam as shown in Fig. 51 and to consider that its shear 
and moment diagrams are as shown there. The physical facts 
are, however, that the loads Pi and P 2 are actually distributed 
over some length, however small, and the true shear and moment 
diagrams are as shown in Fig. 52. 

The relations between load and shear and between shear and 
moment discussed above are very important. They should be 
carefully studied. 

42. In making the calculations for bending moment diagrams 
two very important corollaries of the relation between shear and 
bending moment are often very convenient. 

(1) From the fact that the rate of change of the bending 
moment is the shear, it follows directly that the bending moment 
passes through a maximum or a minimum value wherever the 
shear pai^ee through zero. Having constructed the shear diagram, 
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application of this principle fixes at once the location of the high 
and low points on the bending moment diagram. 

(2) Since the rate of change of the bending moment is the shear, 
it is evident that the total change in bending moment between two 
sections separated a distance dx is Vdx. That is, 


and 

Mi-2 

where 


dM = Vdx 

j Vdx — area under shear diagram between sections 
‘ 1 and 2 


Ml - 2 =* the change in bending moment between sections 1 and 2. 


The application of the second of these principles is often quite 
convenient in computing the value of moments by the area of the 
shear diagram. The student should check the values of moment 
shown in Figs. 41 to 49 by making use of both of these principles 
and should note that, since the moment at the reaction of a simply 
supported beam is zero, the moment at any point in such a beam 
will be equal to the area under the shear diagram bet ween the end 
and that point, taking proper account of algebraic signs. 

The shape of the moment diagram may be quite easily deter- 
mined from the fact that the shear is the rate of change of the 
bending moment. Where the shear diagram is horizontal the 
change in moment is constant and the moment diagram will 
therefore be a straight line, and will have a positive or 
negative slope according to whether the shear is positive or 
negative. Where the positive value of the shear is decreasing or 
the negative value increasing (summing from ihe left), the moment 
diagram will be a curve and will be concave downward. The 
converse necessarily follows. 

43. Application of Statics to Continuous Structures, — Con- 
tinuous structures are statically indeterminate: i.e., it is impossible 
to determine their reactions, shears, moments, or internal stresses 
by the laws of statics alone. In the analysis of such structures 
it is necessary, as previously pointed out, to establish conditions 
of equilibrium based on the elastic properties of the structure in 
addition to the conditions furnished by the laws of statics. The 
number of conditions thus established in any case must be such 
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that the number of independent equations, including those fur- 
nished by the laws of statics, is equal to the number of unknowns 
to be determined. The complete solution of such problems is, of 
course, out of place in a text treating statics alone. However, 
after the number of unknowns has been reduced to that which may 
be determined by the laws of statics, the problem, may well be 
discussed as an exercise in the application of these laws. 

In I'ig. 53, for example, is shown a structure having eight un- 
known reactions: two at A, one at C, two at E and three at F. 
There are available the three laws of statics and the additional 
fact that there can be no moment at D between the horizontal 
continuous beam BCDF and the vertical member DE. The hinge 
at D is located at the center of gravity of the continuous beam 



SF 


BCDF but is shown below the line of the beam in Fig. 53 for 
clearness and to indicate that the beam is continuous around the 
hinge. It is necessary, therefore, to determine four unknowns 
from the elastic properties of the structure. The normal procedure 
would be to calculate by some appropriate method the bending 
moments at B^ Cj D, and F in the horizontal beam. These bend- 
ing moments having been determined, the remainder of the prob- 
lem, calculation of the reactions, shears and moments, is one in 
the application of the laws of statics. In Fig. 54 values are 
assigned for bending moments at B, C, Z), and F, the reactions 
calculated, and the shear and moment diagrams constructed. 
Problems of this kind furnish excellent training in the application 
of the laws of statics, and the solution given in Fig. 54 should be 
carefully studied. 

The bending moments which exist in the continuous beam at 
B, C, D, and F have been calculated and are given in the figure. 
The knowledge of these four bending moments and the fact that 
because of the hinge at D there can be no moment between the 
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vertical member DE and the horizontal member BCDF^ furnish 
five conditions of equilibrium in addition to the three laws of 
statics, thus making it possible to determine the eight reactions on 
the structure. One of these, the moment at the wall at F\ is 
known at once, of course, since it is the indeterminate moment in 
the beam at Fy and this was given by the same operation used to 
calculate the moment at By C, and Z). 
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Fig. 54. 


The calculations shown in Fig. 54 are brief but complete, and 
the following explanation of the method of attack should remove 
any difficulty in. understanding them. 

The calculation of the reactions and the construction of the 
shear diagram have been combined into a single operation in this 
problem — or a more accurate statement would be that the reac- 
tions have been determined by calculating the shears on each side 
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of each reaction, and these shears have furnished the data neces- 
sary for the construction of the shear diagram as well as determin- 
ing the reactions. 

The horizontal reaction at A is found by considering the vertical 
portion BA cut away from the rest of the structure by an imagi- 
nary plane an infinitesimal distance to the right of B, and taking 
moments about B of all forces between A and B. The unknown 
shear at B passes through the center of moments, as does the 
vertical reaction at A. Since the bending moment at B is known, 
the only unknown entering into the sum of the moments about B 
is the horizontal reaction at A. The calculations for determining 
this reaction are shown at the right of the hinge at A in 
Fig. 54. 

The shear just to the right of B and the shear just to the left 
of C are next calculated by considering the part of the beam 
between these sections cut 

- 
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Fig. 55 . 


away from the rest of the 
structure. The part con- 
sidered and the forces 
acting on the cut ends 
are shown in Fig. 55. 

Taking moments about C: 

i.e., the right-hand end, the shear Vb is directly determined by 
the calculations given at the left-hand end of the shear diagram 
in Fig. 54. The shear Vc then follows at once from the principle 
ZV = 0. The calculations are given adjacent to the corresponding 
ordinate in the shear diagmm in Fig. 54. These data determine 
the vertical reaction at A and fix the shear diagram between AB 
and BC. 

Proceeding in the same manner, sections are passed an infini- 
tesimal distance to the right of C and to the left of D. Consider- 
ing the portion of the beam cut away from the structure by these 
sections enables the determination of the shear just to the right 
of C, as shown by the calculations adjacent to this ordinate in the 
shear diagram in Fig. 54. The shear just to the left of D follows 
directly from application of the principle 2F = 0. Knowing the 
shear just to the left and just to the right of C, enables us to deter- 
mine that the reaction here is 62.1 + 32.8 = 94.9* acting up as 
shown. 

The calculations necessary to determine the remaining reac- 
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tions and finish the construction of the shear diagram follow the 
same procedure and need no further explanation. 

Application of the first of the principles given in Art. 42 fixes 
the point of maximum bending moment in the span BC, and appli- 



cation of the second gives very simply 4he magnitude of this bend- 
ing moment as shown by the calculations adjacent to this ordinate 
in the bending moment diagram in Fig. 54. The same principles 
are used in calculations for the remainder of the moment diagram. 

44 . In Fig. 56 (a) is shown a structure similar to that in Fig. 
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54. In Fig. 56 (5) there are given the bending moments at the 
ends of each column and each girder, these mom'-nts having been 



Fig. 56. (/) to (k) 

calculated by methods applicable to indeterminate structures. 
The remainder of the problem, the construction of shear and mo- 
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ment diagrams and the calculation of the reactions, requires only 
the application of the laws of statics. The methods presented in 
connection with the problem in Fig. 54 are adequate in any such 
problem, but in order to illustrate a somewhat different* procedure 
a complete solution is given. 

In constructing the moment diagram the procedure is to draw 
a bending moment diagram for each span as a simple beam, i.e., 
the portion of the beam A-B is considered as a simple beam sup- 
porting the loads between these points, as is done also for the por- 
tions B~C and C-D, From this simple beam moment diagram 
there is then subtracted (or added algebraically) the moment 
diagram due to the end moments. For the portion A-B^ for 
example, the simple beam moment diagram is as shown in Fig. 
56 (/). The moment diagram for the end moments given in Fig. 
56 (6) would evidently be as shown in Fig. 56 {g). It should be 
clear that we may subtract the moment diagram in Fig. 56 {g) 
from that given in Fig. 56 (/) by simply plotting the former on the 
latter but above the reference line. The resulting diagram is as 
shown in Fig. 56 (/i). The shaded portion then represents the 
true moment diagram for the part of the beam AB. The bend- 
ing moment at any section is measured vertically from the reference 
line A" B" — thus the moment under the first load from the left 
end is represented by the vertical ordinate M. Proceeding in the 
same manner with the other spans results in the moment diagram 
shown in Fig. 56 (c). 

The shear diagram is drawn in a similar manner. The simple 
beam shear diagram is drawn as shown in Fig. 56 (^), and from this 
is subtracted the shear diagram resulting from the end moments 
at A and 5, the latter shear diagram being shown in Fig. 56 (j). 
As in the moment diagram this is simply done by plotting the 
diagram in (j) on that in (i), but above the line. The resulting dia- 
gram is as shown in (k) and the ordinates are measured from the 
new reference line A'" B'", Treating the other spans in the same 
manner results in the shear diagram shown in Fig. 56 (d). 

The shear and moment diagrams for the columns are shown in 
Fig. 56 (e). The reactions at A', jB', C' and Z>' are easily com- 
puted from the data given in Fig. 56, (a) to {e) inclusive, given 
also that the columns are 16 ft. high. 

46. Spans with Floorbeams. — Very often the loads to which 
a beam or girder is subjected are not applied to it directly but to 
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a secondary framing system which is supported by the beam or 
girder. For example, in Fig. 57 (a) there is shown in plan and 
sectional elevation a bridge in which the roadway is supported on 
longitudinal beams marked jS in the figure, and generally called 
stringers or joists. These stringers are supported by the trans- 
verse beams marked F in the figure, and generally called floor- 
beams. The floorbeams in turn are connected to the main bridge 
girders marked G. Consequently, any loads which are applied to 
the roadway are transmitted to the main girders at certain fixed 
points, the points at which the floorbeams are connected. Simi- 
larly in Fig. 57 (6) is shown in plan and sectional elevation the 
framing for a typical floor panel in a building. In this case the 



(b) 


Fia. 57. 


floor is supported on beams marked B, generally called floorbeams 
or joists. These beams or joists are supported by the girders 
marked G. Here, as in the bridge, the load is applied to the girder 
at certain fixed points. The joists, J5, are generally framed into 
the girders, <?, with their tops in about the same planes, but in 
Fig. 57 (6) they are shown resting on top of the girders to show 
more clearly how the floor loads are delivered to the girders. 
Although the entire floor panel may be covered with a uniformly 
distributed load, the girders, G, are subjected to a series of con- 
centrated loads acting at the points where the joists rest. 

46. Bending Moment in Spans with Floorbeams. — In Fig. 
58, (a) and (6), are shown two girders having the same length and 
each loaded with a uniformly distributed load of 4000 lb. per ft. 
which is applied to the girders through joists as shown. In Fig. 
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68 (a) the spacing of the joists is regular, and in Fig. 58 (b) it is 
irregular. Under each beam is shown in dotted lines the parabolic 
bending moment diagram which would result if the load were 
applied directly to the girders instead of through the joists. It 
should be observed that under each concentrated load the magni- 
tude' of the bending moment is shown as exactly the same whether 
the load is apphed directly to the girder or through the joists 
indicated in the figure. The student should show that this is 
necessarily correct for a uniformly distributed load, whether the 
joist spacing is regular or irregular. In Fig. 58, (a) and (6), the 
load is shown as uniformly distributed, but the statement that 




Fia. 68. 

the bending moment is the same at the joist points (or panel points) 
as though the loads were applied directly to the beam is true 
whether the load is a uniformly distributed load, a variable dis- 
tributed load, or any combination of distributed and concentrated 
loads. 

47. Importance of Shears and Moments. — A thorough under- 
standing of shears and moments is a fundamental requirement in 
structural engineering. This is as true in the analysis of frames 
as in beams and girders. The constantly widening use of con- 
tinuous construction in all materials and forms, and the growing 
necessity for better and more accurate design of such construc- 
tions, have resulted in the development of powerful modem 
methods of analysis. These methods in general depend on the 
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calculation of statically indeterminate moments at controlling 
points and have increased the importance of a comprehensive 
knowledge, and facility in the use, of shears and moments. There 
is no portion of the theory of structures which will better repay 
careful study. This is true whether the student intends to follow 
his course in statics with one in statically indeterminate structures 
(which has become a necessity for the modern structural engineer), 
or to pursue only the usual undergraduate work. 

PROBLEMS 

In all problems involving shear or moment diagrams, plot positive values 
above horizontal base lines and to the left of vertical base lines. Compute 
the controlling ordinates (i.e., maximum and minimum, and values occurring 
at loads or supports) and mark them on the diagram. 

37 . Draw the shear and moment diagrams for the beam shown. 



Prob. 37 . 

38 . Draw the shear and moment diagrams for the beam shown. 



Prob. 38 . 


39 . Draw the shear and moment diagrams for the beam shown. 
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40. Draw the shear and moment diagrams for the beam shown. 


■ 4 





144 '' 


4K/. 


. v Z/7// 


[< 4Q> ^ 


Prob. 41. 

42. Draw the shear and moment diagrams for the structure shown. 



Prob. 42. 


43. Draw the shear and moment diagrams for the structure shown 



— >1 8~i 



PROBLEMS 


87 


44. Draw the shear and moment diagrams for the structure shown. 



46. Draw the shear and moment diagrauis for the structure shown. 

120'^ 80'^ 120'' 

4''/i 


|< 70 ' 


f »'nge- 




-30'--^in''^30'~^20 '^ — 40' — >1*20' J 

1< too' A<—40' — >i< 80' J 

Prob. 45. 


46. Draw the shear and moment diagrams for the structure shown. 
Con.sider a strip 1 ft. in length perpendicular to the page. 
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Prob. 4(). 


47. Di aw the shear and moment diagrams for the structure shown 
Consider a strip 1 ft. in length perpendicular to the page. 


: — fer 



J 


1< 36' ^12'-^ 


Prob. 47. 
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48 * Draw the shear and moment diagrams for the structure shown. 



,Prob. 48. 


49. Draw the shear and moment diagrams for the structure shown. 



Prob. 49. 


60. Draw the shear and moment diagrams for the structure shown. 



Prob. 60. 


61 . Draw the shear and moment diagrams for the structure shown. 



Prob. 61. 
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52 . Draw the shear and moment diagrams for the structure shown. (Beam 
continuous through center support.) 


Prob. 52. 

53 . Draw the shear and moment diagrams for the structure shown. 



Prob. 53. 


54 . Draw the shear and moment diagrams for the beam AB. 


Prob. 54. 

S-O" 

55 . This shows diagrammatically a 
barge to be used in connection with a 
bridge erection by floating. The 400* 
load applied to the barge is to be taken 
as distributed uniformly over the 5-ft. 
base. Draw the shear and moment 
diagrams for the barge as a whole. 


Prob. 55. 
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Prob. 56. 


67. Draw the shear and moment diagrams for the structure shown. 



68. Draw the shear and moment diagrams for the beam shown. Give 
controlling ordinates and locate points of zero shear and moment. 
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69. (a) Draw the shear and moment diagrams for the beam A-B in the 
frame shown. 

(b) Draw the shear and moment diagrams for the beam C-D in the same 
frame. 


10^ 



60. A combined caisson founda- 
tion for two columns in a large office 
building is shown. For this problem 
the column loads are to be assumed 
as distributed uniformly along the 
IG-in. and 24-in. widths shown, and 
the caisson loads are to be assumed 
as uniformly distributed along the 
5-ft. 0-in. and 10-ft. 0-in. dimen- 
sions shown. Determine the dis- 
tance A in accordance with these 
assumptions and draw the shear 
and moment diagrams for the 
girder. Do not consider any loa<ls 
other than the column loads given. 
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i. Caisson 


Prob. 60 . 


61. The beam shown is floating in water. Determine what the distance x 
must be to make the upward reaction of the water uniform across the beam, 
and draw the shear and moment diagrams for the beam. 


k- J/' ->| 



Prob. 61 . 
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62. A spread footing to carry two column loads is shown diagrammatically. 
Assume that each column load is concentrated at its center line and that the 
earth pressure is uniform along the girder. Calculate the dimension C and 
draw the shear and moment diagrams for the girder. Ans, C = 8 ft. 



63. The figure shows a plan and section of a steel ore barge. With ore 
loaded as shown, draw the shear and moment diagrams for the vertical loads 
acting on the barge as a whole. The barge is floating in smooth water. 
The dimensions of the loaded volume are to be taken to the center lines for 
’vhe problem. 
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Section A -A 

Prob. 63 . 


64. Draw the shear and moment diagrams for the columns shown in Figs, 
(a) and (6) in Problem 142 on p. 195. 

66 . Draw the shear and moment diagrams for the mast above U 3. in the 
structure shown. 
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66. The figure shows 
a strip having a dimension 
of 1 ft. perpendicular to 
the page cut from an 
electrolytic tank. The 
vertical sides of the tank 
are made rigidly a part 
of the horizontal beam. 
Draw the shear and 
moment diagrams for the 
beam and also the vertical 
portions. 


T 


I 





Pros. 66. 


67. Draw the shear and moment diagrams for the structure shown; 
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68. Draw the shear and moment diagrams for the structure shown. 




-X 

/O' 

Prob. G8. 


69. Draw the shear and moment 
diagrams for the structure shown. 


Prob. 69 . 

70. Draw the shear and moment diagrams for the stucture shown. 





Prob. 70. 
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71. Draw the shear and moment diagrams for the structure shown. 



Prob. 71. 


72. (a) Draw the shear ami moment diagrams for the beam. 

(6) Draw the shear and moment diagrams for the vertical mast. 

(c) Draw the shear and moment diagiarns for the cantilever projection 
of the mast. 



->, 


Prob. 72. 

73. Draw the shear and moment diagrams for the structure shown. 
Give ordinates. The moment at .4 = — 800 ft.-kips and the reaction at 
C - 170* upward. 



Prob. 73. 
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74 . The girder A, JB, C is continuous over the support B and the moment 
at that point is —2100 ft.>kips. Calculate the reactions and draw the shear 
and moment diagrams, giving ordinates. Ans. A = 48*' 

B = 193* ^ 

C = 





O 
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CD 

CO 


Pros. 74. 


76. Draw the shear and moment diagrams for the beam shown, given that 
the shear at B = + 13* and the moment at A = +165 ft.-kips. 
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Pros. 75. 


76. Draw the shear and moment diagrams for the structure, given the 
bending moments shown. 
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|< - 28 ' — ->t=- 

n. Draw the shear ^ j \ ^ 

and moment diagrams ^ ■ 
for the structure, given 
that the shear 
£ - - 16*. 



i/i. 




-dO’- 


8V, 


20^ 


r 

I 




727 . 

B 

Prob. 




77 . 

— 30' 

8 


78. Draw the shear and moment 
diagrams for the structure, given that: 

JMoment at A = — 300 ft.-kips. 
Shear at D = + 8*. 

Moment at C * — 500 ft.-kips. 
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79. Calculate — /d'— ->| 

the reactions and 
draw the shear and 
moment diagrams, 20^' 
giving controlling 
ordinates for the 
structure, given the 
following bending 
moments; 
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Top of Col. A =* — 870 ft.-kips. Top of Col. B 1170 ft.-kips. 

Bottom of Col. A « + 280 ft.-kips. Bottom of Col. B = — 585 ft.-kips. 

Ana. Va - 165.4*t Vb = 188.6*t He = 44.0*<- 
Ha = 27.9*-. Hb = 43.9*»- 
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80 . The following bending moments have been determined for the struc- 
ture shown. 

BD = + 140 ft.-kips. EB = — 650 ft.-kips. CB = — 45 ft.-kips. 

BC ~ — 310 ft.-kips. EG = + 180 ft.-kips. GE = — 90 ft.-kips. 

BE = — 650 ft.-kips. EF = — 470 ft.-kips. FE = — 66 ft.-kips. 

Draw the shear and moment diagrams by both of the methods discussed in 
this chapter. 



81 . The following bending moments have been determined for the struc- 
ture shown. 

BC = — 188 ft.-kips. CD = — 4()0 ft.-kips. AB = 90 ft.-kips. 

CF = + 115 ft.-kips. CG = - 100 ft.-kips. GC = - 400 ft.-kips. 

DE - A- 10 ft.-kips. 

Draw the shear and moment diagrams by both of the methods discussed 
in this chapter. 



Pros. 81. 
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82. Draw the shear and moment diagrams for the beam. Give controlling 
01 dinates and locate points of zero moment and shear. 


2^/ ft per Sfrmger 



• '//V/y//. 

^ 6 & 8 '= 48 ' ■>! 

Prob. 82 . 


83. (a) Draw the shear and moment diagrams for the beam shown in (a). 

(6) Draw the shear and moment diagrams for the beam shown in (b) and 
compare the controlling ordinates with the corresponding ordinates to the 
diagrams drawn for the beam in (a). 

(c) Draw the shear and moment diagrams for the beam shown in (c) and 
compare the controlling ordinates with the corresponding ordinates to the 
diagrams drawn for the beam in (a). 



Prob. 83 . 
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REACTIONS, SHEARS AND MOMENTS — MOVING LOADS 

48. Live Loads. — Live loads, either moving or movable, pro- 
duce varying effects in a structure, depending on the location of the 
part being considered, the function being considered, i.e., reaction, 
shear, bending moment, etc., and the position of the loads which 
are producing the effect. It is necessary to determine the position 
of the adopted system of loading which will produce the greatest 
reaction, shear, or bending moment, and, having found this posi- 
tion, to calculate the resulting effect on the part under consid- 
eration. 

The purpose of this chapter is to study the effect of moving or 
movable loads on reactions, shears, and moments; to determine 
the position of a given system of loads which produces the greatest 
values of these functions; and to present methods of calculating 
these maximum values. 

49. Influence Lines. — In studying the effect of a system of 
loads moving across a structure, the use of diagrams called 
influence lines is often helpful. An influence line is a diagram 
showing the variation in the shear, moment, stress in a member, 
reaction, or other direct function, due to a unit load moving across 
the structure. An influence line is constructed by plotting directly 
under the point where the unit load is placed an ordinate the 
height of which represents to some scale the value of the particular 
function being studied when the load is in that position. This 
definition and statement of the method of construction is complete 
and furnishes all the information necessary for the construction of 
any influence line. This text, however, will discuss only those 
influence lines commonly useful in the design or analysis of static- 
ally determinate structures. 

Many interesting and ingenious methods of constructing 
influence lines have been developed, some semi-graphical and 
others wholly so. The writers are firmly convinced that these 

101 
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methods, however interesting, should be avoided by beginners. 
After the student thoroughly understands the principles involved 
and is able to construct influence lines readily by studying the 
effect of successive positions of the unit load on the function being 
considered, the methods mentioned above may be used if they 
offer advantages in any case. The majority of such methods 
depend on scale drawings, and generally the information furnished 
by the influence line can be most easily obtained by calculating 
directly two or three controlling points. 

60. Methods of Construction. — The following examples illus- 
trate the construction of a few simple influence lines. If the 
definition of an influence line given above and the constructions 
below are clearly understood, there should be no difficulty in 

extending these methods to the 
construction of any influence line 
for any statically determinate 
structure. 

In Fig. 59 is shown a simple 
beam and the influence line for 
its left reaction. Keeping in mind 
that this influence line should 
show the variation in the left re- 
action as a unit load moves across 
the span, the student should reason as follows. When the load is 
at B the reaction at A is zero and the ordinate to the influence 
line at B is zero. As the load moves from B towards A the reac- 
tion at A increases, and as this reaction is 



when the unit load is at any point, C, x feet to the left of B, it 
must be increasing at a uniform rate and the influence line must 
be a straight line as shown, the ordinate at A being 1, since that 
will be the reaction at A when the load is at that point. 

In drawing influence lines, positive values of the function being 
considered are generally plotted above the reference line. Reac- 
tions which act upward are considered as positive, and the signs 
for shear and moment are as previously defined. 

61. In Fig. 60 is shown a simple structure and the influence 
line for the reaction at Z) as a unit load moves from .4 to R. 
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When the unit load is at A the reaction at D is and since it 
acts downward the ordinate to the influence line at A must be 
— jG as shown. As the load moves to the right the reaction at D 
decreases numerically, evidently at a uniform rate, and when it is 
directly over the support at C the reaction at D is zero. As the 
unit load moves to the right toward B the reaction at D increases 
at a uniform rate until the load reaches B. When the unit load 
is at B the reaction at Z) is IJ and the influence line must be as 
shown. 



62. In Fig. 61 is shown a simple beam with the influence lines 
for shear and for bending moment at C. In studying the influence 
line for shear at C, as the unit load moves from B towards A, pass 
a section at C and consider the part of the beam on the left of the 
section. As long as the unit load is between B and C the only 
force acting on the part of the beam to the left is the reaction at A, 
and evidently between B and C the influence line for shear at C 
must be the same as the influence line for reaction at A. After the 
load passes C it is more convenient to consider the part of the beam 
on the right of the section at C since the only force acting on this 
part is the reaction at B. The shear at C varies as the reaction 
at B when the unit load is between C and A, and this variation is 
as shown. Although the reaction at B acts upward the shear at 
C is negative in accordance with the definition previously given, 
and is so shown in the figure. 
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In drawing the influence line for bending moment at C the 
same method of attack is used. When the unit load is between B 
and C the bending moment at C is the left reaction multiplied by 
the distance from this reaction to C. This is the product of a 
reaction which is changing at a uniform rate and a constant 
distance, and the bending moment, therefore, is changing at a 
uniform rate. When the unit load is between A and C the bend- 
ing moment at C is the right reaction multiplied by the distance 



from B to C, and obviously changes at a uniform rate as shown in 
the figure. 

63. Influence Lines for Spans with Floorbeams. — In Fig. 
62 (a) is shown diagrammatically a bridge girder loaded through 
a floor system in the manner shown in Fig. 57 (a). In drawing 
influence lines for such girders it is usual to deal with a unit reac- 
tion from the floor system; that is, the load applied to the floor 
system is assumed to be of such magnitude and so located that 
when it is over a floorbeam the reaction of that floorbeam on the 
girder will be one unit. 

The influence line for bending moment at 'panel point 3, shown 
in Fig. 62 (c), needs no explanation; the method of attack is the 
same as that used in drawing the influence line for bending moment 
in Fig. 61 (c). The influence line for shear shown in Fig. 62 (6), 
however, differs from that shown in Fig. 61 (b) in that the former 
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is an influence line for shear at any section within a panel whereas 
the latter is an influence line for shear at a speciiic section. Since 
the load can be applied to the girder in Fig. 62 (a) only at^ the 
panel points, the shear between panel points must be constant, 
and an influence line for shear at any section within a panel is an 
influence line for shear at all sections in that panel. In studying 
the influence line for shear in panel 2-'3, which is shown in Fig. 
62 (6), the same method may be used as before except that it is 
only when the unit load is between 3 and B or between 2 and A 
that the reaction is the only force acting on the part of the struc- 



ture being considered. The portion of the influence line drawn for 
the unit load between the points just mentioned is of course similar 
to that drawn for shear at C in Fig. 61, but when the unit load is 
between points 2 and 3, an additional force acts on the part of the 
beam under consideration. For example, pass the section 1-1 
shown in Fig. 62 (a) and consider the part on the left of this sec- 
tion. As long as the unit load is between 3 and B the reaction at 
A is the only force acting on the part of the structure under con- 
sideration, and the construction of this portion of the influence 
line for shear in the panel is very simple. As soon as the unit load 
passes point 3 moving towards A there begins to be a downward 
force at point 2 on the part of the beam on the left of the section. 
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This downward force at point 2 increases uniformly as the unit 
load moves from 3 to 2,^and at the same time the reaction at A is 
increasing at a uniform rate. Since the shear in panel 2-3 is the 
reaction at A minus the downward force, or floorbeam reaction, 
at point 2, it is evident that it also is changing at a uniform rate 
and the influence line for shear in the panel may be completed by 
connecting the ordinates at points 2 and 3 by a straight line as 
shown. If this statement does not seem clear it is easy to write 
an equation for this portion of the influence line in terms of x, the 
length of span L, and the panel length p. The student may do 
this to satisfy himself that the equation is that of a straight line 
connecting the ordinates to the influence line at points 2 and 3. 

64. Importance of Ftmdamental Method. — It may seem that 
unnecessarily detailed attention has been given to the construc- 
tion of these very simple influence lines. The writers believe, 
however, that much of the confusion regarding influence linos often 
existing in the student^s mind is the result of attempting to remem- 
ber the shape of the simple forms first encountered in studying the 
subject instead of carefully building them up, step by step, from 
the fundamental definition. 

66. Units. — Attention should be called to the units of measure 
for the ordinates of influence lines. In the influence line shown 
in Fig. 59 the ordinate at A is given as 1, which means that the 
reaction at A will be 1 lb. per lb. of load at A. Similarly at a 
section E, 8 ft. to the left of B in Fig. 61, the ordinate to the 
influence line for shear at C is ro'-lb. per lb.; i.e., for each pound 
of load placed at E there will be a shear at C of yV lb. The influ- 
ence line for bending moment at C has at E an ordinate of 2.4 
ft.4b. per Ib.j or there will be a bending moment at C of 2.4 ft.-lb. 
for each pound of load placed at E. Evidently the unit load 
instead of being 1 lb. may be 1 kip, 1 ton, 1 kilogram, or one unit 
of weight in any system we wish to use, without affecting in any 
way the construction of the influence line. 

66. Use in Computation. — Since an influence line is constructed 
to show the effect of a unit load, it is clear that we may determine 
from it the effect of a load of any magnitude in any position by 
multiplying the ordinate at the load by the magnitude of the load. 
Thus in Fig. 61 at point E the ordinate to the influence line for 
shear at C is lb. per lb. of load at E, and the ordinate to the 
influence line for bending moment at C is 2.4 ft.-lb. per lb. of load 
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at E, Consequently, if a load of 10,000 lb. is placed at J?, we 
have due to this load: 

Shear at C = lb. per lb. X 10,000 lb. = 4000 lb. 

Bending moment at C = 2.4 ft.-lb. per lb. X 10,000 lb. = 24,000 ft.-lb. 

Also it should be clear that if we place a uniformly distributed 
load of w lb. per ft. anywhere on the beam, the effect of this load 
on any function may be found from the influence line for that 
function. Considering a short length dx, the load on it is wdx^ 
and if the ordinate to the influence line at the point where dx is 
taken is y, the effect of this load is wydx and the total effect is 

w I ydx — w X area under influence line between limits of dis- 
^ tributed load. 

For example, if a uniformly distributed load of 4000 lb. per ft. 
is placed on the beam in F'ig. 61 extending from E to C, we have: 

Shear at C = (fo lb. per lb. + lb. per lb.)| 

X 6 ft. X 4000 lb. per ft. = 13,200 lb. 

Bending moment at C = (4.2 ft.-lb. per lb. + 2.4 ft.-lb. per lb.)| 
X 6 ft. X 4000 lb. per ft. = 79,200 ft.-lb. 

Although influence lines may be used in the calculation of shears 
and bending moments as indicated above, it is only in a few cases 
that their use in this manner offers any advantage over ordinary 
methods. They are very useful in the calculation of stresses in 
the diagonals and verticals of trusses with non-parallel chords 
subjected to moving uniform loads, or moving uniform loads 
combined with a single concentrated load, and they are also useful 
in the calculation of maximum shear in the various panels of a 
girder loaded through a floor system and subjected to a moving 
or movable uniform load. Except in these and some other 
instances, their greatest usefulness is not in the actual calculation 
of shears, moments, or stresses, but in indicating where a distrib- 
uted load should be placed to produce the greatest effect in a 
given case. They may also be used in determining the position 
in which a series of concentrated loads should be placed to secure 
the greatest shear, moment, stress, etc. 
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67. Maximum Effect from Moving Uniform Loads. — The 

position of a moving or movable uniform load which is necessary to 
produce maximum reaction on a beam or girder or to produce maxi- 
mum shear or bending moment at some point along the beam or 
girder is easily determined from an inspection of the influence line 
for the function under consideration. In many cases the proper 
position of the uniform load is obvious without reference to an 
influence line. For example, it is clear that a load anywhere 
between A and B on the beam in Fig. 59 will contribute to the 
reaction at A and that a uniform load should cover the entire span 
to produce maximum reaction at A, Similarly it is obvious that a 
load anywhere between A and Bon the beam in Fig. 61 will produce 



positive bending moment at C (or at any other point between A 
and B)j and that for maximum bending moment at C (or at any 
other point between A and B) a uniform load should cover the 
entire span. Also it is clear that a load anywhere between C and 
B on the beam in Fig. 61 will produce positive shear at section C, 
and for maximum positive shear at C a uniform load should extend 
from C to B. Reference to the influence lines drawn in these 
figures confirms these conclusions, but is not necessary for their 
statement. 

The position of a uniform load to produce maximum positive 
shear in panel 2-3 of the beam shown in Fig. 62, however, is not 
obvious, and in this case the influence line is helpful, showing at 
once that the load should extend from c to b. In this case also the 
calculation of the shear may be conveniently made from the 
influence line as explained above, or directly. 

As an example, a girder span having a floor system is shown 
diagrammatically in Fig. 63, together with the influence line for 
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shear in panel 2-3. The dimensions are as shown in the figure, 
and the girder is to be subjected to a moving uniform load of 3 
kips per ft. The influence line shows at once that to produce maxi- 
mum positive shear in the panel the load should extend from C to 
B as shown. The calculation of this shear from the influence 
line is as follows: 

Area = I X ^ X 72 = 18 
Shear = 3 X 18 = 54*^ 

Knowing the position of the load which produces maximum 
positive shear in the panel, the shear may be calculated directly. 

36 

3 X 72 X ~ 64.8 reaction at A 
0 

3 X 12 X — = 10.8 panel reaction at 2 

Z\J 

54.0* shear in panel 

68. Maximum Shear by Conventional Full Panel Load Method. 

— An approximate method of calculating maximum shear in a 
girder span having a floor system and subjected to a moving 
uniform load is of some interest at this point. Referring again 
to. Fig. 63 we may see at once that, with the uniform load in the 
position shown, the panel loads are as follows: 

At 4 and 5, full panel loads = 60* each 
14 3 X 20 

At 3, 3 X 12 X — + — — = 55.2* 

At 2, 3 X 12 X 7^ = 10.8* 

The conventional full panel load method of calculation assumes 
that the panel load at 3 is 60* instead of 55.2* and neglects entirely 
the partial panel load of 10.8* at 2. That is, if using this conven- 
tional approximation, we should place full panel loads at 3, 4, and 
5 for maximum shear in panel 2-3; at panels 2, 3, 4, and 5 for 
maximum shear in panel 1-2, and so on. This is evidently equiva- 
lent to extending uniform load from panel point 2 back to B and 



110 REACTIONS, SHEARS AND MOMENTS— MOVING LOADS 


neglecting the half panel load at 2, when calculating shear in panel 
2-3; and extending uniform load from panel point 1 back to B 
and neglecting the half panel load at 1, when calculating shear 
in 1-2. The calculation of the shear using this approximation is 
very simple since it evidently must be equal to the reaction ahead 
of the panel loads. For panel 2-3 this method gives a shear of: 

3 X 60 X I = 60' 

This is larger than the true maximum shear, and it should be clear 
that this conventional approximation must always result in a 
shear greater than the true value, except in the end panel in which 
it gives the maximum shear correctly. 

The conventional approximation lends itself to a systematized 
procedure in calculation, based on the fact that the shear in any 
panel must always be equal to the reaction ahead of the loads, i.e., 

/5 /O 6 3 / 

5^32/ 

7 I J 4 5 

6 (§> 20 '- / 20 ' >\ 

Fig. 64. 

it must be equal to the reaction to the left of the panel when the 
loads are on the right of the panel. Referring to Fig. 64 it is clear 
that if a load, P, is placed at panel point 5, the reaction at A is 
IP. If a load, P, is placed at panel point 4 the reaction at A due 
to this load is f P, and if loads are at 4 and 5 simultaneously the 
reaction at ^4 is (f + l)P ~ fP. Similarly, if there are loads at 
panel points 3, 4, and 5 (as there must be for maximum shear in 
panel 2-3 by the approximate method) the reaction at ^1, and 
therefore the shear in panel 2-3, must be: 

(i + I + 5)P = iP 

Evidently, then, if the panel points are numbered from right to 
left starting with 0 at the right reaction and these numbers summed 
up, as shown above the beam in the figure, the sum may be used 
to calculate quickly the conventional maximum shear in any 
panel. Using the sums shown in the figure, the maximum shears 
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for panel 0-1, 1-2, and 2-3 will be as follows, for a uniform load of 
3^ per foot which gives a panel load of 60*. 

Panel 0-1 V- X 60 = 150* 

Panel 1-2 Y X 60 = 100* 

Panel 2-3 f X 60 = 60* 


Accurate results are so easily obtained from influence lines 
that the conventional approximation is not used so much as 
formerly in determining live load stresses. It is still used in the 
calculation of stresses in lateral trusses — as will be seen in Chapter 
IX — because the uncertain character of most lateral forces 


1 <- 12' A 
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renders more accurate computations unnecessary if not mis- 
leading. 

69. Moving Concentrated Loads. — In dealing with many of 
the simpler forms of concentrated loads, such as cranes, trucks, 
road rollers, interurban cars, etc., the position of a given loading 
to produce maximum reaction, shear at a section, or moment at a 
certain point is often easily determined by inspection. Suppose, 
for example, that the beam in Fig. 65 supports one end of a four- 
wheel electric crane. If the wheel loads are equal, it is evident 
by inspection that the maximum reaction at A will occur when 
wheel 1 is directly over the end A with wheel 2 on the span. 
Similarly it should be clear by inspection that, to produce maxi- 
mum positive shear at section X-X, the wheels should be oh the 
right of the section with the first wheel as close to the section as 
possible. Also, it should be clear that when one of the wheels is 
at the center, the position of the other being fixed by the frame 
connecting them, the greatest moment possible at that point will 
result. 
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More complicated systems of loads such as steam or electric 
locomotives followed by trains, trucks followed by a series of 
trailers, etc., are not so easily dealt with, and the position of such 
loads which produces the maximum reaction, shear, or moment 
must be determined by trial or by application of methods described 
below. 

60. Reactions Due to Moving Concentrated Loads. — In Fig. 

66 (a) is shown a girder 60 ft. long between centers of bearings, 
and in Fig. 66 (b) a series of concentrated loads representing a 
steam locomotive. The figures just above the wheels are the 
loads in thousands of pounds, and the figures below, the distances 
between them in feet. 




(a) 












■1 


(p(|) CpQQO ^ (b <|)(l)(i) <i)(l)(t) 




Fio. 66. 


Considering the left reaction and bringing the locomotive on 
from the right, it is easy to see that there will begin to be a reaction 
at A as soon as the first wheel comes on the span. This reaction 
will evidently increase as the locomotive moves toward the left 
and until the first wheel is directly over the bearing at A. Any 
further movement to the left will cause wheel 1 to move off the 
span, and as this occurs there will be a sudden decrease in the 
reaction at A, the amount of this decrease being equal to the load 
on wheel 1. However, if movement to the left continues, the 
reaction will increase at once and will continue to increase until 
wheel 2 is directly above the bearing at A. Further movement 
to the left, causing wheel 2 to move off the span, will again result 
in a sudden decrease in the reaction, a decrease equal in amount 
to the weight on wheel 2. As before, the reaction after this sudden 
decrease will increase again with continued movement to the left, 



REACTIONS DUE TO MOVING CONCENTRATED LOADS 113 


and keep on increasing until wheel 3 is directly above the bearing 
at A, Evidently this cycle will be repeated for f3ach wheel in the 
group, the reaction reaching a maximum value each time a load 
comes directly over it and decreasing suddenly as that load passes 
off the span. Since the reaction has a maximum value each time 
a load comes directly over the bearing, it would be possible to 
obtain the greatest reaction by trial, calculating the reaction for 
each wheel over the bearing. This would be tedious even though 
it would be necessary to try only the first two or three wheels. It 
is much easier to study the change in the reaction as successive 
wheels move over the end of the span. 

Since, as shown in Fig. 59, the value of the reaction for a load 


Px 

P located x feet from the other end of the span is — ; if the load 

Ju 



Fig. 67. 


P{x 4- d) 

moves a distance d the reaction becomes , and the change 

Ju 

Pd 

is — . If a number of loads make the same movement the increase 
Jb * 


will be the sum of the loads times — . This is also equal to the 

Lj 


loads times the slope of the influence line 


in this 


is case^ 


times 


the distance moved. 

In Fig. 67 (a) the loads and girder of Fig. 66 are shown with 
wheel 1 just over the bearing at A, As explained above, on further 
movement to the left, wheel 1 will pass off the span causing a sudden 
decrease in the end reaction, but as movement to the left continues 
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the reaction will increase from this reduced amount owing to the 
effect of wheels 2 to 11 inclusive moving to the position shown in 
Fig. 67 (6). It should be clear that, if the increase in the reaction 
at A due to wheels 2 to 11 inclusive moving from the position 
shown in Fig. 67 (a) to that in Fig. 67 (b) is greater than the load 
on wheel 1, the total change in the reaction due to the movement 
has been an increase. If the change in the reaction at A due to 
this movement of the loads proves to be an increase^ the loads may 
be moved again, to the position shown in Fig. 67 (c), and the 
change for this second movement calculated. As long as moving 
the loads to the left causes an increase in the reaction at A, the 
movement should continue, but it should cease as soon as moving 
from one load over A to the next causes a decrease in the reaction. 
This simple relation may be expressed in mathematical form as 
follows : 

A/2 = change in reaction due to moving from one load over the 
reaction to the next. 

Pi = the load which was over the reaction and is moved off 
the span. 

di ~ the distance between Pi and the following wheel. 

L = the length of the span. 

2P = the sum of all the loads which are on the span and stay 
on during the movement. 


A/2 


XPdi 

L 


- Pi 


If a load which is not on the span at the beginning of any move- 
ment comes on during the movement, it is clear that it will add a 
small amount to the increase in the reaction under consideration. 
It is easy to take account of such a load, although it is seldom that 
the result will be appreciably affected. The expression above may 
be modified to include the effect of a load coming on as follows: 

P' = a load which comes on during movement. 
e = the distance which P' comes on the span. 
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61. Illustrative Example. — The use of this relation may be 
illustrated by applying it to the beam shown irj Figs. 66 and 67. 
With the loads in the position shown in Fig. 67 (a) move to the 
left until position shown in Fig. 67 (6) is reached. Then: 

5 

AR = 234 X r 10 = an increase. 

60 

Move to the left from the position shown in Fig. 67 (h) to that in 
Fig. 67 (c). 

8 1 

AR = 224 X ;; — h 20 X — — 10 = an increase. 

60 60 

Move from the position shown in Fig. 67 (c) to that in Fig. 67 (d). 

6 3 

AR = 208 X-;: — f- 20 X-- 36 = a decrease. 

60 60 

Since the reaction was decreased by moving from the position 
shown in Fig. 67 (c) to that shown in Fig. 67 (d), the movement 
should not be made and the former position of the wheels is the 
one producing maximum reaction at A. The treatment of wheels 
12 and 13 which tome cm the span during movements should be 
noted as well as the fact that neglecting them would not have 
affected the conclusion regarding the position for maximum reac- 
tion. Occasionally a wheel or wheels coining on the span during 
a movement will cause a shift of one wheel in the critical position, 
i.e., if neglecting the wheel or wheels coming on results in the 
conclusion that a particular wheel, say wheel 3, at the section 
produces maximum value of the function under consideration, 
taking account of the loads which come on may show that wheel 
4 at the section is really the critical position. In such cases the 
actual value of the function will generally be practically the same 
for either wheel at the section. 

62. Shear. — The position of a group of wheel loads which will 
produce maximum shear at a given section may be found by the 
method of attack used in finding the position to produce the 
greatest reaction. Detail differences in application of the method 
may be cleared up by considering a general case. 

In Fig. 68 (a) is shown the beam of Fig. 66; in Fig. 68 (b) is 
shown the influence line for shear at the section shown; and in 
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Figs. 68 (c) to (/) are shown the loads in successive positions on 
the beam. It should be clear from inspection of the influence 
line that to produce positive shear at the section loads must be 
placed on the beam between C and B, It should also be clear 
that with loads on the beam as shown in Fig. 68 (b) the shear at 
the section will be increased by moving the loads to the left, 
the increase continuing until wheel 1 reaches the section and the 
loads are in the position shown in Fig. 68 (c). Any further move- 
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Fig. 68. 


ment to the left will cause wheel 1 to pass to the left of the section 
and produce a sudden decrease in the shear at the section, the 
amount of the decrease being the magnitude of the load on wheel 1. 
If movement to the left continues, the shear will start to increase 
again and continue to increase until wheel 2 reaches the section. 
Evidently the same cycle will be gone through as each wheel 
comes up to the section, the shear increasing until the wheel 
reaches the section and suddenly decreasing as it passes. Since 
the shear passes through a maximum value each time a load comes 
up to the section, it evidently would be possible to determine the 
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greatest shear obtainable by trial, by calculating the shear for 
successive wheels at the section, but, as in the case of the reaction, 
this would be tedious, and it is easier to study the change in the 
shear as the loads move to the left. 

When the loads are in the position shown in Fig. 68 (c), the 
shear is equal to the left reaction, and when the loads are as shown 
in Fig. 68 {d) the shear is the left reaction minus wheel 1. Evi- 
dently the change in shear occurring during passage of the wheels 
from the first position to the second is the change in the reaction 
minus wheel 1. The change in the reaction is due to the change 
in position of the loads which are on the span and stay on, plus the 
effect of any which come on during movement. The relation 
between change in shear and reaction may be expressed in mathe- 
matical form. 

AF = change in shear due to moving from one wheel at the sec- 
tion to the following wheel at the section. 

Other symbols as in Art. 60. 

AF 
and 
AF 

When Pi is less than the other term or terms on the right-hand 
side of the equation, the shear was increased by the change in the 
position of the loads and movement should continue until the 
load which passes the section is greater than the increase in the 
reaction. 

63. Illustrative Example. — The application of the method 
developed in the preceding article may be shown in connection 
with Fig. 68. The magnitudes of the wheel loads and the distances 
between them are as in Fig. 66, 

Wheel 1 at section to wheel 2 at section : 

5 2 

aF *= 174 X ~ + 10 X “ — 10 = an increase. 


SPdi 

L 


— Pi when no loads come on during movement. 


ZPdi P'e ^ , r., 

— 1 — Pi when a load P comes on during move- 

ment. 
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Wheel 2 at section to wheel 3 at section : 

8 1 

aF = 184 X “ 20 X “ — 10 =an increase. 

oO GO ' 

Wheel 3 at section to wheel 4 at section: 

6 3 

A F = 204 X — -i-20X~;: — 36 = a decrease. 

60 GO 

Therefore, wheel 3 should be at the section for maximum 
positive shear. 

In each of the three lines of calculations above, the second 
term on the right-hand side of the equation shows the effect of a 
wheel which was not on the span at the start of the movement 
but came on during it. In each case it should be observed that 
the omission of the effect of the wheel which came on would not 
have affected the conclusion. 

64, Loads Moving Off the Span. — If a load which is between 
the section and the left end of the beam at the start of a movement 
moves off the span during the movement, it of course should not 
be included in the sum of the loads which are on the span at the 
start and stay on. A load between the section and the left end 
produces negative shear at the section and its removal from the 
span will therefore increase the positive shear. Evidently, if a 
load moves off the span during movement, the negative shear 
which it produced at the section before movement started should 
be added to the change in shear. This procedure may be illus- 
trated by determining the position of the loads to produce maxi- 
mum shear at a section 10 ft. from the left end of the beam in 
Fig. 68. 

Wheel 1 at section to wheel 2 at section: 

5 3 

A F = 134 X t;: + 20 X — 10 = an increase. 

GO GO 

Wheel 2 at section to wheel 3 at section : 

8 5 5 

A F = 194 X — -f 40 X — -f 10 X ~ — 10 = an increase. 

GO GO 60 

Wheel 3 at the section to wheel 4 at the section : 

6 2 

aF = 224 X ~ + 10 X “ — 36 = a decrease. 

GO GO 
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Therefore wheel 3 should be at the section. 

In the second line of the calculations aV)Ove, the quantity 
10 X is the effect of wheel 1 passing off the span as wheel 3 
moves up to the section, and in the third line the quantity 10 X ^ 
is the effect of wheel 2 passing off the span as wheel 4 moves up 
to the section. 

66. Moment. — It is frequently necessary to know the position 
of a group of moving concentrated loads which will produce maxi- 
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mum bending moment at a given point in a beam. The position 
may be found by trial, of course, but the work would be tedious, 
and as in the case of reaction and shear it may be done very simply 
by studying the change in moment. In Fig. 69 (a) is shown again 
the beam of Fig. 66, and immediately below in Fig. 69 {b) is shown 
the influence line for bending moment at the point C. The group 
of loads shown in Fig. 66 (b) will be used, and the position to 
produce maximum moment at the point C will be discussed in 
general and as a specific problem. 

It is clear that a load at any point on the beam between the 
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bearings at A and B will produce bending moment at the point C. 
Inspection of the influence line confirms the statement and shows 
further, as would be expected, that the closer the loads can be 
placed to C the greater will be the bending moment at that point. 
Also it is evident that as loads come on the span from the right the 
bending moment at C due to them increases as they move to the 
left until they reach C, and as soon as they pass this point the 
bending moment due to them begins to decrease. It follows that 
if the loads on the span are moved to the left, the bending moment 
at C will be increased owing to the movement of those loads on 
the right of C and decreased owing to the movement of those on 
the left. It should be clear that the change in moment will be the 
increase due to those loads on the right of C minus the decrease 
due to those loads on the left. This may be expressed in mathe- 
matical form as follows: 

AAf = the change in bending moment due to moving all loads to 
the left. 

I = the increase in bending moment at the section due to the 
movement of those loads on the right of the section. 

D = the decrease in bending moment due to the movement of 
those loads on the left of the section. 

AM = I - D 

The bending moment at C is increased by the movement of 
the loads toward the left if / is greater than D. If they are equal, 
the moment does not change, and if I is less than £>, the moment 
decreases. Inspection of the influence line in Fig. 69 (b) shows 
that, if the loads move to the left, the bending moment at C will 
increase at a uniform rate owing to the movement of any load on 
the right of C, and decrease at a uniform rate owing to the move- 
ment of any load on the left. It follows from this fact that if I 
is greater than D at the start of the movement to the left, the 
bending moment at C is an increasing function and cannot change 
to a decreasing function unless a load passes from the right-hand 
side of C to the left. 

To make the relation discussed above usable, I and D must be 
expressed in terms of the loads. In Fig. 70 is shown the influence 
line of Fig. 69 (6) with the loads of Fig. 66 (6) on it and moving to 
the left. For a unit movement to the left evidently the increase 
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in bending moment at C due to the loads on the right is the slope 
of the influence line B-0 times the sum of the loads on the right, 
and the decrease in the bending moment at C due to the loads on 
the left is the slope of the influence line A-0 times the sum of the 
loads on the left. Or 

/ = TF2 X ^ 

0 

D = WiX- 
a 

and 


AM = X r - Tf 1 X - 
0 a 



Fig. 70. 

This form of the relation between I and D should make clear 
the statement above that the bending moment at C cannot change 
from an increasing to a decreasing function unless a load passes 
from the right of C to the left. In other words, for AM to change 
from a positive quantity to a negative quantity W 2 must become 
smaller or Wi larger. 

In order to pass through a maximum value, the bending 
moment must change from an increasing to a decreasing function, 
and for this to happen the change in moment must become equal 
to zero, i.e., for a maximum 

AM = 0 
and 

TTi X - = Tfz X ^ 
a 0 

or 

Ei = Eh 

a b 



122 REACTIONS, SHEARS AND MOMENTS—MOVING LOADS 


In words this expression says that for a maximum bending 
moment at any section C, the average load on the left of the sec- 
tion must equal the average load on the right. 

If 

El = Z? 
a b 


where 


Wi Wi + W 2 W 

CL CL b L 

W = the total load on the span; 


L = the length of the span. 


This is the form in which the criterion is most commonly stated 
and used, and in words the statement is: The moment is a maxi- 
mum when the average load on the left of the section is equal to 
the average load on the span. In using this criterion in either 
form it should be remembered that for the bending moment to pase 
from an increasing to a decreasing function it is necessary for a load 
to pass from the right-hand side of the section to the left, and that 
when the moment has a maximum value a load will be at the sec- 
tion. A particular load satisfies the criterion if the average load 
on the span (or on the right of the section) is greater than the 
average load on the left of the section with this load an infinitesimal 
distance to the right of the section, and less than the average load 
on the left of the section with the same load an infinitesimal 
distance to the left of the section. More than one load in a 
series may satisfy the criterion, but this can occur only when loads 
pass off the span at the left or come on the span from the right. 
If successive wheels satisfy the criterion, the difference between 
the bending moment which occurs for one at the section will be 
very little different from that which occurs when the others are at 
the section. If wheels which are in the same group, but widely 
separated, satisfy the criterion, it is generally possible to eliminate 
one or more by inspection. 

66. Illustrative Examples. — The principles discussed above 
may be illustrated by applying them quantitatively to the prob- 
lem given in Fig. 69. The loads and spacing are as shown in Fig. 
66 (6). The problem is to determine what position of the wheels 



ILLUSTRATIVE EXAMPLES 


123 


will give maximum bending moment at section C. Since for a 
maximum moment there should be as much i >ad as possible on 
the span it is hardly worth while to try any wheel before wheel 3 
at the section. Wheels 3, 4, and 5 will be tried and the loads on 
the span for the first two cases are shown in Fig. 69 (c) and (d). 


Wheel 3: 
To right 

To left 

Wheel 4: 
To right 

To left 

Wheel 6: 
To right 

To left 


60 ^ 20 
50 

^ 20 

2 ^ ^ 

60 ^ 20 

60 ^ 20 

^ 72 

60 ^ 20 

2^ m 

60 ^ 20 


Wheel 3 does not satisfy criterion. 


Wheel 4 does satisfy criterion. 


Wheel 5 also satisfies criterion. 


The student will find that wheel 6 does not satisfy the criterion 
but that as the loads continue moving to the left wheel 10 at the 
section will do so. It is easy to see by inspection that loads on the 
span when wheel 10 is at the section will not produce as large a 
bending moment as will the loads on the span when either wheel 
4 or wheel 5 is at the section, but it is impossible to be sure by 
inspection whether wheel 4 or wheel 5 at the section will result in 
greatest bending moment possible at C. It is not difficult to 
write an expression for the change in moment at C as the loads 
move from wheel 4 at the section to wheel 5 at the section, and 
this would of course tell which wheel at the section results in the 
larger moment, but it is sometimes about as easy to compute both 
moments and thus determine the larger. Both methods will be 
given as illustrations. 
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Wheel 4 cU section: 




18.8 

88.8 

6.0 

3.3 

116.9 X 20 = 2338 

2 X 10 X 16.5 = 330 

36 X 6.0 = 216 546 

1792 ft. -kips at C 



4 X 36 X — = 103.2 
60 

24 ' 

2 X 10 X - = 8,0 

60 

3 X 20 X — = 9.0 

60 

120.2 X 20 = 2404 
2 X 36 X 9 = 648 

1756 ft.-kips at C 

The calculations just given show that wheel 4 at the section 
gives the larger moment. As stated above, it is also possible to 
reach this conclusion by calculating the change in moment at C 
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as the loads move from wheel 4 at the section to wheel 5 at the 
section. 

Change in b.m. at C as wheels move from 4 to 5 at section 

6 5 3.5 

204 X “ X 20 + 20 X — X 20 - 72 X 6 - 20 X — X 40 
60 ' 60 60 

408 + 33.3 - 432 - 46.7 = - 37.4 ft.-kips 

which shows that moving from wheel 4 at the section to wheel 5 
at the section reduces the bending moment 37.4 ft.-kips. The 
actual calculation of the moments gives a reduction of 36 ft.-kips, 
the difference being due to not carrying the reaction calculations 
to more than one decimal. 

In the above expression for change in moment the term 
204 X A X 20 is the increase in moment due to wheels 3 to 10, 
inclusive, moving to the left 6 ft., the term 20 X ^ X 20 is the 
increase in moment due to wheel 11 coming on the span 5 ft., the 
term 72 X 6 the decrease in moment due to wheels 3 and 4 moving 

3.5 

6 ft. further to the left of the section, and the term 20 X ^ X 40 

• 60 

is the decrease in moment due to wheels 1 and 2 moving off the 
span. 

67. Point of Greatest Moment. — The criterion developed in 
Art. 65 gives the position of a group of moving concentrated loads 
which will produce maximum moment at a given point. It is often 
necessary to know where the maximum moment will occur and 
its value; the maximum moment at the center is generally not the 
absolute maximum moment, and in a short beam the difference 
becomes appreciable. 

In Fig. 71 let W represent the sum of all of the loads on the 
beam, and x the distance from the center of gravity of these loads 
to the right support. Let P represent one of the loads on the 
beam and a its distance from the center of gravity of all the loads. 
Let Wi represent the sum of all the loads to the left of P, and b 
the distance from the center of gravity of these loads to P. It is 
desired to find the position of the loads which will make the moment 
under P a maximum. The expression for bending moment at the 
load P is 

M = Ri(L - a - x) - TTib 
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in which 


Ri 


Wx 

L 


Then 


M = 

Differentiating this 
maximum moment, 

X = 


—{Lx — ax — x^) — Wih 

Li 

and equating to zero we find that for 

L a 
”2 “ 2 


That is, the maximum moment under any load will occur when 
that load and the center of gravity of all the loads on the beam are 
equidistant from the center of the beam. 


W 



Fig. 71. 


The load nearest the center of gravity of all the loads on the 
beam generally will be the one which will produce the maximum 
possible moment. This may not be true if this load is much smaller 
than other loads which are near the center of gravity. It may 
sometimes be necessary to try several loads in order to find the 
one which gives the greatest moment. If the criterion of Art. 65 
is used to find the load which will cause maximum bending moment 
at the center of the beam, it generally will not be necessary to try 
more than this load and the two adjacent ones. 

As an aid in selecting the wheel which will produce the maxi- 
mum possible moment, it should be kept in mind that after the 
wheel is placed in accordance with the criterion above it must 
also satisfy the criterion for maximum moment at that point 
(i.e., the average load to the left should equal the average on the 
span); if it does not it can be dropped from further consideration 
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MOVING CONCENTRATED LOADS ON SPANS 
WITH FLOORBEAMS 

68. Moment. — As previously pointed out, the bending moments 
at the panel points of a girder with floorbeams are exactly the same 
as at the corresponding points in a girder without a floor system, 
whether the loads are uniformly distributed or concentrated, and 
whether the panel lengths are equal or unequal. Consequently, 
to determine the position of a group of concentrated loads which 
will produce maximum moment at a given panel point, or to cal- 
culate the moment, having found the position of the loads, we may 


yv 



proceed exactly as though the girder did not have a floor system. 
It is sometimes necessary to find the position of a group of moving 
concentrated loads which will produce maximum moment at some 
point between the panel points. The case is relatively rare, but 
will be treated later in connection with stresses in truss members 
due to moving concentrated loads. 

69. Shear. — In Fig. 72 there is shown diagramrnatically a 
girder with a floor system, the points 0, 1, 2, 3, etc., representing 
the panel points at which floorbeams frame into the girder. Imme- 
diately below the girder is shown the influence line for shear in 
panel 2-3. The method of determining the position of a group of 
moving concentrated loads to produce maximum shear in a given 
panel will be developed by discussing the problem in connection 
with this panel. 
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Inspection of the influence line shows that there should be as 
many loads as possible between e and h and that no loads should 
pass e imless the increcise in shear in the panel due to loads coming 
on the span or moving to the left between e and h is greater than 
the decrease in shear due to the loads passing the point e moving 
to the left. The maximum shear in a panel generally occurs when 
there are loads in the panel and between the panel and the right- 
hand end (for positive shear). Occasionally there may be loads 
beyond the panel to the left, and in order to deal with a perfectly 
general case, loads are shown on the span in Fig. 72 to the left of 
the panel as well as in the panel and to the right of it. As shown 
in the figure 

Wq — the sum of all loads to the left of the panel; 

1^1 = the sum of all loads in the panel; 

W = the sum of all loads on the span. 


The shear in the panel is evidently the left reaction minus the 
loads TTo and minus the reaction at panel point 2 due to the loads 
W I in the panel. If the loads move to the left so short a distance 
that no loads pass out of the panel, pass off the span to the left, 
or come on the span from the right, it is evident that the change 
in shear due to this movement will be the increase in the left reac- 
tion due to all the loads on the span moving to the left minus the 
increase in the reaction at panel point 2 due to the loads in the 
panel 2-3 moving to the left. If the distance moved is dx, we 
may write 


where 


„ dx 

AF = W— - Wi— 

L p 


AF = the change in shear in the panel due to 
the movement dx, 


and the other symbols are as shown and noted. 

It should be clear that when movement to the left causes an 
increase in shear in the panel, the increase must continue until a 
load passes from the right into the panel; i.e., the shear in the 
panel cannot change from an increasirig to a decreasing function 
unless W I in the above expression becomes larger or W becomes 
smaller. The latter is practically impossible, so we may say that 
for the shear to change from an increasing to a decreasing function 
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a load must pass from the right into the panel 2~3. Evidently 
the shear passes through a maximum value as the change in shear 
becomes zero or as 


W 


dx 

L 

W 

L 



V 


This expression states that the shear in a panel is a maximum 
when the average load in the panel is equal to the average load 



on the span. It should be clear from the discussion above that 
this can occur only as a load passes from an infinitesimal distance 
to the right of the panel point 3 to an infinitesimal distance to the 
left of the point, or in other words, can occur only when a load is 
at the panel point. 

70. Illustrative Example. — To show the application of the 
principle, assume that the girder of Fig. 72 has 8 panels of 15 ft. 
as shown in Fig. 73, and determine the position of the loads of 
Fig. 66 (b) to produce maximum shear in the panel 2-3. 

Wheel 1: 

264 0 

To right of p. p. 3 

264 10 

— > — Wheel 1 does not satisfy criterion. 


To left of p. p. 3 
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Wheel 2: 

To right of p. p. 3 

To left of p. p. 3 
Wheel S: 

To right of p. p. 3 
To left of p. p. 3 


120 ^ 15 
120 ^ 15 

120 ^ 15 
120 " 15 


Wheel 2 does not satisfy criterion. 


Wheel 3 does satisfy criterion. 


When the panels have equal lengths, as is usual, it is evidently 
correct and more convenient to use the panel length as one and 
the number of panels as the span length. 

The criterion can then be conveniently applied as follows: 


Wheel 1: 


To right of p. p. 3 

o] 

204 

To left of p. p. 3 

10 J 

8 

Wheel 2: 

10 ' 

1284 


20 

1 8 

Wheel S: 

20 

1 304 


56 

f 8 


Does not satisfy. 


Does not satisfy. 


Satisfies. 


71. Loads Pass Out of the Panel. — When panels are short, 
loads may pass out of the panel to the left as the group is moved 
from one wheel at the right end of the panel to the next wheel at 
this point. When this occurs more than one wheel may satisfy 
the criterion for maximum shear in the panel. For example, 
consider the span shown in Fig. 74 with the loads of Fig. 66 (6) 
except that wheels 9 to 14, inclusive, are now 25* each. Determine 
the position of these loads for maximum shear in panel 1-2. 

Wheel 1: 

Right 0 
Left 10 
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Wheel 2: 

Right 

10 I 

! 259 


Left 

20 J 

f 8 

Wheel 3: 

Right 

10 1 

1 284 


Left 

46 J 

1 8 

Wheel 4: 

Right 

36 ' 

1 309 


Left 

72 1 

1 8 


= 32t 


It is easy to determine which wheel at panel point 2 gives the 
greater shear by calculating the shear for each position, but it is 


(o) 0, 


^1 ^1 ^1 iqIjqIjq! 

|5'| 8' \6' \ 6'\ 6'\ 8' \4\ 9' 12' \4'\4'\ 

1 ; 

(<- 8@I0'^80' 

I i 

w oi — . - Q ., p-Q - Q9 - Qy - Q . ^ -S > Q^-,-aQO. 


B 


Fig. 74. 


possible here as in the case of moment to write an expression for 
the change in shear resulting from moving from wheel 3 at panel 
point 2 to wheel 4 at panel point 2. The student should calculate 
the shear for each position and also write an expression for the 
change and compare the two methods. 

Also he should note that in order to determine which wheel 
gives the greater shear it is not necessary to evaluate the change 
in shear but merely to determine whether the change is an increase 
or a decrease. 

When loads move onto the span as the group is moved from 
one wheel at the right end of the panel to the next wheel at this 
point, more than one wheel may also satisfy the criterion for 
maximum shear in the panel. When this occurs the procedure 
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will be similar to that above and an illustrative example is not 
necessary. 

72. Maximum Floorbeam Reaction.— In the design of a floor- 
beam it is necessary to know the greatest load which can come on 
it from the stringers which it supports. For a uniform load the 
sum of the two stringer reactions, or the floorbeam reaction, will 
be a maximum when both panels are fully loaded. For a system 
of concentrated loads it is necessary to find the position which 
will produce the maximum floorbeam reaction. In Fig. 75 are 
shown two panels having lengths of pi and p 2 , and also the influ- 



ence line for the reaction of the stringers in these panels on the 
floorbeam A. It should be noted that the shape of this influence 
line is the same as that of the influence line for moment at the 
point A in a simple span having a length of pi plus p 2 . The posi- 
tion of the loads which will produce maximum floorbeam reaction 
therefore must be the same as that which will produce maximum 
moment at A in a simple span having a length pi plus p 2 , and the 
criterion previously developed may be used. In making trial 
placements the heaviest loads of the system should be placed in 
the two panels. 

To show the use of the criterion in such cases the position of 
the loads of Fig. 66 (b) to produce maximum floorbeam reaction 
at panel point 3 of the girder span of Art. 70 will be found. 

The left half of the girder is shown in Fig. 76 with the influence 
line for the floorbeam reaction at panel point 3. The loads are 
shown on the span with wheel 4 at panel point 3. Bring 
the loads on from the right and first try wheel 3 at panel 
point 3. 
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Wheel 3 at p. p. 3: 



128 20 

Right 

2 ^ 1 


128 56 

Left 

2 ^ 1 

Wheel 4 

at p. p. 3: 


154 46 

Right 

2 ^ T 


1.54 82 

Left 

-TT < T- 


2 1 


Wheel 3 does not satisfy criterion. 


Wheel 4 does satisfy criterion. 



\<- 8 Panels of l5'-0''= 120-0'' 


7 ,5 




4 

about ^ N 


Fig. 76. 


The student should observe that wheel 5 also satisfies the criterion, 
but that inspection shows wheel 4 or 5 to produce the same reac- 
tion on the floorbeam. 

73. Moment Tables. — The calculation of maximum shears 
and moments, and particularly of truss stresses, resulting from a 
series of concentrated loads, involves a large amount of very tedious 
labor. To shorten the work as much as possible elaborate moment 
tables have been prepared for certain standard loadings. Two 
such tables are shown as Tables III and IV. Table III is a mo- 
ment table for the standard loading known as Cooper’s E-60, and 
Table IV a moment table for the standard loading known as 
Steinman’s M-60. 

These tables give the moments of all wheels to the left or right 
of any wheel about that wheel (or the moment of any number of 
adjacent wheels). Using the E-60 table as an example, the 
figure above each wheel gives the axle load in kips, the wheels are 
numbered from 1 to 18, and immediately below is given the spac- 
ing in feet. The first line of figures in each horizontal row (shown 
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in plain type) represents total distances, the second line (shown in 
italics) represents total loads, and the third line (shown in bold- 
faced type) represents moments. The moment of any adjacent 
group of wheels about wheel 11 will be given in the column of 
figures under 11. For example, using the figures in the first row 
under the wheel, wheel 11 is 64 ft. from wheel 1, the weight of 
wheels 1 to 11 inclusive is 516 kips, and the moment of all wheels 
to the left about 11 is 17,544 ft.-kips. Using the figures in row 
3 under the same wheel, the distance from 3 to 11 is 51 ft., the 
weight of wheels 3 to 11 inclusive is 426 kips, and the moment of 
wheels 3 to 11 about 11 is 12,264 ft.-kips. Using row 16 under 
wheel 11, the distance from wheel 16 to wheel 11 is 29 ft., the 
weight of wheels 16 to 11 inclusive is 318 kips, and the moment of 
wheels 16 to 11 about 11 is 3867 ft.-kips. It will therefore be 
observed that figures above the heavy zigzag line represent total 
distances, weights, and moments for wheels to the left of the 
wheel above the column of figures, and figures below the zigzag 
line represent distances, weights, and moments for wheels to the 
right. The right-hand column of values gives distances, weights, 
and moments for wheels to the left of the head of the uniform load. 
The M-60 table is constructed in a similar manner and will be 
used the same as outlined above. 

The use of these tables may be illustrated by calculating the 
maximum bending moment due to Cooper's E-60 at a point C, 
20 ft. from the left end of a 60-ft. girder. 

The calculations are shown to the right of Fig. 77. The 
quantity 10,488 is the moment of wheels 1 to 9, inclusive, about 
wheel 9, and is taken from the table at the top of the column under 
wheel 9. The quantity 426* X 5 ft. added to 10,488 gives the 
moment of these loads about the right support, 426* being the 
sum of loads 1 to 9, inclusive (taken from the table), and 5 ft. the 
distance from wheel 9 to the right support. This moment divided 
by 60, the span length in feet, gives the left reaction which, multi- 
plied by 20, is its moment about point C. It is then necessary to 
subtract the moment of wheels 1 and 2 about C and this, which is 
690 ft.-kips, is taken from the table below wheel 3. 

These tables are based on axle loads, and to obtain the bend- 
ing moment on one girder the result found above should be divided 
by 2. Other Cooper loadings E-40, E-50, E-70, etc., are directly 
proportional to the E-60, and their effects may be found by direct 
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proportion from the. results obtained from the F -60 table. The 
same statements are true with regard to the M-60 table and other 
M loadings. 

The scale shown above the wheels in the tables may be con- 
veniently used in connection with the table. If the span under 



Wheel 3 


Wheel 4 


n . . 

r ■ ^ Satisfies 


Wheel 3 gives max. 

10,488 

2,130 = Jt26 X 5 
12,618 

■^60 = 210 .^ 

X 20 4206'^ 

690 


Fig. 77. 


consideration is laid off according to this scale and the point in 
question is placed under a particular wheel, it is possible to see at 
a glance the position and number of wheels on the span. To try 
another wheel the span may be moved so that the point in question 
is under the new wheel being tried. 
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PROBLEMS 

An influence line is not complete unless the values are shown at all con- 
trolling points. 

86. (a) Draw the influence line for the left reaction of the structure shown, 
as a unit load moves along the upper chord. 

(6) Draw the influence line for the vertical component of the right reaction 
for the same structure. 

(c) Draw the influence line for the horizontal component of the right 
reaction for the same structure. 



87. Draw the influence lines for the reactions at A, C, D, and E for the 
structure shown. The unit load moves from A to D, 



88. Draw the influence lines for shear and the influence lines for moment 


at A, jB, and C in the beam. B is just to the right of the left support. 



Prob. 88. 
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89. (a) Draw the influence lines for shear at sections a, 6, and e; a and c 
are to be taken an infinitesimal distance to the left of the supports. 

(6) Draw the influence lines for moment at a, 6, and c. 

(c) Draw the influence lines for shear at a and c when they are an infini- 
tesimal distance to the right of the supports. 



PuoB. 89. 


90. (a) Draw the influence line for vertical component of the tie rod 
reaction as a unit load moves from A to B. 

(6) Draw the influence line for moment in the mast at B as a unit load 
moves from A to B. 



91. Draw the following influence lines for the structure shown. In all 
cases the unit load moves between B and C. 

(a) Vertical component of the reaction at A. 

{b) Shear and moment at b. 

(c) Shear and moment at c. 

(d) Shear and moment at d. 
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92 . Draw the influence lines for shear and moment at C and D in the beam 
shown, as a unit load moves from A to B. 



93 . Draw the following influence lines for the structure shown. In all cases 
the load moves from B to D. 

(а) Reaction at C. 

(б) Shear and moment at 1. 

(c) Shear and moment at 2. 

(d) Shear and moment at 3. 



94 . (a) Draw the influence line for the reaction at Ky for the beam shown 
in (a), as a unit load moves from A to B. 

(6) Draw the influence line for shear at DE, in the same beam, as a unit 
load moves from A to B. 

(c) Draw the influence line for shear at DEy in the beam shown in (6), as a 
unit load moves from a to n. 
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Prop. 94. 


96. (a) Draw the influence line for moment at DE, in the beam shown in 
Problem 94 (a), as a unit load moves from A to B. 

(h) Draw the influence line for moment at DEy in the beam shown in 
Problem 94 (6), as a unit load moves from a to n. 

(c) Draw the influence line for moment at Gy in the beam shown in Prob- 
lem 94 (a), as a unit load moves from A to B. 

(d) Draw the influence line for moment at panel point g, in the beam shown 
in Problem 94 (6), as a unit load moves from a to n. 

96. As a unit load 
moves from A to D, draw 
influence lines for: 

(а) Shear and moment a 
at 1-1. 

(б) Shear and moment 
at 2-2. 

U SO' >1 

Prob. 96. 

A 3 

97. (a) Draw the in- 
fluence lines for shear and 
moment at /, in the beam 
CD of the frame shown, as 
a unit load moves from A 
to B. 

(6) Draw the influence 
lines for shear and moment 
at g in the same beam for 
the same movement of 
the unit load. 




Prob. 97. 
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98. (o) Draw the influence line for shear in panels 0-1, 1-2, and 2-3. 

(6) Draw the influence line for moment at panel points 1, 2, and 3. 
0 1 2 3 4 S 6 


k S Panels (§!€'= 96 ^ 

Prob. 98. 

99. As a unit load moves from Uoto on the truss, draw the influence 
line for: 

(1) Shear in panel UbUi. 

(2) Moment at panel point C/s- 

i>4 


Oo U, Hz 


\\U, i U. u, u. 


Uy Us 


U ^5 U h h 


-3^20^0'- 


6 (^ 20 ' ■■ 120 ' 

Prob. 99. 


100. Draw the influence line for: 

(а) vertical component of reaction at (7, 

(б) shear in panel 2-3, 

(c) shear in panel 11-12, 

(d) bending moment at panel point 23, 
as a unit load moves between A and B. 




->•<- 9 (3 /O' =90' ->i 

/'a 8 9 /O n 12 13 14 ISISxB 
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101. Draw the influence line for: 

(a) Reaction at A. 

(b) Shear in panel 3-4. 

(c) Bending moment at panel point 5. 


0/23 


S 6 

7 

6 9/0 

// 
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PROB. 101. 

102. From the influence lines drawn for Problem 101, determine: 

(a) the maximum positive and maximum negative reaction at Aj 

(b) the maximum positive and maximum negative shear in 3-4, 

(c) the maximum positive and maximum negative moment at 5, 

due, first, to a single concentrated load of 60*^, and second, to a movable uniform 
load of 4 kips per ft. 

103. By means of influence lines, calculate the maximum negative shear 
and maximum negative moment at E due to a moving uniform load of 4 kips 
per ft. 



104. (a) Draw the influence line for shear at a point 30 ft. to the right of 
support A for the structure shown. 

(b) From the influence line just drawn, compute the maximum positive 
shear at the section in question due to a moving uniform load of 3 kips per ft. 

Ans. 73.5^ 
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106. (a) Draw the influence line for moment at a point 30 ft. to the right 
of support A for the structure shown in Problem 104. 

(6) From the influence line just drawn, compute the maximum negative 
moment at the section in question due to a moving uniform load of 3 kips 
per ft. 
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106 . (a) From an inspection of the influence lines drawn for (a) and (6) 
Problem 89, determine where a single concentrated load should be placed to 
give: 

(1) Maximum positive shear at point c. 

(2) Maximum positive shear at point h. 

(3) Maximum moment at point c. 

(6) From an inspection of the same influence lines, determine what part 
of the beam should be loaded with uniform load to give: 

(1) Maximum positive shear at point c. 

(2) Maximum positive shear at point 6. 

(3) Maximum moment at point a. 

107 . (a) From the influence lines drawn for Problem 98, determine the 
exact maximum positive shear in panels 0-1 and 2-3 resulting from a uniform 
live load of 4000 lb. per ft. of stringer. 

(6) Compute by the approximate method the maximum shear in the same 
panels resulting from the same uniform live load. 

(c) Compute from the influence lines the maximum moment at panel 
points 1, 2, and 3 resulting from the same uniform live load. 

108 . From an inspection of the influence line drawn for Problem 94 (a) : 

(а) What part of the beam should be loaded with a uniform live load of 
4 kips per ft. to produce maximum upward reaction at A'? 

(б) What part of the beam should be loaded with the same uniform live 
load to produce maximum downward reaction at A? 

109 . In the structure shown, draw influence lines for: 

(a) shear in panel 4-5, 

(h) moment at U 3, 

(c) shear in panel 2-3, 

(d) moment at L^, 

as a unit load moves from Lo to L®. 



110. From the above influence lines find: 

(а) maximum positive and negative moment at As, 

(б) maximum positive and negative shear ip 4-5, 

due to a moving uniform load of 5 kips per ft. 

(c) maximum moment at Usf 

(d) maximum shear in 2-3, 
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due to moving concentrated load of 50*'. 

Am. (a) 4-1000 ft.-kips. —1625 ft.-kips. 

(6) ^-89.6^ -33.4' 

(c) —1500 ft.-kips. 

(d) -50^ 

111. From an inspection of the influence lines drawn for Problem 94: 

(а) What part of the beam should be loaded with a uniform live load of 
4 kips per ft. to produce maximum positive shear at DE in the beam of Problem 
94, Fig. (a)? Maximum negative shear at. the same section? 

(б) What part of the beam in Problem 94, Fig. {h) should be loaded with 
a uniform live load of 4 kips per ft. to produce maximum positive shear at DE'^. 
Maximum negative shear at the same section? 

(c) From the influence lines drawn for Problem 95, what part of the beam 
in Fig. (5) should be loaded with a uniform load of 4 kips per ft. to produce 
maximum positive moment at Dj&? Maximum negative moment at the 
same point? 

112. The figure shows a suspended floorbeam for a through arch. The 
panel lengths are 40 ft. 0 in. ; i.e., the floorbeams are 40 ft. 0 in. center to center. 
The live load is to be taken as 100 lb. per sq. ft. of roadway surface. 

(а) What part of the roadway should be loaded to give maximum negative 
moment in the floorbeam? What and where is the maximum negative moment 
duo to live load given above? 

(б) What part of the roadway should be loaded to give maximum positive 
moment in the floorbeam? What and where is the maximum positive moment 
due to the live load given above? 
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113. From the influence lines drawn for Problem 88, determine where to 
load to produce, and from the influence lines calculate: 

(а) the maximum positive and negative shear at B, 

(б) the maximum positive and negative shear at C, 

(c) the maximum positive and negative moment at C, 

due to a uniform load of 4 kips per ft. 

Ans. (a) +150*, -3J*. 

(6) +60*, -33J*. 

(c) +1800 ft.-kips, -1000 ft.-kip8. 
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114. A deck plate girder bridge and the loading diagram for which it is to 
be designed are shown. Compute: 

(а) The maximum live load shear at the end. 

(б) The maximum live load shear at the center. 

(c) The maximum live load moment at the center. 



116. The figure shows the axle loads and spacings for two units of an electric 
locomotive for freight service. 

(а) What position of the wheels will produce maximum reaction ac the 
left end of one girder of the bridge span shown in Problem 114? Compute the 
reaction. 

(б) What position of the wheels will produce maximum shear at the 
quarter point of one girder of the span? Compute the shear. 



PROB. 115. 

116. The figure shows the axle loads of a heavy freight locomotive. Calcu- 
late the maximum live load shear due to this loading on one girder of a 100-ft. 
deck plate girder span: 

(o) At the end. 

(6) At the quarter point. 

(c) At the center. 


Ans. (a) 247* wheel 3 
(6) 152* wheel 3. 
(c) 73* wheel 3. 
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117. Calculate the maximum end shear and the maximum center moment 
for the beam due to the moving loads shown. 
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118. Calculate the maximum shear at a point 30 ft. from the left end of a 
deck girder 80 ft. long, due to the loads shown. 
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119. Calculate the maximum moment at a point 30 ft. from the left end 
of a deck girder 80 ft. long, due to the loads shown in Problem 118. 

120. Due to the axle loading shown, calculate the maximum moment at 

the quarter point of a span of 80 ft. Ans. 2792 ft. -kips wheel 4. 
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121 . The wheel spacing and loads for two 50- ton 0. E. T. cranes are shown. 
The columns supporting the crane runway girder are spaced 25 ft. center to 
center, there being several spans. Calculate the following: 

(а) The maximum live load end shear on one crane runway girder. 

(б) The maximum live load quarter point shear. 

(c) The maximum live load center bending moment. 



I 
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122 . Using the axle loads and spacing for the new A-64 loading proposed 
by the Conference of Committees for Specifications for Steel Railway Bridges. 
For a single-track 100-ft. deck girder span calculate: 

(а) Maximum end shear for one girder. 

(б) Maximum center shear for one girder. 

(c) Maximum center moment for one girder. 

123 . The truck and trailer axle loads resulting from the transportation by 
highway of an 80-ton bridge girder are shown. To reach the bridge site these 
loads must pass over a deck girder highway bridge having a span of 120 ft. 
Calculate for one girder: 

(а) The maximum live load end shear. 

(б) The maximum live load quarter point shear. 

(c) The maximum live load center bending moment. 
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124 . The figure shows the axle loads and spacing for a new mountain freight 
locomotive. For a single-track 90-ft. deck girder span calculate: 

(a) Maximum end shear on one girder. 

(b) Maximum center shear on one girder. 

(c) Maximum center moment on one girder. 
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125. The span is a deck plate girder cantilever. Draw the influence lines 

for: 

(а) moment at A, 

(б) moment at B, 

(c) shear at B (just to the right of the support), 

(d) reaction on pier at B, 

as a unit load moves from E to F. 
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126. From study of the influence lines drawn for Problem 125 and applica- 
tion of the proper criteria, determine where to place the loads shown in 
Problem 116 to produce: 

(a) Maximum positive moment at A. 

(b) Maximum negative moment at A. 

(c) Maximum negative moment at B. 

(d) Maximum shear just to the right of B. 

(e) Maximum reaction on the support at B. 

127. For a span of 50 ft. calculate, due to the loading shown: 

(a) The maximum moment at the center. 

(b) The maximum moment. 

/r//75 

j . 4 , q ).9(D9 

I • I I I I I I 
PuoB. 127. 

128. Calculate the absolute maximum moment on the span of Problem 
123. 

129. Using one unit of the locomotive shown in Problem 115: 

(a) What position of the wheels will produce maximum moment at the 
center of one girder of a 100-ft. span? Compute the moment. 

(b) What position of the wheels will produce maximum moment in the 
same girder? Where is the section of maximum moment? What is the mag- 
nitude of the moment? 
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130 . The loads shown are axle loads. 

(а) Calculate the maximum moment on a span 
of 24 ft. 

(б) Calculate the maximum moment on a^ span 
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Ans. 


(а) 100.8 ft. -kips. 

(б) 137.5 ft.-kips. 
131 . The loads shown are wheel loads. Due 

to the loading shown, calculate: 

(а) The maximum bending moment in a span 
of 20 ft. 

(б) The maximum bending moment in a span 
of 40 ft. 


K- 
Prob. 130. 


'V: I 4c 1 

Oil Qi' 


Ac 


S' 


6-6.. 


— 8 - 
Pros. 


1*31. 


132 . The loading diagram for which the through plate girder bridge is to 
be designed is the same as for Problem 114. Compute: 

(а) The maximum live load shear in panel 0-1. 

(б) The maximum live load shear in panel 2-3. 

(c) The maximum live load moment at panel point 1. 

(d) The maximum live load moment at panel point 3. 
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133 . A through plate girder span is shown. It is to be designed for the 
loads shown in Problem 115. Compute: 

(а) The maximum shear in panel 0-1. 

(б) The maximum shear in panel 2-3. 

(c) The maximum moment at panel point 1. 

(d) The maximum moment at panel point 2. 
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134. Calculate the maximum shear in the third panel of a span of 8 panels 
at 15 ft. due to the load shown. Am^. 119*, wheel 3. 



PROB. 134. 


136. A through plate girder span is shown in plan. Using the locomotive 
shown in Problem 116, compute: 

(a) The maximum shear in panel 0-1. 

(h) The maximum shear in panel 2-3. 

(c) The maximum moment at panel point 1. 

(d) The maximum moment at panel point 2. 

(e) The maximum moment in an intermediate floorbeam. 



pROB. 135. 

136. The wheel spacing and maximum wheel loads for two cranes operating 
in the main aisle of an industrial building are shown ; also an elevation of part 
of the' runway girders. Calculate: 

(a) The maximum reaction on the intermediate support A. 

(b) The maximum shear on the intermediate runway girder, Cri. 

(c) The maximum moment on the intermediate runway girdfer, Gi. 

In all cases state the position of the loads producing the maximum value in 
question. 
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137 . Using the crane runway girder and loads of Problem 121, calculate: 
(fl) Maximum possible moment on one span. 

(6) Maximum column reaction for one column. (Use interior column.) 

Ans. (a) 774 ft.-kips. 
(6) 195.2J. 

138 . Two bridge spans are supported on a common bent at B. What 
position of the loads shown in Problem 115 will produce maximum reaction 
on the bent? Compute the reaction from one rail. 



Prob. 13J^ 


139 . Given a single track through girder span having 8 panels of 15 ft. 
each. Calculate for the A-64 loading shown on p. 28: 

(а) The maximum shear and moment for one stringer. 

(б) The maximum interior floorbeam reaction. 

(c) The maximum shear in panel 1-2 of the main girder. 

Cd) The maximum moment at panel point 3 of the main girder. 

Ans. (a) 64^, 200 ft.-kips. 

(b) 96''. 

(c) 175'', wheel 2. 

{(i) 7380 ft.-kips, wheel 17. 


140 . Given a single track through girder sp^n having 9 panels of 12 ft 
each. Calculate for Cooper’s E-70: 

(а) The maximum shear and moment for one stringer. 

(б) The maximum interior floorbeam reaction. 

(c) The maximum shear in panel 1-2 of the main girder. 

(d) The maximum moment at panel point 4 of the main girder. 


CHAPTER V 


COMMON FRAMED STRUCTURES 

74. The word truss, although frequently defined more broadly, 
will be used in this text to denote a jointed frame or structure 
which is designed to sustain inclined, vertical, or horizontal loads, 
occurring at or between its points of support, and which has the 
following characteristics: 

(а) Straight members. 

(б) Members connected at their intersections by means of 

frictionless pins or hinges. 

(c) Members so arranged that the truss is loaded only at the 
joints. 

It should be clearly understood that the above definition 
describes an ideal structure. The practical truss is subject to 
many modifications, some of which will be discussed later. 

The triangle is the basic geometric figure in a truss. A truss 
frame may include other geometric figures, but stability cannot be 
secured without the use of some triangles. This matter will be 
more fully discussed in the next article. 

The members which form the outline or perimeter of a truss 
are generally called the chord members, or simply chords. The 
interior members connecting the joints of the chords are called 
the web members, or more specifically, diagonals or verticals, 
depending on their direction in the web system. Some outside 
members, such as the end posts of bridge trusses, are generally 
considered as part of the web system. In (a). Fig. 79, UoUiyUi 1/2, 
L 1 L 2 , and so on, are chords, and UoLi, UiLi, U^Lij and so on, are 
web members. 

76. Necessary Number of Bars. — It is necessary that a truss 
be composed primarily of a series of triangles because the triangle 
is the only geometric figure which cannot be changed in shape 
without changing the length of one or more of its sides. In (a) of 
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Fig. 78, for example, is shown a triangle subjected to a single load, 
and it should be clear to the student by inspection that the figure 
cannot change its shape under the action of the load shown unless 
one or more of its sides change in length. On the other hand, it 
should be equally clear that, if the members are connected at the 
joints by frictionless pins, the figures shown in (6), (c), and (d) of 
Fig. 78 will immediately collapse under the action of the load 
shown. If the frame shown in (d) is supported by another bar 
connected to a rigid support, as shown in (e), it will not collapse 
under the action of the load. 

After the student has become familiar with the application of 
the laws of statics in calculating stresses in trussed structures he 



will, in most cases, be able to tell by inspection whether a truss 
has a sufficient number of bars to be stable or whether it has more 
than the number necessary to secure stability. Until such famil- 
iarity has been gained, or in less obvious cases, it may be helpful 
to study a truss from the standpoint of the number of bars neces- 
sary to hold the various joints in a fixed relation to each other. 
Referring again to (a) of Fig. 78 it is clear that the three joints, 
o, by and c, are rigidly held in position with respect to each other. 
Evidently we may say that the bar ac holds the joints a and c in a 
fixed relation to each other, and that to hold the joint 6 in a fixed 
relation to these two requires the addition of two bars ab and be, 
forming the basic triangle abc. The same procedure will apply in 
any case. In (a) of Fig. 79, for example, the two joints Uo and 
Lq are held in position with respect to each other by the bar 
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UoLq, The position of Li may be definitely established with 
reference to Uo and Lo by connecting it to thein with the two 
additional bars UoLi and LoLi (forming a basic triangle). The 
joint Ui may then be established with reference to the three 
already fixed by the addition of two more bars UoUi and UiLi. 

The student should follow through the rest of the structure, 
noting that the fixing in position of each new joint requires the 
addition of two bars. Studying the structure in (6) of Fig. 79 in 
the same manner shows at once that there is not a sufficient num- 
ber of bars, since f72, for example, is not fixed in position with 
reference to Li, nor is L2 fixed in position with reference to Ui. 
Similarly, study of (c) in the same figure shows that there are more 



bars than necessary, since U2 may be considered as fixed in rela- 
tion to Ui and Li by the bars U1U2 and f72Li, and is also fixed 
with reference to Ui and L2 by bars U1U2 and U2L2. Applying 
the same line of reasoning to the structure in (d) will show that it 
has just enough bars even though the part U1-U2-M-L1 is not 
a triangle. The latter structure illustrates the statement that 
although the triangle is the basic truss figure, some other, geometric 
shapes may occur. Subdivided trusses to be discussed later will 
furnish other illustrations of this. 

These considerations lead to the general statement that to 
establish a fixed relation between a series of joints requires one bar 
and its end joints as a beginning, and two more bars for each addi- 
tional joint. Although it is easy and probably better to examine 
a structure in the fundamental way outlined, the conclusion reached 
may be expressed algebraically as follows: 
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If 

n = number of necessary bars, 

j = number of joints, 

the relation 

n = 1 + 20* - 2) 

or 

71 = 2j — 3 

follows at once from the general statement. This expression will 
tell at once whether a single structure has the proper number of 
bars, but confusion will result if an attempt is made to apply it to 
a framework which consists of more than one unit. It is applicable 
to (a), (5), (c), or (d) in Fig. 79, but not to (k) in Fig. 80. Struc- 
tures such as that shown at (k) in Fig. 80 must be divided into 
separate units before applying this expression. 

Generally speaking, fewer bars than are given by this expres- 
sion will result in an unstable structure, and more bars in one 
which is more than stable — a condition usually called indetermi- 
nate, since the stresses in such a frame cannot be calculated by 
application of the laws of statics alone. There are exceptions to 
both cases. For example, it should be clear that (6) in Fig. 79 
will be stable if the joints Uiy Li, (72, and L 2 are made stiff enough 
so that the angles between the four connecting members cannot 
change and the members themselves are made strong enough to 
resist the resulting shears, moments, and direct stresses; and as 
will develop later the structure in (c) Fig. 79 is not indeterminate 
if the diagonals U 1 L 2 and U 2 L 1 are too slender to resist com- 
pression. 

76. Common Types of Trusses, — Trusses are used a great deal 
in bridge and building construction. In buildings their most com- 
mon use is for the support of roofs of long clear span, and less often 
for supporting floors. In bridge construction, trusses are used for 
most spans exceeding 125 ft. and sometimes for spans as short as 
60 or 70 ft. 

Figures 80 and 81 show a few common types of trusses used 
for buildings and bridges, and these will be briefly described. 

Building Trusses , Fig. 80. — The trusses shown in (a), (5), and 
(c) are common types of trusses used for roofs of moderate span 
when a sloping or pitched roof is wanted. The Howe truss in (6) 
is best suited to timber construction but is sometimes built with 
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steel, although, when constructed of this material, it is less econom- 
ical than the Pratt truss, in (a), or the Fink truss, in (c). The 
Pratt truss, in (a), is limited to moderate spans because of the 
wasteful use of material resulting when the vertical members 
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become long. The Fink truss may be used for spans of greater 
length if the roof does not require support at close intervals. 
When the spans are long and the roof must be supported at shorter 
intervals, the Fink truss may be modified and used in the forms 
shewn in (d), (e), and (/). The compound Fink in (/) may be 
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fanned/’ i.e., its web system modified to that used for the truss 
in (e), resulting in a truss suitable for fairly long spans with the 
roof supported at relatively short intervals. All these trusses 
may be built with the bottom chord arched upward; or cambered, 
resulting in a cambered Pratt, cambered Howe, or cambered Fink 
truss, the latter sometimes being referred to as a French truss. 
When a flat roof, or one which is nearly flat, is suitable, a Warren 
truss as shown in {g) may be used. The Pratt and Howe trusses 
are also used for fiat roof trusses. The saw tooth trusses shown 
in {h) are especially useful for buildings in which relatively close 
spacing of columns is not objectionable and in which uniform light- 
ing is important, such as textile mills. In such cases the steep 
face on each truss supports a continuous skylight, and this side is 
generally placed toward the north. Bow string and crescent 
trusses, {i) and (j), are much used for garages and small hangars, 
with the roofing laid on closely spaced timber purlins which rest 
directly on the top chords. Arch trusses for roofs, (fc), are rela- 
tively expensive and are used only for long spans with high rise. 
Some notable examples of this form have been used for large 
armories, field-houses, skating rinks, and so on. As shown in (fc), 
the arch is three-hinged, but the center or crown hinge is sometimes 
omitted, resulting in the two-hinged arch, which is statically inde- 
terminate with respect to reactions. The necessary horizontal 
components are usually provided by a tie rod as shown in {k). 
Figure 80 shows only the more common forms, and many modifi- 
cations and combinations of these have been used. 

Bridge Trusses , — Figure 81 shows the most common forms of 
bridge trusses. Study of these diagrams will show that there are 
four fundamental types, the others being modifications of these 
elementary forms. The Pratt truss (a) has probably been used 
more than any other form, but with the decline in use of pin con- 
nections has lost much of its popularity to the Warren truss with 
verticals (d). The Howe truss (6) has been much used for timber, 
or combination timber and steel, bridges, but the great increase 
in the use of steel and concrete for bridge construction has caused 
it to practically disappear from most sections of the United States. 
It still is fairly common in the Pacific Northwest. The true 
Warren truss (c) has been used a great deal for elevated railroad 
work and is occasionally used for relatively short-span highway 
bridges of the half-throtigh or Pony ” type. The Warren truss 
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with verticals (d) has become very popular for modern bridges 
with riveted joints. The bridge trusses so far mentioned have 
been parallel chord types, and these are most suitable for spans 
up to 180 to 200 ft. in length. For longer spans the use of non- 
parallel, or polygonal, chords results in some saving in weight, 



and the truss in (e) is shown as an example of a Pratt truss with 
polygonal top chord — a type often called a Parker truss. Warren 
trusses with verticals are also often made with non-parallel chords 
for long spans. Parker trusses have been used for spans up to 
360 ft. For the greatest economy of material the diagonals of a 
truss should have a slope of between 45° and 60° with the hori- 
zontal, and as the depth between chords must increase as the 
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span gets longer, this results in very long panels and heavy floor 
systems if trusses of the type already discussed are used. In 
order to use diagonals having a favorable slope and yet keep the 
weight of the floor system within reasonable limits, subdivided 
trusses have been developed. Typical subdivided trusses are 
shown in (/), (gr), and {h). The diagram in (/) represents a sub- 
divided Pratt truss with parallel chords, a type often referred to 
as the Baltimore truss. The Baltimore truss has been used a 
great deal in locations requiring spans of only moderate length 
but abnormally shallow floors — the moderate span calling for 
parallel chords and the limited floor depth for very short panels. 
The subdivided Warren type shown in {h) is also useful in such 
cases. The subdivided Pratt with non-parallel chords as shown 
in {g) has been commonly used for long spans requiring great truss 
depths; this form is often called the Pettit truss or the Pennsyl- 
vania truss. The horizontal dotted members shown in {g) 
are to support the long verticals: they are secondary members 
not subjected to calculated direct stress. The non-parallel 
chord Warren truss with verticals is also built as a subdivided 
truss for long spans. A relatively new form of truss which 
accomplishes the purpose of the subdivided truss ,is the K truss 
shown in (i). It has been built with both parallel and non- 
parallel chords. It is said to be especially favorable from the 
standpoint of secondary stresses, but has not as yet attained the 
popularity of the older types. / 

In the early days of iron and steel bridge development the 
Whipple truss, (j), was very extensively used to secure short 
panels, and at the same time economical slope for diagonals. 
Whipple trusses have not been built for more than thirty years, 
but there are a few still in service. These trusses now have historic 
interest only and will not be further discussed in this text. It 
may be remarked in passing, however, that although the Whipple 
truss is statically indeterminate its analysis was carried out by 
means of rather ingenious simplifying assumptions. The student 
who is interested in the methods used should consult “ Stresses, 
Graphical Statics, and Masonry,^^ ^ by George Fillmore Swain, or 
Framed Structures and Girders,^^^ by Edgar Marburg. 

Figures 82, 83 and 84 are presented to illustrate actual examples 


^ McGraw-Hill Book Company. 
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COMMON FRAMED STRUCTURES 


of some of the common types discussed. Figure 82 shows a 
Parker truss for the main span, with Warren trusses with verticals 
as approach spans. The center span is of the through type and 
the side spans of the deck type. Figure 83 shows a crossing com- 
posed of double deck trusses of the Warren type with verticals. 
Figure 84 shows a construction view of an outstanding example of 
the Pettit or Pennsylvania truss. 



CHAPTER VI 


STRESSES IN TRUSSED STRUCTURES — FIXED LOADS 

77. Fundamental Method of Analysis. — As stated at the 
beginning of Chapter III, there is one and only one method of 
studying the internal stresses in a structure. We may repeat 
here for emphasis that the method is to pass an imaginary section 
cutting the structure into two parts, choose one of the parts and 
apply the laws of statics to determine what internal forces must 
act on the cut section to hold the part under consideration in 
equilibrium against the known external forces. Too much 
emphasis cannot be placed on the importance of passing a section, 
and a section which completely separates the structure into two 
parts. Students often cause themselves needless confusion by 
attempting to visualize or reason about the action of a member in 
an uncut structure, or after passing a partial section. 

It follows from the above that if the stress in a particular bar 
is to be found, that bar must be cut by the section which is passed. 
Either part of the structure may be chosen for study after passing 
the section, but the part offering the greater convenience and the 
smaller amount of calculation is of course to be preferred. 

78. Assumptions. — In applying the fundamental method of 
analysis just stated, two assumptions are made which should be 
clearly understood and kept in mind : 

First: It is assumed that the joints of a truss are made with 
frictionless pins or hinges. 

Second: It is assumed that the change in shape of the truss 
due to changes in the length of members under stress is so 
small as to have negligible effect on the computation of 
axial stresses. 

If the first assumption were correct, the stress in a member 
would always be axial. The facts are, of course, that the joints 
are never frictionless and in modem construction are seldom made 
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with pins. The consequence is that the axial stresses are accom- 
panied by bending moments due to the tendency of the joints to 
turn as a result of changes in the length of the various members 
under stress. In ordinary structures the neglect of these bending 
moments does not seriously affect the accuracy of the calculation 
of primary or axial stresses. The second assumption is taken as 
exact for ordinary structures and with the first assumption forms 
a satisfactory basis for the analysis of the trusses commonly met. 

The effect of rigidity of the joints in trusses with extremely 
heavy and short members, such as those in some modern tall 
buildings, and the effect of change in shape of long and relatively 
flexible trusses, such as the stiffening trusses of long-span suspen- 
sion bridges, may require special ^consideration. More exact 
analysis is often desirable in such cases, but the methods applicable 
are beyond the theory of simple structures. 

79. Choice of Section. — As stated above, after an imaginary 
section has been passed cutting the structure into two parts, the 
part to be considered depends only on convenience. The choice 
of a section, however, is important and depends on how many 
bars in the structure will be cut by it as well as on convenience. 
The bar in which the stress is to be found must be cut by the 
section passed, and generally the most convenient section is 
fairly clear. The section which will cut the bar under considera- 
tion and the smallest number of additional bars is often best. It 
frequently happens, however, that a section which cuts a number 
of additional bars may be equally or more convenient if all or 
most of the bars cut, other than the one being studied, meet at a 
common point. It is difficult, and unwise, to attempt to lay down 
general rules. The experienced computer soon develops a routine 
technique in dealing with familiar forms of trusses, but the student 
should make a point of considering each case without reference to 
the kind of structure or the kind of member in the structure until 
the fundamental procedure is firmly fixed in his mind. 

Since the unknown internal forces acting on the part considered 
are to he determined by application of the laws of statics to that 
part, it should be clear that not more than three unknown internal 
forces can be determined from a given section. If a section is 
passed around a joint so that all the forces acting on the part 
under consideration meet at a common point (the joint), evidently 
not more than two unknowns may be determined from that sec- 
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tion. These facts should be kept in'mind and will be helpful in 
choosing sections, but it will be found that facility in the selection 
and use of sections depends as much, and perhaps more, on practice 
in the solution of problems. 

80. Signs. — In describing the character of the stress in the 
various Vjars of a truss, it has become nearly universal practice to 
call tension positive stress and compression negative stress. Thus 
a tension of one hundred and twenty kips is generally written: 
+ 120k, and a compression of two hundred and sixty kips is 
written: — 260k. This convention will be followed as being the 
most convenient and the most widely used. 

The student should from the very first form the habit of deter- 
mining the character of a stress, i.e., tension or compression, by 
picturing in his mind how the part of the stmeture under considera- 
tion would move (up or down, right or left, turn clockwise or 
counter-clockwise) under the action of the forces acting on it 
excluding the stress in the bar in question, and then deciding 
whether that bar would have to pull (tension) or push (compres- 
sion) to hold the part in equilibrium. In nearly every case it is 
possible in this manner to tell in advance of any calculation whether 
a bar is in tension or in compression. In those cases in which the 
sign of the stress cannot be determined in advance, the direction 
will quickly become apparent as the calculations proceed. The 
student should never assume the stress to be tension or compression 
and then by means of his calculations prove the assumption to be 
incorrect. 

Particular attention should be given to the above method of 
determining sign in studying the discussion of the application of 
the fundamental method of analysis. 

81. Application of Fundamental Method. — The use of the 
fundamental method of analysis stated above may best be shown 
by applying it to a number of general cases, and there follow cal- 
culations for stress in various bars of a miscellaneous collection of 
frames^ with comments on the procedure. 

82. Methods of Attack. — In Fig. 85 (a) there is shown a small 
roof truss supporting loads such that the panel concentrations are 
3200 lb. each with resulting reactions of 8000 lb. each as shown. 
The lengths of the members are written on the right-hand side of 
the figure. In Fig. 85 (6) to (e) are shown parts cut off by sections 

• 1 - 1 , 2-2, 3-3, and 4-4 with the calculations for stress in bars LqU i 
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and LoLiy f/iLi, r/ 2 ^i> and U 2 U[i and L 2 L 3 . The calculations 
shown should be studied in conjunction with the following com- 
ments. 





8000 X 24 = 192,000 
6400 X 12 = 76,800 


8000 X 16 = 128,000 
3200 X 8 25,600 


115,200 
^12 =-{- 9600 ^ 


Fig. 85. 


102,400 
= 12,800 


X 


26.8 

24.0 


14,300 ^ 


Bars LqUi and LqLi . — In finding the stress in the bar LqU 
the section 1-1, shown in Fig. 85 (a), is the most obvious. Con 
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Bidering the part on the left of this section, shown in (6), the only 
external force acting is the upward reaction of 8000 lb. Since the 
bar LqLij also cut by this section, is horizontal, it cannot have a 
vertical component, consequently the only vertical force acting 
other than the reaction is the vertical component of the stress in 
LoUi, which must be equal and opposite to the reaction. Know- 
ing the vertical component, the stress is easily found as shown on 
the figure. The sign of the stress should be determined as ex- 
plained in Art. 80. As a result of the forces acting, other than the 
stress in Lo?/i, the part of the structure under consideration would 
tend to move upy and, to hold the part in equilibrium, it would be 
necessary to push on the bar LoUi — therefore, it is in compression 
as indicated. 

Instead of 1-1, a section similar to T-1', shown on the right 
in Fig. 85 (a), could have been used. Since the structure is sym- 
metrical and symmetrically loaded, the stress in U^Lq must be 
the same as the stress in LoF'i, 
and to show the use of section 
I'-l', the calculations will be given 
for the stress in the former. The 
part of the structure on the right 
of the section will be considered 
and is shown in Fig. 86. Four 
bars were cut by this section, but 
since three of them pass through 
the panel point L5, they may be 
eliminated by taking moments about this point. The only 
external force acting on the part of the structure under con- 
sideration is the upward reaction of 8000 lb. Since the stress 
in UtiLg is the only internal force acting on this part which has a 
moment about L5, its moment about that point must be equal to 
the moment of the reaction about the same point. The stress 
may be found by dividing this moment by the perpendicular 
distance from L5 to the bar U 5 LG. However, this distance is not 
known, and although it is easily calculated, it is more convenient 
to resolve the stress in U 5 LQ into horizontal and vertical com- 
ponents acting at U5 or at Lo. If the components are taken as 
acting at C/5, the vertical component passes through the center of 
moments and the horizontal component must equal the moment 
about L5 divided by the distance from Ls to c/s, which is known. 
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If the components are taken as acting at Le, the horizontal com- 
ponent passes through the center of moments and the vertical 
component must equal the moment about Ls divided by the 
distance from Ls to Lg, which is known. The calculations for 
the two cases are as follows: 

Components acting at Uf,: 

i,000 lb. 

i,000 X — = - 17,900 lb. 

24.0 


80001b. 

2fi R 

8000 X— =-17,900 lb. 

12.0 

The sign of the stress should be determined in the same manner 
as before. As a result of the forces other than the stress in t/sLe, 
the part under consideration would tend to turn around the joint 
Ls to the left, or counter-clockwise, and to hold the part in equi- 
librium against this tendency it would be necessary to push on 
UbLq — therefore, it is in compression as indicated. 

Particular attention should be given to the method used in 
finding the stress from the components. At the right end of Fig. 
85 (a), the vertical and horizontal components of the stress, S, are 
shown in dotted lines on the bar The sides of this triangle, 

Sy Ilf and Vj are parallel to the sides of the truss triangle, C/sLg, 
UsLsf and L^Lq and these triangles arc, therefore, similar. From 
this similarity the relations: 

V ^ 12.0^ H ~ 24.0^ ^ ~ ^ . 

follow at once. 

It is important for the student to form the habit of calculating 
stresses from the geometry of the frame and not from the trigo- 
nometric functions of the angles between members or between 
members and the horizontal. In the actual performance of 
structural work the lengths and slopes of the various members in 
a truss must be known or determined whereas the angles between 


„ , 8000 X 8 

H compr = = 16 


Stress =16 

Components acting at L^: 

8000 X 8 


V comp. = 


8 

Strass = 
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members or between members and the horizontal are not required 
or used and are seldom calculated. To calculate these angles in 
order to have their functions available is to do unn« cessary work, 
which is poor engineering. It is true, of course, that the trigo- 
nometric functions may be determined without actually calculating 
the angles themselves, but calling the ratios of the sides of known 
triangles by trigonometric names is an unnatural and indirect 
procedure in structural work. In other words, to say that the 
stress S is equal to the horizontal component H multiplied by the 
secant of the angle between them and that the secant is the ratio 
of the side to the side L 3 L 6 , is to introduce an unnecessary 

step and an artificial name. On the other hand, to say that the 
ratio of the stress S to its horizontal component H is equal to the 
ratio of the side to the side LaLc is natural and direct. The 
authors believe that the geometric conception is much to be pre- 
ferred and that it should be cultivated. 

LqLi . — The stress in LqLi is determined in Fig. 85 (b) from 
the relation between the horizontal and vertical components of 
the stress in LoUi. Since the reaction is vertical, it should be 
deal that the stress in LqLi must equal the horizontal component 
of the stress in LoUi in order to have 2/7 = 0. As to sign, under 
the action of the forces other than the stress in LoLi, the part of 
the structure shown in (6) tends to move to the left, and, to hold 
it in equilibrium, it is necessary to pull on the bar LqLi; it is, 
therefore, in tension as indicated. 

It is also possible, and equally convenient, to pass a section 
cutting UiU 2 f UiLi, and LoLi, and to determine the stress in 
LoLi by moments about Ui, The calculations would be as 
follows: 

Stress in LqLi = 8000 X f = +16,000 lb. 

U\Li . — To determine the stress in UiLi a section has been 
passed around the joint Ui and the part of the structure cut off is 
shown in Fig. 85 (c). Since the member UiLi is vertical it can 
have no horizontal component, consequently, in order to satisfy 
the requirement that 2/7 = 0, the horizontal component of the 
stress in U 1 U 2 must be equal and opposite to the horizontal com- 
ponent of the stress in LqUi. It should be clear from the figure 
that these vertical components are also equal and opposite and 
that the stress in U\Li must therefore equal the panel load 3200 
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lb. to satisfy the requirement 2F = 0. As to sign, under the 
action of the forces other than the stress in UiLi the part of the 
structure under consideration tends to move dowriy and to hold it 
in equilibrium it is necessary to push on t/iLi; it is therefore in 
compression as indicated. 

An equally convenient section would be the second one used 
in calculating the stress in LoLi. Taking moments about Lo the 
following calculations result: 

Stress in lJ\Li = 3200 X | = —3200 lb. 

U 2 L \. — Several sections may be used in investigating the 
stress in U 2 L 1 . In Fig. 85 (d) there is shown the part cut off by a 
section around the joint L\. The bars LoLi and L1L2 which 
meet at this joint are both horizontal and, therefore, cannot have 
vertical components. Consequently the vertical component of 
the stress in must be equal and opposite to the stress in 

U\L\ in order to satisfy the condition of equilibrium 2F = 0. 
The stress in t/iLi has been found previously as — 3200 lb. from 
which the stress in U 2 L\ is found to be + 4500 lb. as shown in the 
figure, the sign having been determined by the method used in 
connection with the other bars. 

The stress in this bar may also be calculated by passing a sec- 
tion cutting U\U 2 y U 2 L 1 and L1L2 and taking moments about Lo. 
In this case it will be convenient to resolve the stress in the bar 
into vertical and horizontal components acting at Li. The 
horizontal component will then pass through the center of moments 
leaving only the vertical component to be determined. The com- 
plete calculation is as follows: 

8 113 

Stress in U 2 L 1 = 3200 X - X ~ = + 4500 lb. 

8 8.0 

It is unnecessary to write the part 3200 X |, as inspection of the 
section should show that the vertical component of the stress in 
U 2 L 1 is 3200 lb. 

U 2 US and L2L3. — As is true of the other bars discussed, there 
are several sections which may be used in calculating the stress 
in U 2 U 3 - Since the stresses in U 1 U 2 and U 2 L 1 are known, their 
horizontal components may be easily found and a section around 
the joint U 2 makes determination of the horizontal component of 
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the stress in IJ2U^ very simple. It may just as readily be found 
by passing a section cutting U2U^, U2L2, and L1L2 or the section 
4-4, shown in Fig. 85 (a), and taking moments about L2. Figure 
85 (e) shows the part cut from the structure by the section 4-4 
and also the calculations for the stress by taking moments about 
L2. As should be clear, the stress was considered as resolved into 
vertical and horizontal components and applied at f/2 so that the 
vertical component passed through the center of moments. 

The stress in L2L3 may be found from the same section, as 
may also the stress in U\Jj2y and the necessary calculations for the 
stress in L2L3 are shown in the figure. As indicated by the dotted 
lines, the members lJ2U\i and U^Lo were considered as extended 
from their cut ends to their intersection at U.i and moments taken 
about this point, thus obtaining directly the stress in L2L3. 

The calculations for the stress in U'6L2 are not given in the 
figure and are as follows: 

12 14.4 

Stress in U\!,L2 = 2 X 3200 X — X = + 5760 lb. 

lb 12.0 

As should be clear, the stress in I/3L2 was taken as resolved into 
vertical and horizontal components and acting at L2, Lo being the 
center of moments, and the quantity 2 X 3200 X if the vertical 
component of the stress. 

No attempt has been made in the above discussion to calculate 
the bar stresses in any particular order, nor have all the bars been 
considered. The discussion has, however, treated certain bars in 
considerable detail in an effort to form in the student's mind an 
accurate picture of the fundamental method of analysis. At this 
point the authors would like to emphasize the importance to the 
beginner of carefully going through each step in the fundamental 
method of analysis each time it is used in calculating a bar stress. 
If, when beginning the study of stresses, the student is careful 
to pass a correct and complete section, and to make in his own 
mind a clear and accurate statement of the reasoning in each step 
of the application of the laws of statics to the part chosen, he will 
soon form correct habits of thought in stress analysis. The 
importance of getting an exact understanding of the fundamental 
principles, definitions, and methods in studying the theory of 
structures cannot be overemphasized. This is equally true, of 
course, in any other field of study. 
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83. Illustrative Example. — In Fig. 87 is shown a truss with 
parallel chords supporting loads of 8000 lb. at each panel point. 
Calculations are given below for stress in the bars C/21'3, C/2 C/3, 



U 2 L 2 , U 3 L 3 , The sections passed are as indicated, 1-1 being for 
bars C/2L3 and C/2C/3, 2-2 for bar U 2 L 2 , and 3-3 for UsLs. 

U 2 L 3 Section 1-1 

36,000 - 2 X 8000 = 20,000 

X = + 28,300 lb. 

8.0 

by application of F = 0 

C/2 C/3 Section 1-1 

36,000 X 24 = 864,000 

8,000 X 16 = 128,000 

8,000 X 8 = 64,000 


192,000 192,000 


672,000 -f- 8 = - 84,000 lb. 

U 2 L 2 Section 2-2 

Stress = 0 
C/ 3 L 3 Section 3-3 

Stress = - 8000 lb. 

Comment on these calculations should be unnecessary with the 
possible exception of those given for C/2L3. The part of the 
structure on the left of section 1-1 was considered. Since the 
bars C/2 C/3 and L2L3 are horizontal they cannot have vertical 
components, consequently the vertical component of the stress in 
C/2L3 must be equal to the algebraic sum of all the external forces 
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acting on the part of the structure considered in order to make 
2F = 0. In other words, the vertical component of the stress in 
U 2 LS must be equal to the shear in the panel 2-o. As to sign, 
the part of the structure under consideration tends to move up 
under the action of all the forces acting except the stress in U 2 Lzj 
and to hold the part in equilibrium it is necessary to pull on 
U 2 L 3 f which is therefore in tension as shown in the calculations. 

84. Illustrative Example. — In all the illustrative calculations 
so far discussed it has been possible to determine the stress in the 
bar in question without reference to the stress in any other bar. 



Sometimes it is impossible to pass a section which will enable the 
calculation of stress in a particular bar unless the stress in some 
other bar is known or determined in advance. The bars D and 
F in the structure shown in Fig. 88 are examples of this situation. 
A little study will show that it is impossible to pass a section 
which will enable the calculation of the stress in either of these 
members without reference to the stress in other bars. This is 
also true of the member H in the same structure. This diflSculty 
may be overcome by determining the stress in such bars as will 
reduce the number of unknowns on a section through the bar in 
question to that which may be calculated from the data available. 
For example, the stress in bar D may be found by applying the 
principle SF = 0 to a section cutting 5, D, and G, provided 
the stress in the bar G is previously calculated from some other 
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section. The stress in G may be conveniently determined by 
passing the section g-g^ considering the part of the structure below 
this section and taking moments about the joint marked 3. The 
stress in D may also be determined by passing the section d-d and 
taking moments about the joint marked 3, if the stress in B has 
been previously calculated. The stress in B can be easily found 
by passing the section 6-6, or a section cutting J5, D, II, and G, 
and taking moments about the joint marked 2. After the stress 
in D has been computed, the stress in F may be found by applying 
the principle 2 F = 0 to the section d-d. 

To illustrate the discussion above and as further illustration 
of the discussion in Art. 82, the calculations for stress in bars A, 
B, Cj D, E, Fj and G of the structure in Fig. 88 are given below. 
The reactions must first be calculated and they are shown on the 
figure. 

A Section a-a moments about joint marked 1 

90 X = 90 
20 

22,36 

X = — lOF stress in A (22.36 ft. is the length of A) 

20.00 

B Section 6-6 moments about joint 2 
20 X 20 - 400 
90 X 20 = im 
2200 

20 = + 110* stress in B 

C Section c-c 2 F = 0 
60 
m 

160 X = -|- 226* stress in C 

20.0 

D Section d-d moments about joint 3 
60 X 40 = 2400 
100 X 60 - 6^ 

8400 

110 X 20 - 2200 

6200 -r- 20 = 310* H comp, stress in D 
28 28 

X — ^ — == + 438* stress in D 

20.00 
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E Section e-e = 0 

92 

80 X — ^ — = + 179* stress in E 
10 

F Section ZF = 0 

100 

60 

310 

— 470* stress in F 

G Section g~g moments about jqint 3 

80 X 40 = 3200 
60 X 20 = 1200 
2000 

-i- 20 = 100* V comp, stress in G 
22.36 , 

X = + 112 stress in G 

20.00 

The calculations above should not require further comment. 
They should be checked by the student, who should also calculate 



the stress in H by passing a section cutting 5, D, //, and G and 
using the stresses already calculated. 

86. Illustrative Example. — Determine the stress in bars A, By 
Cy and D of the structure shown in Fig. 89. The reactions are as 
shown. 
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A Section a~a moments about 1 
180 X 20 = 3600 

18 X 10 = . 

3420 -7- 60 = 57* H comp, of stress 
18 03 

X — ^ — = + 102.7* stress in A 
10.0 

B Section b-b moments about 2 
'SO 

149.3 X — = 249 H or V comp. 

30 

42.43 

X — ^ — = -f 352* stress in B ■ 

30.00 

C and D 
172 
72 

100 -T- 2 = 50* V comp, in each bar 

21.21 V 

X = H- 70.7* stress in C 

15.0 

= ~ 70.7* stress in D 


The stress in A was resolved into vertical and horizontal com- 
lents, and taken as acting in the line of A extended, at a point 
vertically under the center of moments. The verti- 
cal component then passed through the center of 
moments and the horizontal component was 
determined directly. The calculation of stress in 
B does not require comment. It should be noted 
that section c-c, passed for the calculation of 
stress in C and D, cuts four members. The stress 
in the bars cut, therefore, cannot be determined by 
application of the laws of statics to either part of 
the structure unless additional information is available. A section 
passed around joint 3 cutting out of the structure the part shown 
in Fig. 90 gives the necessary data. It should be clear from this 
figure that since XH = 0 the horizontal component of C must be 
equal and opposite to the horizontal component of D. Since the 
two bars have the same slope their vertical components must 
also be equal and act in the same direction, as shown. The 
members E and F are horizontal and cannot have vertical com- 



Fig. 90. 
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ponents. Consequently the sum of the vertical components of 
the stress in members C and D must be equal to the algebraic sum 
of the external forces acting on the part of the structure to the 
left (or right) of section c-c, or equal to the shear on section c-c. 
Since the vertical components of these members are equal, they 
divide equally the shear on section c-c as indicated in the calcula- 
tions. If C and D have unequal slopes, their vertical components 
will be proportional to the slopes since their horizontal components 
must be equal. Calculate the stress in bars C and D when joint 
3 is 10 ft. above H and 20 ft. below G, Calculate the stress in the 
same bars when a load of 60* acts at joint 3 with a slope of 4 

//^ n n // // // // 



vertical to 3 horizontal; (a) when joint 3 is located as shov/n in 
Fig. 89, and (6) when it is 10 ft. above //. 

85. Problems for Practice. — Figures 91 and 92 show two 
trusses of identical overall dimensions which differ in web triangu- 
lation. The dead load of each structure is assumed to be as 
follows: 

Track = 520 lb. per ft. of bridge 

Floor = 600 

Trusses and bracing = 1760 


Total = 2880 lb. per ft. of bridge 

This dead load results in panel concentrations for each struc- 
ture of 11* at each top chord joint and 25* at each bottom chord 
joint, as shown in Fig. 91. The student should calculate the 
stress in members U 1 U 2 , U 2 U 3 J L 3 Z/ 4 , and U 2 L 2 for each 

structure and compare the results. He should also calculate the 
stress in ?73L2 in the structure of Fig. 91 and compare with the 
stress in 1 / 2^3 of the structure in Fig. 92. 
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87. Illustrative Example. — The non-parallel chord Pratt truss 
shown in Fig. 93 — often called the Parker truss — is assumed to 
weigh the same as the trusses shown in Figs. 91 and 92; i.e., there 



are dead load panel concentrations of 11* at each top chord joint 
and 25* at each bottom chord joint. The calculations for stress 
in the bars of this truss follow the lines already discussed, but a 
few detail differences may be illustrated by determining the stress 
in U 2 L 2 and U 2 L's, 



U 2 L 2 . — A number of different sections may be used in calculating the 
stress in U 2 L 2 , but only one section, marked a~a in Fig. 93, makes possible 
its determination independently of any other bar. If the members U 1 U 2 
and L 2 L 3 are extended to their intersection at A, 110 ft. to the left of Lo, 
moments may be taken about this point, eliminating all unknown quanti- 
ties but the stress in U 2 L 2 . It should be clear that cither the part to the 
left of the section or the part to the right may be used in the calculation, 
but the part to the left involves fewer loads and is the more convenient. 

126 X no - 13,860 

11 X 135 = 1485 

50 X 147.5 = 7375 

8860 8,860 

5.000 160 = - 31.3* 
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A little study of the calculations just given will show that the 25* load at 
Li may be excluded from the moments about A and the 25* load at Li 
added to the 11* load at Ui. The calculations are then. 

126 X no = 13,860 
36 X 135 = 4,860 

9,000 -J- 160 = 56.3* 

25.0 

— 31.3* stress in UiLi. 

If the stress in U 1 U 2 has already been calculated, the stress in UiL^ 
may be determined from the application of = 0 to the part of the 
structure on the right or left of section a~a. Or, if the stress in U 1 L 2 is 
known, a section around the joint L 2 gives 
the stress in U 2 L 2 very conveniently. The 
student should see that the second calcula^ 
tion given above is really the same as passing 
a section cutting UiUi, UiLij and L1L2, finding 
tlwi vertical component of the stress in U 1 L 2 
to be + 56.3*, and then passing a section 
around joint L2. The part cut out by the 
latter section and the forces acting are shown 
in Fig. 94. 

It should be clear from this figure that 
the stress in U 2 L 2 is 56.3*— 25.0* = 31.3* 

U2L3. — The calculation for stress in U2L3 is very similar to that for 
stress in U 2 L 2 . Section b-b is the most convenient. If the stress in U 2 U 3 
is known, its vertical component may be found and the vertical com- 
ponent of the stress in U 2 LZ found l)y applying the principle wF = 0 to 
the part of the structure on the right or that on the left of the section. If 
the stress in UiUz is not known, the stress in L2L3 may be calculated 
independently by extending thejmrs UiUz and L2L3 to their intersection 
at B, 216.7 ft. to the left of Lq. The stress in U2L3 is most conveniently 
resolved into vertical and horizontal components at L3 as the horizontal 
component then passes through the center of moments leaving the vertical 
component as the only unknown and acting at a point a known distance 
from B. The calculations arc then as follows: 

126 X 216.7 = 27,300 
2 X 36 X 254.2 = 18,300 

9,000 

-5- 291.7 = 30.9* vert. comp. 

X 39.2* stress in UiLz, 

32.0 



compression. 
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The sign of the stress in U 2 L 3 was determined in the manner outlined 
in Art. 80 and attention should be called to the statement made there, that 
if the character of the stress is not at once apparent it will become so as 
the calculations develop. This statement may be illustrated by referring 
to the calculations just made. The part of the structure to the left of sec- • 
tion h-h and the forces acting are shown in Fig. 95. 

In taking moments about the point B it may not be clear by inspec- 
tion whether the moment of the reaction is greater than the moment of 
the two 11 * and two 25* loads. As soon, however, as these moments have 
been calculated it is clear at once that the part of the structure shown in 



Fig. 95 tends to rotate counter-clockwise about B and that to prevent this 
rotation it is necessary to jndl on the bar U 2 L 3 , which is therefore in 
tension. 

88. Chord Stresses — Uniform Fixed Loads. — The principles 
discussed in Arts. 39 and 46, Chapter III, may be conveniently used 
in calculating the chord stresses in trusses supporting a uniformly 
distributed fixed load. Study of the trusses in Figs. 91, 92, and 
93 shows that a chord stress or its horizontal component is always 
the bending moment at some joint (usually a top chord or bottom 
chord panel point) divided by the depth of the truss at that joint. 
As stated in Art. 46, Chapter III, the bending moment at any 
panel point in a girder or truss is the same as the bending moment 
at the same point in a beam of the same length to which the loads 
are directly applied. And, as stated in Art. 39, Chapter III, the 
bending moment at any point in a beam uniformly loaded is \ wab, 
the symbols having the significance there given. 

The dead load per foot of bridge for each of the spans shown in 
Figs. 91, 92, and 93 is assumed to be 2880 lb. per ft. of bridge or 
1440 lb. per ft. of truss. Applying the above relation to members 
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U\U 2 in Fig. 91, L 3 L 4 : in Fig. 92, and [/ 2 C /3 in Fig. 93, the follow- 
ing calculations result: 


UiU^Fig. 91: 


1.44 X 50 X 150 
2 X 35 


= — 154.4* stress in U 1 U 2 


LiLi Fig. 92: 


1.44 X 75 X 125 . . • r r 

= + 193.0 stress in L 3 L 4 

2 X 35 


U 2 U 3 Fig. 93: 


1.44 X 75 X 125 „ 

= — 103.0 H comp. 


2 X 35 


X = — 194.5* stress in U2U3 
25.0 


r 


23 


/ 6 ^ 20 '= 320 '- 

23 23 23 a 23 c 23 23 23 



89. Subdivided Trusses. — As stated in Chapter V, the most 
economical slope for the diagonals of a truss is between 1 to 1 and 
2 to 1. If such a slope is maintained with the great depths neces- 
sary in long spans, the panel length becomes too great for con- 
venience and the weight of the floor becomes excessive. In such 
cases some form of subdivided truss, such as shown in Figs. 

96 and 97, or the K truss in Fig. 101, may be used. 

The vertical dotted members U 3 M 3 , and in Fig. 

97 are sometimes used to reduce the unsupported length of the 
double-panel top chords. They are not affected by live load, but 
support some of the weight of the top chord and its bracing in the 
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panels in which they are located. The horizontal dotted members 
M 4 M 5 and MqMj in the same figure are to provide lateral support 
for the long web columns UaL 4 ^ and U(jLq. Unless inclined loads 
are applied at the joints Ma and Mq, these members have no 
effect on, and are disregarded in, the calculation of primary 
stresses. 

The short diagonals in subdivided trusses such as C/4M3, f/cMr,, 
etc,, in Fig. 96, and A/ 3 L 2 , M 5 L 4 , etc., in Fig. 97 are usually called 
sub-diagonals. If they are tension members, as in Fig. 96, they 



are often referred to as sub-ties, and if compression members, as 
in Fig. 97, as sub-struts. 

90. Stresses in Subdivided Trusses. Fixed Loads. — The 

fundamental method of analysis which has been discussed in this 
chapter is adequate for the determination of stresses in any static- 
ally determinate truss, regardless of type, and the student is pre- 
pared to analyze the subdivided trusses shown in the above- 
mentioned figures when subjected to fixed loads only. However, 
the calculations for stress in several bars of these trusses are given 
below to illustrate some detail differences in procedure. 

The dead load of the structure in each figure will be assumed 
as follows: 

Track = 520 lb. per ft. of bridge 

Floor = 580 lb. per ft. of bridge 

Trusses and bracing = 2400 lb. per ft. of bridge 

Total = 3500 lb. per ft. of bridge. 

The weight of the trusses will be assumed to be divided equally 
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between the top and bottom chords, but the track and floor will 
in each case be applied at the loaded chord. The panel loads fc/c 
the truss in Fig. 96 are then 

Top § X 20 X 2300 = 23,000 lb. = 23" per panel 

Bottom I X 40 X 1200 = 24,000 lb. = 24" per panel. 

These figures, based on uniform distribution of the dead load, are 
approximate. Actually the panel concentrations at ( 72 , ( 74 , (7r„ 
Uhj etc., are larger than those at (7i, Usy Ujy etc., and there 
arc concentrations of dead load at Afi, Af 3 , Afr), Af 7 , etc. In long, 
heavy spans, the assumption of uniform distribution of dead 
load may not be sufficiently accurate, but for ordinary spans such 
as are shown in Figs. 96 and 97, the results are satisfactory for 
design purposes. 

91. Subdivided Truss with Parallel Chords. — The stress in the 
members in the panel 4-6 of the truss in Fig. 96 will be con- 
sidered. 

L 4 L 6 Section a-a moments about ((4 

•jf X 1.75 kips per ft. X 80 ft. X 240 ft. = 16,800 ft.-kips 

~ 50 ft. = + 336" 

1.75 kips per ft. in the above expression is the weight per foot applied 
on one truss. 


U4U6 Section a-a moments about Le 

268 X 120 = 32,160 

4 X 23 X 70 = 6,440 
11.5 X 120 = 1,380 
2 X 24 X 60 = 2,880 

10,700 10,700 

21,460 50 = - 429.2* 

The student should note the difference between the calculations for 
stress in these two chords. Why is it not correct to use the simpler pro- 
cedure of the calculations for stress in LaL% in finding the stress in UJJqI 
U4M5 Section a-a == 0 

268 - (11.5 + 4 X 23 + 2 X 24) = 116.5* 


32.02 
^ 25.0 


= + 149.4* 
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UsMs Section around C/s 2F = 0 

- 23*. 

XJftMs Section c-c moments about C /4 


23 X — = 11.5 7. comp. 
40 


X 


32.02 

25.0 


= + 14.7* 


The stress in XJ^Mh was resolved into vertical and horizontal com- 
ponents at C/ 6 . The stress in this bar will be further discussed later. 

MsLe Section 5-6 27 = 0 


268 - (11.5 -f 5 X 23 -f 2 X 24 )+ i X 23 = 105 


X 


32.02 

25.0 

l 


= -f 134.5* 


In this expression the last term on the left, J X 23, is the vertical com- 
ponent of the stress in C/eAfs. 


UeLe Section around joint Le 27 = 0 
105 ~ 24 = - 81* 

U4L4 Section cutting C/3C/4, C/4M3, C/4L4, LJj^ 

268 - (11.5 + 3 X 23 + 2 X 24) + I X 23 = ~ L51* 


92. Subdivided Truss with Non-parallel Chords. — The Pettit 
or Pennsylvania truss in Fig. 97 may be analyzed by proceeding 
in a manner similar to that used in the calculations just made 
above for the parallel chord subdivided truss. The assumed 
panel concentrations are shown on the figure. The stresses in the 
members of a typical panel such as 4-6 should be calculated as an 
illustrative exercise. 

The non-parallel chord subdivided through truss is sometimes 
made with sub-ties instead of sub-struts. Figure 98 shows a 
double panel 4-6 of a truss like that in Fig. 97 rearranged to use a 
sub-tie instead of a sub-strut. No new principles are involved but 
the calculation of stress in UqM^ may be discussed briefly. Pass- 
ing the section a-a as shown in Fig. 98, the part cut out from the 
structure is shown in Fig. 98 in full lines, the dotted lines com- 
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pleting the panel. The dimensions are given in general terms and 
the following discussion concerns the general case. 

Let 

W = the total load applied along the line U 5 M 5 L 5 ; 

V = the vertical component of the stress in UqMs; 

H = the horizontal component of the stress in UqM^. 



Fig. 98 . 


Resolving the stress in UoMry into horizontal and vertical com- 
ponents at Uq and taking moments about t/4 

Wp = V2p - H{h2 - hi) 


and 


= V2p-V 



(h2 - hi) 



That is, the vertical component of the stress in a sub-diagonal is a 
fraction of the load applied at the center of the main panel in which 
the sub-diagonal occurs, the fraction being the vertical projection 
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of the sub-diagonal divided by the length of the vertical to which 
it connects. When the chord to which the sub-diagonal connects 
is horizontal (i.e., when /i2 = hi) the fraction is one-half. 

This relation is very convenient in calculating the stresses in 
subdivided trusses. It is not correct if the main diagonal in the 
panel in which the sub-diagonal occurs is not straight throughout 
its length, or if the chord to which the sub-diagonal connects is 
not straight throughout the panel in which the sub-diagonal occurs. 
In the panel shown in Fig. 98 the relation is not correct if U4LQ 
and 1/4 I/g are not straight lines. Cases in which these members 
are broken lines are rare. 

93. Secondary System in Subdivided Truss. — A subdivided 
truss may be considered as an ordinary truss with a small secondary 
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truss added in each subdivided panel to support a floorbeam at 
the center of the main panel. For example, in Fig. 99 (a) is shown 
an ordinary truss which may be considered as converted to the 
subdivided truss in Fig. 99 (6) by the addition of the secondary 
trusses shown in dotted lines. Of course the only members actu- 
ally added are the sub-diagonals and M7Z/G 

and the hangers AfiLi, M5L0, and M7L7. The stresses 

in the subdivided truss may be correctly determined by 
calculating the stresses in the truss of Fig. 99 (a) and adding to 
those members or parts of members which coincide with members 
of the secondary trusses the stresses in the secondary truss due to 
the loads applied to it. That is, to find the stress in U2L4 we 
may calculate the stress in IJ2L4 in the truss of Fig. 99 (a); this 
Stress will be correct for the part U2M\\, but for the part M-Li we 
must add the stress in M71L4 of the secondary truss due to the 
load at L3. Similarly the stress in L2L4 may be calculated as the 
stress in L2L4 of the ordinary truss in Fig. 99 (a) plus the stress in 
L2L4 of the secondary truss due to the load at Ls. It should be 
clearly unckrstood that in calculating stresses in this manner the 
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loads applied at Li, L3, L5, and L? must be considered as dis- 
tributed to the adjacent panel points before the stresses are 
determined in the truss of Fig. 99 (a). 

The student should show that the proof of the relation between 
the vertical component of stress in the member f/oMs of Fig. 98, 
and the load W is also 

^ 




I 


w 

1 


]N 


/ 


/ 


Jl 


T 


^5 


I 
I 

W 

I 1 


proof that the same 
relation will hold in 
the secondary truss 
shown in Fig. 100 and 
that this secondary 
truss may be removed 
from the main truss 
without changing the 
stress in any remain- 
ing members, except 
C/4M5 and pro- 

vided the load W is distributed to the panel points JJ^ and 
94. K Truss. — Analysis of a K truss such as shown in Fig. 
presents no difficulty for fixed loads. The discussion of members 
C and D in Fig. 89 covers the details of the application of the 
fundamental method. The fact that the chords are not parallel 


Fig. 100. 


C/e. 

101 



in the truss in Fig. 101 has the same effect on the procedure as 
non-parallel chords have in the ordinary truss. Considering 
panel 4~5, for example, the shear in the panel is not equal to the 
sum of the vertical components of the diagonals since the upper 
chord is inclined. If the stress in the upper chord is known, its 
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vertical component may be included in applying SF = 0 to a 
vertical section through the panel If the chord stress is not 
known, the sum of the vertical components of the diagonal stresses 
may be found by taking moments about the intersection of the 
upper and lower chords. If there are no horizontal or inclined 
loads applied at the intersection of the diagonals, the horizontal 
components of their stresses must be equal and opposite, and the 
vertical components in proportion to the slopes of the diagonals, 
and stresses proportional to the lengths. In the truss shown in 
Fig. 101 the diagonals in each panel have equal slopes. The chord 
stresses may be found by passing a section cutting UaXIb, 

and L4L5, for example, and taking moments about f74, Af4 
or L4. The horizontal components of these chord stresses must 

u n n n n n 



be equal and opposite provided there are no horizontal forces 
apphed to the truss. 

96. Index Stresses. — The stresses in a parallel chord truss 
which has equal panel lengths and which is supporting fixed loads 
may be found very conveniently by writing the index stresses. 
Index stresses are based on the vertical components of the stresses 
in the web members. They are found by passing sections around 
successive joints and by mental addition or subtraction, calculat- 
ing and writing on the web bars cut by the sections the vertical 
components necessary to hold the joint in equilibrium against the 
forces known to be acting. The calculation and use of index stresses 
may best be shown by a few examples. In Fig. 102 is shown a truss 
with known external loads applied at the joints. The index stresses 
are shown on the bars and may be obtained as follows. It is 
necessary to start at a joint where there is only one member hav- 
ing an unknown vertical component, or at a joint where S3rmmetry 
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of structure and loading make possible the determination of more 
than one unknown vertical component. In the truss in Fig. 102 
the start may be made at either end or at the center top chord 
joint, C/ 4 . When the loading and the truss are symmetrical it is 
generally most convenient to start at the center. Passing a sec- 
tion around the joint C/4, inspection shows that the stress in 
C/ 4 Z /4 is — 11*, which is written on the bar. Passing a section 
around L 4 the part cut out is as shown in Fig. 103. Since the 
truss is symmetrical, it is clear that the vertical components of the 
two center diagonals must be equal and together must be 36* to 
make SF = 0. Therefore the index stress of + 18* is written 
on C/3Z/4. A section may then be passed around C/3, cutting out 
the portion of structure shown in Fig. 104. The vertical com- 

// 


16 

Fig. 103. Fig. 104. 




ponent of the diagonal C/ 3 L 4 which connects to this joint is known 
to be 18* acting down as shown, the external load at the joint is 
known to be 11 * acting down, and inspection shows that for equi- 
librium the vertical C/3L3 must ymh up with a force of 29*: the 
index stress — 29 is therefore written on C/3L3. Proceeding in 
the same manner to joint L3, inspection shows that the bar C/2L3 
must pull up with a force of 54* to hold the joint in equilibrium, 
and the index stress + 54 is written on the bar. By passing sec- 
tions around successive joints in this manner, the index stresses 
for the web members may be written by inspection. The next 
step is to write the index stresses for the chords. Passing a sec- 
tion around Lo, the part cut out is as shown in Fig. 105. The 
vertical component of the stress in the diagonal C/iLo, or its index 
stress, is 126* as shown. If p is the length of the panel and A the 
depth of the truss, the horizontal component of the stress in J7iLo 

V P 

is 126- as shown. It is clear that there must be a pull of 126- 

h h 

in LqLi to hold the joint Lo in equilibrium, and the quantity 126 
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is the index stress for LqLi. Passing a section around the joint 
U I the part of the structure cut off is as shown in Fig. 106. Inspec- 
tion shows that for equilibrium the bar U\U 2 must push on the 

joint V\ with a force of 126 7 + 90“ = 7 X 216. The quantity 

h h h 

216 is the index stress for the chord U\ U 2 and is written on the 
bar with a minus sign since the member is in compression. Pro- 


126 




Fiq. 106. 


ceeding to joint C/ 2 , the section passed cuts out a portion of the 
structure shown in Fig. 107. The bar U 2 U 3 must push against 

the joint C /2 with a force of 216 7 + 547 = 270 7 . The quantity 

h h li 

270 is the index stress and is written on the member with a minus 
sign to indicate compression. 

The discussion above indicates the method of writing index 

stresses and should show that the 
true stress in any bar is the index 
stress for that bar multiplied by the 
length of the bar and divided by the 
depth of the truss. 

Index stresses may be written just 
as easily for unsymmetrical loading, 
but must, in such cases, be written 
for the entire truss, and must be 
started at one end. An example is 
shown in Fig. 108. Index stresses 
may also be written for subdivided or K trusses; as examples 
the index stresses for the truss of Fig. 96 and for a K truss are 
shown in Figs. 109 and 110, respectively. 

It should be noted that, in obtaining the stress in a sub-diagonal 
or in a half m.ain diagonal, the index stress must be multiplied by 


// 
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the ratio of the length of a full diagonal to the depth of the truss, 
or by the ratio of the length of a half or sub-diagonal to half the 
depth of the truss. 


Ui -m -153 -IS5 ^4 -152 Us 




Index stresses are sometimes written for a unit load at each 
panel point, and in such cases may be called index coefficients. An 







194 STRESSES IN TRUSSED STRUCTURES—FIXED LOADS 


example is shown in Fig. 111. These coefficients, when multiplied 
by the length of the member in question and divided by the depth 
of the truss, give the stress in the member in question due to the 
unit loads at the panel points. The stresses due to panel loads 
of any other magnitude are in direct proportion to the loads. 
The student should note that if the loads are not applied to the 
chord joints for which the stress coefficients were written, or if the 
loads are divided between the chords, the stresses in the verticals 


Ui-G U2-6 fJs-a U4 Us Ue Ui 


M 
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Fig. 111. 


found from the coefficients must be corrected; the stresses in' the 
other bars will be correct no matter to which chord the loads are 
applied. 

It is possible to write index stresses for non-parallel chord 
trusses, or for trusses with varying panel lengths, but the necessary 
corrections for the differences in slope so lengthen and complicate 
the procedure that it does not offer any advantage over ordinary 
calculation of the stresses. 
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141. Compute the stress in bars a to A: inclusive of the structure shown. 

Am. o=- 114^' e = + 645*. i =-63.7*. 

b = - 1161*. / = - 807*. i =+ 121*. 

c = + 299*. g = + 31.6*. A = + 40.3*. 

«i=+36.5*. A =+114*. 



Prob. 141. 


142. Calculate for each case the stress in bars a and b of the structures 
shown in (a) and (6). 



143. Calculate the stress in bars c and d, in each case, for the structures 
shown in Problem 142. 


144. Calculate: (a) The stress in 

(6) The stress in U^Ui, 
(c) The stress in UiLt. 
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146 . Compute the stresses in the bars o,6,c,d,e,and /of the structure shown 



146 . Calculate the stress in the bars a, 6, c, and d of the structure shown. 

Ams. a = - 285*^. c = +230*. 

6 =- 327*. d=-108‘. 



Pros. 146 . 
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147 . Calculate the stress in the bars e, /, g, and h of the structure shown in 

Problem 146. Ans. e = A- 35. g - — 372*. 

/ = - 99.7 \ /i = - 274*. 

148 . Compute the stress, due to the loads shown, in bars a to n inclusive 
of the structure. 


mi 


/XV 


o 

..I 

I ^ 
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Prob. 150. 


161 . Calculate the stress in bars e, /, gr, and h of the structure shown in 
Problem 150. 


152 . Calculate the stress in bars i, j, k, and I of the structure shown in 
Problem 150. 


163 . Owing to a rise in temper- 
ature the horizontal component of 
the temperature reaction at A = 
80*, acting to the right. Calculate 
the other reactions and the result- 
ing stress in U 2 L 3 and L2L3. 



164 . Compute the stress in bars a to g inclusive of the structure shown. 

Ans. a — — 68*. e = — 80.9*. 

6 = - 357*. / = + 5.5*. 

c = -f 137*. (7 = - 78.3*. 

d = - 23.6*. 
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160 . Given the following weights: 

Track = 600 lb. per ft. of bridge 

Floor = 700 

Trusses and bracing = 3200 


Total = 4500 11). per ft. of bridge. 

Calculate the dead load stress in the bars VAJa, UzLa, t/sLa, and UiLi of the 
single-track bridge shown. 



PitoB. 160. 


161 . Calculate the stress in members a, 5, c, </, and e of the bent at Lo in 
Problem 160, due to a horizontal load of 1200 lb. per ft. applied along the 
bottom chord of the truss. 

162 . Compute the stress in bars a, 6, c, d, c, and / of the truss. 



163 . Compute the stress in bars c, d, c, and / of the structure in Problem 
162: 

(а) With panel loads of 60^ each at panel points 6 to 13, inclusive. 

(б) With panel loads of 60* each at panel points 5 to 13, inclusive. 
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164. Calculate the strese in bars a, b, e, and d of the structure shown. 

Am. ■ a = — 74.6*. 
6 = + 94.3*. 
c = - 266*. 
d = - 1633*. 


SO* 25* Y 



\^4@l0'-40'-^ 


— 7(^20'-t40’- 
Pros. 164, 


--^20'-^ 


166. Calculate the stress in bars e, /, gr, and h of the structure shown in 
Problem 164. 

166. Calculate the stress in the members U%U%, Ldj%, C/eLe, C/eAf?, and 
MiL%. Load = 3600 lb. per ft. of bridge: one-third at top chord panel 
points and two-thirds at bottom. 







"I 



% 

R 

/ 


IHil 

HBi 



■ 


M,A 'Vm.A 


^2 ^3 ^4 ^5 ^ ^7 ^9 ^10 ^// ^/J ^/4 ^/S 

U 16 & 20' -320' J 


-16® 20' -320'- 
Prob. 166. 
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167 . Calculate the stress in bars a, 6, c, and d of the structure. 

^7.-^. a = + 62.7*. 
6 = 0 . 
c = - 61.3*. 
d = -h 61.3*. 



168 . Calculate the stress in bars c, /, and h of the structure shown in 
Problem 167. 

169. Calculate the stress in bars j, k, and I of the structure shown in 
Problem 167. 

170 . Calculate the stresses in a, 6, and c. 





204 STRESSES IN TRUSSED STRUCTURES— FIXED LOADS 


172 . Write the index stresses for the structure shown. Each top chord 
panel point supports a load of 12.5^, and each bottom chord panel point a 
load of 27.5^ 

U, u, Uj u. 



173 . A through Warren truss with verticals has 8 panels of 28 ft. each and 
is 40 ft. deep center to center of chords. Write the index stresses for loads of 
16* at each top chord joint and 32* at each bottom chord joint. 

174 . Write the index stresses for the truss shown in Problem 142 (?>), due 
to loads of 10* at each top chord joint and 3* at each bottom chord joint. 

176 . Determine by means of index stress the dead load stresses in all the 
bars of the truss. The dead loads are to be taken as follows: 

Track = 600 lb. per ft. 

Floor = 500 

Trusses and bracing = 1900 


Total = 3000 lb. per ft. of bridge. 

Assume that one-third of the load is applied at the top chord and two-thirds 
at the bottom chord. 



176 . Write the index stresses for the structure shown, for a uniform fixed 
load of 4* per ft. of truss, all applied on the bottom chord. 

j< /6<S‘20'=320' ->| 



Pros. 176. 
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2 * 


177. Given top chord panel loads of 1* and bottom chord panel loads of 
for the truss, write index stresses. 


U, Us Us U, Us 



178. Write the index stresses for the loads shown. 








CHAPTER VII 


GRAPHIC STATICS 

96. Graphic Statics is the term commonly applied to the general 
procedure used in the solution of problems in statics by means of 
geometric constructions. Graphic statics is not a separate science 
nor a separate branch of the science of statics, but merely the 
substitution of the methods of graphical calculation for those of 
simple arithmetic and geometry. The fundamental laws of statics 
remain the same, and the use of graphical methods of calculation 
adds nothing to and subtracts nothing from their range of appli- 
cation. 

In engineering work many problems in statics arise in which 
graphic methods of calculation are quicker and more convenient 
than those of arithmetic. For example, it will generally be found 
simplest to determine graphically: 

(a) The stresses in non-parallel chord trusses supporting fixed 
loads, such as: 

the common types of simple roof trusses; 

roof arches; 

steel centering for concrete arch construction, etc. 

(b) The dead load stresses in non-parallel or polygonal chord 
bridge trusses. 

(c) The stresses due to unit loads or unit reactions, necessary 
in certain calculations in connection with deflection studies and 
indeterminate structures. 

On the other hand, it will seldom be found worth while to 
calculate graphically the stresses in any parallel chord truss, 
whether the loads are fixed or not, or the shears, moments or 
stresses resulting from moving loads in any structure. Nor does 
it seem likely that many engineers would care to determine the 
wind stresses in a high building by graphical methods. 

Between these extremes lie many cases in which the choice 
between graphic and arithmetic methods of calculation is largely 
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a matter of personal preference or immediate convenience, i.e., in 
such cases the choice may depend on whether the engineer does or 
does not like to calculate graphically, or on whether he does or 
does not have immediately at hand and in use the necessary draw- 
ing equipment. 

It is important for the student to have a thorough understand- 
ing of the fundamental methods of graphical analysis, not only 
because of their usefulness in engineering work, but also because 
they form part of the language used by engineers in technical 
literature and discussions. Furthermore, a simpie free-hand 
sketch outlining a procedure for a graphical analysis may often 
indicate an easier arithmetical solution; many, if not most, 
engineers use elementary graphical methods in this manner more 
or less unconsciously as an aid in thinking. 

Only the fundamental methods of graphical analysis, as applied 
to statics, will be discussed in this chapter; nevertheless a thorough 
grasp of the material given here will enable the reader to use it as 
a convenient tool, to easily understand and use the elaborations 
presented in larger texts devoted exclusively to graphical analysis, 
if and when such elaborations oiler any advantage, or to develop 
for himself more advanced methods especially adapted to the 
problems he is particularly concerned with. 

The treatment in this text will be restricted to forces acting 
in a plane. Graphical methods may be extended to space statics, 
and, although space statics will not be specifically considered in 
what follows, it is important for the student to remen^ber that if 
any system of forces in space is in equilibrium its projection on 
any plane must form a system of forces, acting in that plane, 
which is also in equilibrium. All problems in space statics can be 
solved as a series of problems in plane statics — either graphically 
or arithmetically — after being so projected. 

97. Fundamental Principles. — The application of graphical 
methods of calculation to problems in statics rests on three funda- 
mental principles already known to the student. These are: 

First: A force may be represented by a line; the length of 
which, to some scale, represents the magnitude of the force; and 
the direction of which shows the direction of the line of action of 
the force in the plane. In order to have the force fully defined it 
is necessary also to know the location of its line of action in the 
plane. 
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Second: Two intersecting forces may be combined into a 
single force, usually called their resultant, by means of the parallelo- 
gram or triangle of forces. 

Third: Any three non-parallel forces acting in a plane must, if 
they are in equilibrium, pass through a common point. 

It is necessary, of course, in the development of graphical 
methods to extend these principles, draw corollaries from them, 
and in some cases to introduce additional considerations, but these 
three facts are fundamental and should be clearly understood. 

98. Graphical Representation of a Force.^The representation 
of a force by a line is illustrated by Fig. 112 (a), which shows a 
beam acted on by a single force P and held in equilibrium by 




reactions at A and B. As stated above, the magnitude of this 
force is given by the length of the line representing it. If the 
force has a magnitude of 120^ and a scale of 1 in. = 100^ is to be 
used, the length of the line must be 1.2 in. The direction of the 
force is given by the slope of the line, shown as 2 to 1, and by the 
arrow-head indicating action down and to the left. This, how- 
ever, is not sufficient fully to determine the force, since any line 
drawn in the plane at a slope of 2 to 1, having a length of 1.2 in. 
and an arrow-head pointing down and to the left will give this 
information. The line shown in Fig. 112 (6), for example, is 
parallel to P in Fig. 112 (a), has the same length and an arrow-head 
pointing in the same direction; it does not convey the information 
that this force is acting on the beam AP, and this fact can only be 
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given by the location of the point of applicatioUj m, or the location 
of some other point on the line of action, such as ?/. 

99. Parallelogram and Triangle of Forces. — The second 
fundamental principle is illustrated in Fig. 113, (a) and (6). Pi 
and p 2 represent two loads applied to the beam AB. The lines 
of action of these forces, if extended, will intersect at the point m. 
In accordance with the principle of the parallelogram of forces, 
we may combine these two loads into a single load which will have 
the same effect on the reactions of the beam AB, by laying off 
from their intersection point, m, along the lines of action of Pi 
and P 2 , lengths me and md, representing, respectively, the magni- 
tudes of these forces, and completing the parallelogram mend by 



drawing cn parallel to md and dn parallel to me. nin then repre- 
sents, in magnitude, direction, and line of action, a single force R 
(the resultant of Pi and P 2 ) which will have the same effect on 
the reactions of the beam AB as the forces P\ and P 2 . 

It should be clear that it is not necessary that this parallelo- 
gram be constructed at the actual intersection of the lines of action 
of the forces Pi and P 2 : it may be constructed anywhere in the 
plane of the forces, as indicated at {h) in Fig. 113. Furthermore 
it should be clear that the resultant R may be obtained by con- 
structing only half of the parallelogram of forces as shown by the 
full lines in Fig. 113 (6); this is the triangle of forces. 

The parallelogram or triangle of forces may be used to obtain 
the resultant of any number of forces acting in a plane. For 
example, in Fig. 114 (a) is shown a beam subjected to forces Pi, 
P 2 , P 3 , and P 4 . As shown at (a) in Fig. 114 the forces P 1 and P 2 
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may be extended to an intersection at e and there combined into a 
single force Ri by means of either the parallelogram or triangle of 
forces. The resultant of Pi and P2 may then be extended to an 
intersection with P3 at / and there combined with P3 into a single 
force P2. Similarly, the force R2 may then be extended to an 
intersection with P4 at g and there combined with P4 to form P3, 
a single force which will have the same horizontal component, the 
same vertical component, and the same moment about any point 
in the plane of forces as will be found from the algebraic sum of 





the horizontal components, vertical components, and moments of 
the forces Pi, P2, P3, and P4. 

Although it will usually be convenient to combine a series of 
forces in some definite order, such as in succession passing around 
the structure in either a clockwise or counter-clockwise direction, 
it is important for the student to see clearly that no particular 
order is necessary. For example, in Fig. 114 (a), P4 may be 
extended to an intersection with P2 and combined with it to fonn 
a single force which may in turn be extended to an intersection 
with either Pi or P3, a new combination effected, and so on until 
the entire system has been replaced by a single force. A little 
study should make it clear that, regardless of the order in which 
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the forces are combined, the single force finally obtained must 
always be the same in magnitude, direction, an(J line of action, 
since there can be only one force having exactly the same effect 
on the body or structure as a whole as the original system. 

It is unnecessary to make the various combinations of forces 
at their actual intersection points. As in the case shown in Fig. 
113, the forces may be combined in a separate diagram. As 
shown at (h) in Fig. 114, Pi and P 2 may be combined into Riy 
which may be combined with Pa into and finally R 2 and P4 
may be combined into Ra. The resulting diagram is called the 
force diagram or force polygon. As constructed in Fig. 114 (6), 
the force polygon consists of a series of force triangles. A little 
study of this figure should show clearly that it is not necessary to 
determine the intermediate resultants Ri and P2, but that the 
final resultant Ra may be determined directly by laying off the 
various forces end to end, being careful of course to draw the lines 
representing the various forces exactly parallel to their respective 
lines of action. 

The force polygon in Fig. 114 (6) was constructed taking the 
forces in order in a clockwise direction around the structure, and 
in (c) is shown the resultant Rs determined from a force polygon 
drawn taking the forces at random. 

Although the magnitude and direction of the resultant of the 
forces Pi to P4, inclusive, may be determined by means of a force 
polygon, as at (b) or (c) in Fig. 114, this polygon will not fix the 
location of the resultant in the plane, i.e., a point on its line of 
action. To find the position of the resultant Rs we may follow 
the procedure first used in finding its magnitude, except that the 
parallelograms drawn in (a) for the determination of Pi, P2, and 
P3 are not necessary. That is, having drawn Pi and P2 to their 
intersection at c, we may draw through e a line parallel to Pi, its 
direction being taken from the force polygon in (6); from the 
intersection of this line with the line of action of P3 at / draw a 
line parallel to P2 (the direction of which may also be taken from 
the force polygon in (6)) to an intersection with P4 at {7, which is 
a point on the line of action of the resultant P3. The resulting 
figure will be exactly the same as (a) in Fig. 114, omitting the 
lines drawn to form the parallelograms there used. Drawing a 
separate force polygon to give the magnitude and direction of the 
resultant, and finding its position as just described, will usually 
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be more convenient than drawing several separate parallelograms 
as was done at (a). This method must be modified, however, 
when forces are parallel, or nearly so, and this will be discussed 
later. 

100. Division of a Force into Components. — It is sometimes 
convenient to reverse the procedure just discussed, i.e., to change 
a single force into two or more forces which .will have the same 
effect on the structure as a whole. The two or more forces which 
are to take the place of the original force are called its components, 
and the procedure itself is called the resolution of forces, or resolv- 
ing a force into its components. In a force triangle any two sides 
may be thought of as components of the other side. Evidently 
any force may be resolved into two components by drawing, from 

the extremities of the line which repre- 
sents it, lines parallel to the directions 
in which the required components are 
to act. For example, the force P, Fig. 
115, may be resolved into vertical and 
horizontal components by drawing a 
vertical line through A to an intersec- 
tion at C with a horizontal line drawn 
through B. Furthermore, it should be 
evident that there are an infinite num- 
ber of pairs of components into which 
the force P may be resolved. Since 
the ff and V components together with the force P form a 
force triangle (this would be true for any other pair of components), 
it is easy to see that the components acting together must have 
the same effect on the body or structure as a whole as the original 
force P, provided they intersect at some point on the line of action of P. 
It is very important to understand clearly the necessity for the 
intersection of the components at some point on the line of action 
of the original force, and it may be illustrated by referring again 
to Fig. 113, (a) and (6). If we choose to do so the force triangle 
in (5) may be looked upon as the resolution of the force R into 
components Pi and P 2 , instead of their combination into R. It is 
then clear by inspection that Pi and P 2 together will have the 
same effect horizontally and vertically as P, and the only additional 
condition of equivalence is that the sum of their moments about 
any point in the plane must be the same as the moment of R about 




USE OF SUBSTITUTE FORCES 


213 


that point. Reference to (a) will show at once that this can be 
true only if Pi and P 2 intersect at some point on the line of action 
of Ry for at whatever point Pi and P 2 intersect we may combine 
them into a single force which will have the same magnitude and 
direction as R and which must coincide with its line of action in 
order to have the same moment about any point. 

101. Use of Substitute Forces. — As stated above in Art. 99, 
when the forces acting on a body or structure are parallel, or so 
nearly so that they will not intersect on the drawing, the method 



of finding the position of the resultant already described must be 
modified. 

In Fig. 116 (a) is shown a beam acted on by several forces 
which are so nearly parallel that it would be impracticable to find 
the location of their resultant as in Art. 99. At (6) is drawn the 
force polygon determining the resultant, P, of all the forces. It 
is the location of the line of action of this resultant which we now 
wish to consider. 

Using the principle of the previous article, we may resolve any 
one of the forces acting on the beam into two components making 
a pronounced angle with each other and the rest of the forces, and 
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in this way obtain a new but equivalent series of forces which will 
intersect within the limits of the paper. Making such a substitu- 
tion for Pi, the new system of forces acting on the beam is shown 
in Fig. 117 (a), and at (6) is shown the corresponding force polygon 
in full hues. The directions of the components of P\ (1 and 2) 
may be drawn at random, except that fairly abrupt angles of 
intersection with the remaining forces are desirable. In accord- 
ance with the principle of the previous article, the components of 
Pi must intersect at some point on its line of action, and they are 
introduced at the point m. We may now proceed to combine 



the forces as previously described, either at their actual inter- 
section points or in a separately drawn force polygon; the latter 
procedure has been chosen here. The line of action of the force 
2 is extended to an intersection with the line of action of P 2 , from 
which point the line of action of the resultant of 2 and P 2 (which 
is evidently parallel to 3 in the force polygon) is drawn to its 
intersection with P3. At the latter point Oc is combined with P3 
and the line of action of their resultant (4 in the force polygon) 
extended to intersect P4, which is then combined with 4 to form 5. 
We have now reduced the system to the forces 1 and 5 which the 
force polygon shows clearly to be components of P, the resultant 
of the original forces Pi, P2, P3, and P4. It should be evident 
that this resultant must act- through the intersection of its com- 
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ponents, or the point n, and of course parallel to i? in the force 
polygon. 

It is important to see clearly that any force in the system could 
have been replaced as well as Pi. For example, 2 and 3 could 
have been considered as replacing P 2 , 3 and 4 as replacing P 3 , or 
1 and 5 as replacing R. Evidently exactly the same result would 
have followed. 

The use of auxiliary or substitute forces, which has just been 
described, is a very useful device in graphical calculations, and the 
student should be careful to gain a thorough understanding of the 
procedure. The point at which the substitute forces intersect, 0 
in Fig. 117 (6), is generally referred to as the pole. 

The diagrams shown in (a) of Figs. 114 and 117 are commonly 
called space diagrams whereas the polygon shown in (a) of Fig. 
117 and composed of the forces, 1, 2, 3, 4, and 5, is usually called 
the string polygon or equilibrium polygon. Other names are used, 
but those given are preferred by the authors; in what follows, the 
terms space diagram and string polygon or equilibrium polygon 
will be used with the meaning here given. The line of forces in 
the force polygon (a-b-c-d-e in [b] of Fig. 117) is often called the 
load line. 

102. Center of Gravity.—^Use may be made of this method of 
locating the resultant of a series of forces in finding the center of 
gravity of an irregular area. For example, consider the figure 
shown in Fig. 118 (a). The area has been divided into a triangle 
A I and two rectangles A 2 and ^ 3 , the centers of gravity of which 
may be easily located. If we assume applied at the center of 
gravity of each of these areas a vertical force proportional to the 
area, it seems clear that the line of action of the resultant of this 
series of forces passes vertically through the center of gravity of 
the entire figure. In (b) of Fig. 118 is the force polygon for the 
vertical forces, and just above the figure in (a), the equilibrium 
polygon which determines the line m-n as the line of action of 
the resultant of the three forces Ai, A 2 , and ^ 3 . In a similar 
manner, if the forces proportional to the elementary areas are 
applied horizontally through the respective centers of gravity, the 
line of action of the resultant of this horizontal system of forces 
must pass horizontally through the center of gravity of the whole 
figure. In (c) is shown the force polygon and at the right of (a) 
the equilibrium polygon which establishes the line p-q as the line 
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of action of the resultant of the horizontal system of forces. The 
center of gravity of the figure must, then, be at the intersection of 
the lines m-n and p-q as indicated. 

The student should see clearly that it is not necessary that the 
two systems of forces be taken at right angles to each other. They 



are, however, usually so taken as a matter of convenience in con- 
struction. 

103. Equilibrium. — Since we are concerned primarily with the 
application of graphical methods of calculation to problems in 
statics it is necessary that we consider carefully how we may 
determine whether the laws of statics have or have not been satis- 
fied. These laws of course remain the same: 
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2/7 = 0 
2F = 0 


are still the three conditions of equilibrium which must be ful- 
filled. 

Consider first the case of a single force acting on a beam as 
shown in Fig. 112 (a). It seems obvious that the force P can be 
held in eciuilibrium by a force equal in magnitude and opposite 
in direction, provided its lino of action coincides with that of P. 
The first two recpiinanents evidently satisfy the first two laws of 
statics. It should be clear, hownver, that any force parallel to P, 
having equal magnitude and opposite direction, will satisfy these 
two laws, and that equilibrium can be obtained only if the line of 
action of the force holding P in equilibrium coincides with the 
line of action of Py thus satisfying the third law of statics. 

The force P may also be held in eciuilibrium by any system of 
forces which can be combined into a single force equal in magni- 
tude, opposite in direction, and of coincident line of action. The 
reactions at A and B evidently must form such a system if the 
beam is in equilibrium. Since these two forces may be combined 
into a single force eciual and opposite to P and having the same 
line of action it is clear that they must intersect each other on the 
line of action of P, and thus illustrate the principle previously 
stated, that if three non-parallel forces are in equilibrium they 
must intersect in a common point. It should be clear that if 
three forces w^hich meet in a common point are in equilibrium 
any two of them may be combined into a single force equal and 
opposite to the third. 

Consider now the forces acting on the beam shown in Fig. 
114 (a). Since a force P 3 , which may be found in magnitude and 
direction as in (h) or (c), will have the same effect on the structure 
as a whole as the forces Pi, P2, P3, and P4, if it acts along the line 
P3 in (a), a force eq^ial and opposite to P3, will hold these forces in 
equilibrium provided it also acts along the line of P 3 in (a). 

The reader should see clearly that any force parallel to P 3 , 
having the same magnitude, and acting in the opposite direction, 
will, in combination with the forces Pi to P4, inclusive, satisfy the 
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first two laws of statics. If such a force acts in the plane of the 
other forces we may call it P 5 and add it to the force polygon shown 
in (6) [or (c)] of Fig. 114, This polygon will then be as shown in 
Fig. 119 (b)y and it should be obvious by inspection that the sum 
of the horizontal components of all the forces in the polygon, as 
well as the sum of their vertical components, is equal to zero. 

It should be noted also that the forces Pi to Ps, inclusive, 
form a closed figure with the forces all acting in the same direction 
(counter-clockwise) around the figure. Brief consideration of any 
force polygon will make it clear that whenever the last force is 
equal and opposite to the resultant of the rest of the forces this 
will always be true, and there follows at once the general statement: 
If a system of forces acting on a body or structure is in equilibrium 




a polygon drawn to include all the forces, taken in any order, will 
form a closed figure, and the forces will all act in one direction 
aroimd that figure. 

Closing of the force polygon is an essential condition of equi- 
Hbrium, but, except for a series of forces meeting at a common 
point, it does not alone establish equilibrium as a fact. The first 
two laws of statics have been satisfied when the force polygon 
closes, but the third law, 2M = 0, cannot be satisfied unless the 
line of action of the last force in the system coincides with the line 
of action of the resultant of all the other forces — the direction 
of the last force must of course be opposite to that of the resultant 
of the rest of the forces. This is perfectly general and has already 
been illustrated in what precedes. In the discussion above, Ps 
has been taken as the last force in the system, but since •the force 
polygon closes, any one of the forces may be considered as holding 
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the rest in equilibrium and as being the last force in the system. 
It will be well for the reader to call some other force, say P 2 or P 3 , 
the last force and go through the reasoning for that case. 

The student should very carefully note that the system of 
forces in the space diagram reduced to three forces meeting in a 
common point — P 2 , P 4 , and P 5 meeting at g Fig. 119 (a). As 
noted above, these three may be further reduced to two equal, 
opposite, and coincident forces — R 2 and P 5 may be combined 
into one force equal and opposite to and coincident with P 4 — P 4 
and P5 may be combined into a force equal and opposite to and 
coincident with R 2 — or any other combination of two of the three 
forces made. 

104. Equilibrium of Forces Which Are Parallel or Nearly 
Parallel. — Although the discussion above was based on a system 
of forces intersecting within a narrow area, the line of reasoning 
applies equally well to a system of parallel, or nearly parallel, 
forces. For example, consider the forces acting on the beam in 
Figs. 116 and 117. These forces will not intersect within a con- 
venient area, but substituting the equivalent forces 1 and 2 for 
Pi results in a system in which exactly the same reasoning may be 
followed. Replacing R in Fig. 117, (a) and (6), by an equal and 
opposite force P5, we find that the force polygon closes and that 
all the forces act around the closed figure in a counter-clockwise 
direction. Also we find in the space diagram that the system may 
be considered as reduced to three forces meeting in a common 
point. These three forces may be taken as 1, 5, and P5; 2, 3, 
and P 2 ; or any one of several other combinations. 

106. Application of Principles Discussed. — With the principles 
discussed before well in mind the application of graphical calcula- 
tion to the determination of reactions, moments, stresses, etc., 
follows very directly. 

As stated before, graphical methods cannot add to the range 
of application of the laws of statics. It follows therefore that not 
more than three unknown quantities may be found in any case, 
and that if all the forces to be dealt with meet in a common point, 
only two unknown quantities may be found. 

106. Reactions. — The application of graphical methods to the 
determination of reactions may now be discussed in connection 
with problems previously considered. 

The beam shown in Fig. 112 is repeated here as Fig. 120 and 
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the reactions determined graphically. There are in this case only 
three forces acting on the beam, and if the structure is to be in 
equilibrium they must meet in a common point. The rollers at 
B fix the direction of R 2 as vertical, and the hinge at B fixes a 
point on its line of action. Therefore a vertical line drawn through 
the hinge at B intersecting the line of action of the force P at e 
locates the common point and determines the direction of Pi, 
which must pass through the hinge at A as well as point e. In 
the force polygon shown in (6) lines drawn from the extremities 
of P parallel to the now known directions of Ri and P 2 complete 


I 



the force polygon and determine the magnitude of these reactions. 
It is evidently immaterial whether the force polygon is completed 
by drawing P 2 from the lower end of P as was done in (6) Fig. 120, 
or by drawing it from the upper end. The student should see 
that in this case three unknowns have been determined: the mag- 
nitude of R 2 , and the magnitude and direction of Pi. At the 
start it was known that P 2 must be vertical and must act through 
the hinge at P, and the hinge at A was known to be a point on the 
line of action of Pi. 

The beam shown in Fig. 27 of Chapter II is reproduced here 
as Fig. 121 and the reactions found graphically. Here we know 
that the left reaction must be vertical and must pass through the 
hinge at this end; we do not know its magnitude. We know that 
the right reaction must pass through the hinge at the right end; 
we do not know its direction or its magnitude. In this case it is 
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a simple matter to combine the two forces acting on the beam into 
a single force, which must pass through the point and be parallel 
to the dotted line in the force polygon. The system of forces 
acting on the beam has now been reduced to three non-parallel 
forces, and as the resultant of the 700-lb. and 600-lb. loads makes a 
fairly abrupt inclination with the left reaction (which is known to 



Fig, 121 . 


be vertical), it is easy to locate the point / through which the three 
forces must pass. The determination of the left and right reac- 
tions then follows directly as shown in the force polygon. As 
before it evidently makes no difference whether the lines repre- 
senting reactions and R 2 are drawn from the upper and lower 
ends, respectively, of the dotted line in the force polygon, or the 
reverse. 

If the forces acting on a beam or other structure are parallel 
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or nearly parallel the method of substituting inclined components 
for one of the forces may be used. 

To illustrate the use of this method in the determination of 
reactions refer again to the beam and forces shown in Fig. 117. 
In this figure the auxiliary forces 1 and 2 were substituted for Pi 
and the lino of action of the resultant R then determined by inter- 
secting and combining the forces in the usual manner. The 
resultant R in magnitude and line of action having been found by 
means of the force polygon and equilibrium polygon, the system 
has been reduced to three forces in equilibrium, the two reactions 
Pi and R 2 (their magnitudes yet to be determined), and the 
resultant of the applied loads, R. These forces, however, are so 



nearly parallel that they will not intersect within the area of the 
•drawing, and it is necessary to substitute for one of them, com- 
ponents which make a pronounced angle with the other forces. 
We already have drawn in the force polygon the forces 1 and 5 
which are components of the resultant of the forces Pi to P 4 , 
inclusive, and we may replace this resultant R by these components. 
When this substitution is made we have four forces acting on the 
beam, the two reactions Ri and R 2 and the components of P, 1 
and 5. These four forces are shown in Fig. 122, and it must be 
understood that although we know the direction of P 2 we do not 
yet know its magnitude, nor the magnitude and direction of Pi. 
These four may be reduced to three by combining two of them at 
their intersection. We have already found, however, that com- 
bining 1 and 6 results in three forces which are too nearly parallel 
to intersect within the area of the paper. It is therefore necessary 
to combine either 1 or 5 with Pi or P 2 . If we combine 1 (or 5) 
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with R 2 we must then pass the resultant of these forces through 
the intersection of 5 (or 1) and Ri, but we do not know the line of 
action of Ri and cannot therefore find the iniersection of this 
force with either 1 or 5. It should be clear then that we must 
combine 1 (or 5) with Ri and pass the resultant of these forces 
through the intersection of 5 (or 1) and i^ 2 , which we can easily 
find since we know that the line of action of R 2 must be normal 
to the surface on which the rollers are supported and pass through 
the hinge at B. Since we are substituting the forces 1 and 2 for 
Ply we must draw them through some point on the line of action 
of Pi, but it is immaterial where this point is taken so long as it 



is in the line, and it will evidently be convenient to take it so that 
1 will also pass through the hinge at i4. In Fig. 123 (a) the string 
polygon is now drawn, the point m on the line of action of Pi 
having been so chosen that its component 1 will also pass through 
the hinge at .4. The system of forces then reduces to three non- 
parallel forces, 5, the reaction P 2 , and the resultant of 1 and Pi. 
Since 5 and P 2 intersect at e the resultant of 1 and Pi must pass 
through this point if the forces are to be in equilibrium, and its 
line of action therefore is the line c. Since c, 5, and P 2 are in 
equilibrium we may determine the magnitudes of c and P 2 by 
drawing lines parallel to them from the extremities of 5, as is done 
in the force polygon (6) of Fig. 123. Since c is the resultant of 1 
and Pi the force P 2 just determined must represent the reaction 
at By and we may now determine the magnitude and direction of 
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R\ by completing the force triangle \-c-R\. These values of 72i 
and Ro also complete the polygon of forces as originally applied 
to the entire structure. It should be clear that in determining 
the magnitude of R 2 the line parallel to R 2 may be drawn from 
either end of 5, and the line parallel to c from the other end, but 
since R 2 is one of the forces in the force polygon it will evidently 




be more convenient to draw R 2 from the end of P 4 , and c from the 
other end of 5. Then completing the triangle of forces composed 
of 1 , Cy and Ri automatically completes the polygon of forces for 
the entire structure. This procedure of resolving 1 and Ri into 
their resultant c which must pass through the point of intersection 
of R 2 and 5 is often called closing the equilibrium polygon. 

The reaction problems solved arithmetically in Figs. 29, 31, 
32, and 33 are solved graphically in Figs. 124, 125, 126, and 127 
as illustrative examples. 
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107. Three-hinged Arch Reactions. — The structures shown in 
Figs. 34 and 36, Chapter II, have four unknown reactions, hori- 
zontal and vertical components at both A and C, and in the appli- 
cation of graphical calculation to the determination of these 




reactions use must be made of the fact that there cannot be any 
bending moment at the hinge at B. Two simple methods of 
determining the reactions for such structures will be discussed in 
connection with the arch of Fig. 36. 
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In Fig. 128 this arch is reproduced, showing in (a) the arch 
with the loads acting on the left side of the center hinge and in (c) 
the arch with the loads acting on the right side of the center hinge. 
It is a simple matter to find the resultant of the 120* and 60* forces 
shown in (a) and its line of action. The resultant of these forces 
is found in direction and magnitude by the force polygon in (6), 
and its line of action by means of the string polygon shown in (a). 
The forces then acting on the arch are the resultant of the 120* 
and 60* forces, which acts vertically through the point d, and the 
reactions at A and C. It should be clear that the reaction at C 





must not only pass through the hinge at C but also through the 
hinge at B, which determines its line of action. The three forces 
just mentioned are in equilibrium and therefore must meet in the 
common point e, the location of which is determined by the inter- 
section of the lines of action of the resultant of 120* and 60* and 
the reaction at C. The line of action of the reaction at A is 
established by the fact that it must pass through the hinge at A 
and the common point e. The magnitude of the reactions at A 
and C, resulting from the loads shown in (a), may now be deter- 
mined by drawing lines parallel to Ae and Ce from the ends of the 
load line as shown in (b). Proceeding in the same way, the reac- 



EQUILIBRIUM POLYGON THROUGH THREE POINTS 227 


tions at A and C due to the loads of 100* and 90* acting on the 
right of the center hinge may be determined as shown in (c) and 
(d) of Fig. 128. Combining the reactions Rai and Ra.^, and Rci 
and Rc^, will then give the true reactions at A and C due to all the 
loads acting on the arch. 

The entire procedure, described above in two separate steps 
for clearness, may be combined into one diagram as shown in 
Fig. 129. In this figure the combination of the reactions Ra^, 
Ra^j and Rc^y Rc^ into the true reactions Ra and Rc is also shown. 

108. Equilibrium Polygon through Three Points.— If in Fig. 
129 the reaction Ra is drawn through the hinge at A in the direc- 
tion shown by the force polygon, it may be combined with the 



120* load at their intersection. The resultant of these two forces 
will be given in magnitude and direction by a line connecting 0' 
and the lower end of the 120*" load in the force polygon. The inter- 
section of Ra and the 120* load is a point on the line of action of 
their resultant, which may then be drawn through this point in 
the direction given by the force polygon to an intersection with 
the 60* load. At this intersection the resultant of Ra and 120* 
may be combined with the 60* load into a new resultant, which 
will be given in magnitude and direction by a line connecting 0' 
and the lower end of the 60* load in the force polygon. In the 
same manner as before this new. resultant may be extended to an 
intersection with the 100* load and a new combination effected. 
This procedure may be continued until an equilibrium polygon has 
been constructed for the entire system of loads. 

Since there can be no bending moment at the hinge at B, it 
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should be clear that the resultant of the forces Raj 120*, and 60* 
must pass through this hinge. And finally the resultant of the 
forces Raj 120*, 60*, 100*, and 90* must pass through the hinge 
at C. In other words, the intersection of Ra and Rc locates a point 
O', which, taken as a pole, will pass the equilibrium polygon through 
the three points A, 5, and C. Evidently when it is necessary to 
pass an equilibrium polygon through three points, the necessary 
pole may be found by determining in the above manner the reac- 



tions which would be developed by the given loads if applied to an 
arch of which the three points form the hinges. 

A different method of passing an equilibrium polygon through 
three points, based on an extension of the procedure for passing 
such a polygon through two points, is often used. 

In Fig. 130 (a) four forces are shown acting more or less at 
random. Suppose that we wish to pass an equilibrium polygon 
for these forces through the points A and B. A^ume that the 
forces are acting on a beam supported at A and B in such a manner 
that the reaction at B must pass along the line d-e. Introducing 
the substitute forces 1 and 2, intersecting at 0, construct the 
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equilibrium polygon 1, 2, 3, 4, 5, and Ci in the usual manner, 
finding the reactions Ra and Rb. In the equilibrium polygon, Ci 
represents the line of action of the resultant of 1 and Raj or it may 
be considered as the line of action of the resultant of 5 and Rb- If 
the equilibrium polygon passed through B as well as A, the result- 
ant of Ra and 1 would necessarily pass through B, The reactions 
Ra and Rb are dependent only on the forces acting and the condi- 
tions of support and must be the same regardless of the location of 
the pole. Therefore the substitute forces must be so chosen that 
they will intersect on a line which passes through / in the force 
polygon parallel to C 2 in the space diagram. In other words, 
any point on the line C 2 C 2 in the force polygon, taken as a pole, 


f20 €0 100 90 



will pass an equilibrium polygon for the forces given through points 
A and B. From this it slK)uld be clear that an infinite number of 
equilibrium polygons for the forces F\ to P.\, inclusive, may be 
passed' through the points A and B, If the pole is chosen to the 
right of the load line the equilibrium polygon will evidently he 
concave upward as shown in (a), and concave downward if taken 
to the left. 

In Fig. 131 this method is extended to determine the pole 
which will pass the equilibrium polygon for the forces shown 
through the three points A, B, and C. Proceeding in the manner 
just described, we find that a pole bung in the line d-e will pass 
an equilibrium polygon for the forces between .4 and B through 
A and By and similarly that a pole lying on the line f-g will pass 
an equilibrium polygon for the forces between B and C through 
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B and C. It seems clear that if we take the intersection of these 
lines as a pole the equilibrium polygon will pass through A, B. 
and C, and furthermore that there can be only one polygon for 
these forces passing through these three points. Having found 
the pole O', it follows directly that V and 5' are the reactions at 
A and C for a three-hinged arch supporting the loads shown, and 
that the equilibrium polygon 1', 2', 3', 4', and 5' shows the true 
line of thrust on the arch for the given loads. 




109. Bending Moments Determined Graphically.— In Chapter 
III, bending moment is defined as: “The algebraic sum of the 
moments of all the external forces acting on either side of the sec- 
tion taken about the center of gravity of the section." It follows 
that the algebraic sum of the moments of all the external forces 
acting on one side of the section is the moment of the resultant 
of those forces about the point in question. This fact is the basis 
of the common methods of calculating bending moments graphic- 
ally, and as an introduction to the subject the moment of a group 
of forces about some point in their plane will be discussed. 

In Fig. 132 (a) four forces, P\ to P 4 , inclusive, are shown act- 
ing in a common plane, and their moment about the point A is to 
be calculated. The force polygon is shown in Fig. 132 (6). 
Although it would be possible to determine the magnitude and 
direction of these forces by intersecting them and combining at 
their intersections, it would require considerable space, and the 
method of substitute forces has been used. Substitute forces 1 
and 2 replace P\ and the system is reduced to the resultant R 
Its direction and magnitude are determined from the force polygon. 
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and a point on its line of action is given by the intersection of 1 
and 5 (components of R) in the space diagran/ Measuring the 
perpendicular distance from the point A to the line of action of R 
in the space diagram and multiplying this distance by the magni- 
tude of R, taken from the force polygon, at once gives the moment 
of all the forces (Pi to P 4 , inclusive) about A. In other words: 


Ma = RXd 


This method of determining moments graphically is universally 
applicable and generally as easy as any other when the forces to 
be included are not parallel. For forces which are parallel, or 
nearly parallel, a method introduced by a Swiss engineer. Professor 
Carl Culrnann of Zurich, is very convenient. This method is as 
follows : 

In the space diagram (a) of Fig. 132, draw a line through the 
point A parallel to the resultant R in the force polygon and extend 
this line to an intersection with the lines of action (extended if 
necessary) of 1 and 5 at points / and g. The resulting triangle, 
efgj has its sides parallel to the sides of the triangle formed by P, 
1 , and 5 in the force polygon. These triangles are therefore similar 
and their altitudes and sides are proportional. Calling the perpen- 
dicular distance between the resultant, P, and the pole, 0 , in the 
force polygon, //, and the intercept which the lines of action of 1 
and 5 in the space diagram cut from the line drawm through A 
parallel to P, z, the following proportion may be written: 


altitude of efg i 

altitude of P, 1 , 5 P 


or 

KJX JLVf Xj KJ 

d i 


71 

and 

RXd = II Xi 

or since 

Ma = RXd 


Ma= HXi 


The altitude H is generally referred to as the pole distance, and 
the distance i as the intercept. The above relation may then be 



232 


GRAPHIC STATICS 


stated in words as follows: The moment of any series of forces 
about a point, A, is equal to the product of the pole distance cf 
the resultant of the forces and the intercept which the strings or 
forces of the equilibrium polygon determining the line of action of 
the resultant cut from a line drawn through A parallel to the 
resultant. 

Culmann’s method is perfectly general and may be applied to 
any number of forces, whether parallel or non-parallel, although, 
as previously stated, the direct method discussed above may be 
more or equally convenient for forces which are not parallel. 




Figure 133 shows the same forces as Fig. 132 and the construction 
necessary to determine the moment of Pi, P2, and P3 about A. 

The student should see that the pole distance is a force j the 
magnitude of which is fixed by the scale of the force polygon, and 
the intercept a distance measured to the scale of the space diagram. 

Culmann's method of determining moments may be used in 
drawing bending moment diagrams for beams supporting vertical 
loads. In Fig. 134 is shown a beam supporting four loads. Pi, P2, 
P3, and P4, with the force polygon and space diagram for the 
determination of the reactions Pi and P2. The bending moment 
^t A is the moment of the resultant of Pi and Pi. Inspection of 
the force polygon shows that the intersection of the substitute 
forces 2 and c will determine the location of this resultant in the 
space diagram. In accordance with the principles described above, 
drawing a vertical line through A determines the intercept za, and 
the bending moment at A then is: 


Ma = H XtA 
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and similarly the bending moment at B is: 


Mb = H 'X, Zb 


Study of Fig. 134 should make it clear that the bending moment 
at any point in the beam shown is equal to the pole distance H 
times the intercept within the equilibrium polygon on a vertical 
line drawn through the point. In other words, ordinates in the 
bending moment diagram may be found by multiplying the corre- 
sponding ordinate in the equilibrium polygon by H. From this 
it follows that the moment diagram is proportional to the equi- 



librium polygon, and if the pole distance, //, is made some multiple 
of 10, the moment may be scaled directly from the equilibrium 
polygon using the scale of the space diagram with the proper change 
in the location of the decimal point. The same' result may be 
obtained, of course, by using units of measure for the space diagram 
and force polygon such that their product may be measured with 
a commonly available scale. For example, suppose that the 
space diagram is so drawn that 1 in. = 20 ft. and the force diagram 
so that H — 150*; then, since 150* X 20 ft. per in. = 3000 ft.- 
kips per in., the equilibrium polygon may be considered the bend- 
ing moment diagram to a scale of 3000 ft.-kips per in., and bending 
moments measured directly from the diagram with the readily 
available engineer's “ 30-scale.’^ 

Bending moment diagrams for beams supporting a distributed 
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load (either uniform or varying) may be constructed graphically, 
using the method described above, by dividing the load up into 
short lengths, applying the total over each section at the center 
of gravity of the section, and then constructing the equilib- 
rium polygon as usual for the resulting series of concentrated 
loads. 

Figure 135 illustrates this procedure. The beam shown in 
this case supports a uniformly distributed load which is divided 
into ten equal sections. The moments determined from the equi- 
librium polygon will be exactly correct (within the limits of accu- 
racy attainable by graphical methods) at the lettered sections. 
Between these sections the moments obtained from the construc- 
tion shown will be in error by an amount equal to the difference 




Fig. 135 . 

between tbe equiUbrium polygon as drawn and an inscribed parab- 
ola tangent to the polygon at verticals drawn through the lettered 
sections — evidently inappreciable for the case given. 

If it is sufficient to obtain the bending moment at only one or 
two points in a beam supporting a distributed load, it is not neces- 
sary to divide the load up into a series of concentrated loads and 
draw an equilibrium polygon. Figure 136 shows a beam AE 
supporting a distributed load from B to E, Assume that the 
bending moment at D is required and that the reactions have 
already been determined, considering the entire load concentrated 
at its center, by means of the force and equilibrium polygons 
shown. To determine the bending moment at D correctly, pro- 
ceed as follows: Draw a vertical line through the center of gravity 
of the load between B and D and a vertical line through the center 
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of gravity of the load between D and E. Connect the intersections 
of these lines with the segments 1 and 2 by the Jine b-e. Draw a 
vertical line through D; then the bending moment at this section 
is equal to the product of the pole distance and the intercept on the 
line through Z), between c and h-e; i.e., 

Md = II X in 

The student should demonstrate the correctness of this construc- 
tion, which he is- prepared to do if he has properly understood 
the preceding discussion of bending moments graphicaily deter- 
mined. 



110. Moment of Inertia. — The graphical calculation of mo- 
ments may be easily extended to include second moments,^’ or 
moment of inertia. 

Three vertical forces, Pi, P 2 , and P 3 , are shown in Fig. 137, 
and it is p)roposed to calculate their moment of inertia graphically 
about a vertical axis through the point A. By definition the 
moment of inertia is given by 


I = Pidi^ + P2d2^ + Pa*" 


= Pid\di + p2d2d2 + Psdsds 


In accordance with the principles already discussed, the first 
moments, Pidi, P 2 d 2 , and Pa*, may be found from the product 
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of the pole distance H and the respective intercepts shown in the 
space diagram: i.e., 

Pidi = Ilyi 

P2d2 = riy2 

P‘od‘2 = Hy3 

I = Hiyidi + yidz + ^ 3 ^ 3 ) 




The product ijidi is the moment about i 4 of a force 1/1, having the 
line of action of Pi, and similarly with respect to 2/2^2 and (1/3^3. 
From this it follows that the moment of inertia, /, may be obtained 
by multiplying the moment about A of the new serioB of forces 
2/1, 2/2, and 2/3 by H . The moment of the forces 2/1, 1/2, and ya 
about A may be found graphically by drawing a new equilibrium 
polygon, as shown in Fig. 137 , with a new pole O' . Then since: 

y\d\ + y 2 d 2 + 2/3C?3 = U'Y 

I = HH'Y 
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This is known as Culmann^s method of graphically calculating 
moment of inertia. 

The expression above: 

1 = Iliyidi + yoch + y-Mh) 

furnishes at once another method of calculating I. 

yidi = 2 X area Aahg 

2 / 2^2 = 2 X area Agcf 


from which 


2 / 3^3 = 2 X area Afde 

I = // X 2 X area of abcdea, 


which is known as Mohr’s graphical method of calculating moment 
of inertia. 

The above methods of determining moment of inertia and the 
method of determining center of gravity in Art. 102 are sometimes 
made use of in connection with the graphical analysis of the elastic 
arch and are included here as a matter of interest for that reason. 
In general, the authors doubt whether graphical determination of 
center of gravity and moment of inertia will have any advantages 
over arithmetical calculation. 

The moment of inertia of irregular areas may also be approxi- 
mated by the graphical methods discussed. The closeness of the 
approximation will evidently depend on the size of the elementary 
areas into which the figure is divided — the smaller the elementary 
areas the smaller the error resulting from the neglect of the moment 
of inertia of each portion about its own center of gravity. Error 
from this source may be eliminated by applying the area of each 
element at its radius of gyration with respect to the axis in ques- 
tion instead of at its center of gravity. These methods, though of 
some academic interest, seldom offer much advantage in structural 
work, and the reader is referred to the larger treatises devoted 
exclusively to graphical calculation for a complete discussion. 

111. Stresses in Trussed Structures — Graphically Deter- 
mined. — The use of graphical methods in calculating the stresses 
in the various members of a truss does not change the fundamental 
method of attack, which, as stated in Chapter VI, is to pass a sec- 
tion, completely separating the structure into two parts, and apply 
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the laws of statics to one of the parts cut off by the section. In 
calculating stresses graphically the most convenient section will 
generally be one going completely around some joint. Since 
purely axial stresses are assumed, we are, for such a section, dealing 
with a series of forces meeting at a common point. 

Evidently for a given truss all the forces meeting at a joint 
are known in line of action, and all but two must be known in 
magnitude, since only two of the laws of statics are available. It" 
should be clear from the previous discussion that for any joint 
where this condition exists, i.e., all but two forces known in mag- 
nitude, and of course all known in line of action, we may pass a 
section around the joint and by means of a force polygon calculate 
the stress in the two bars in which the magnitude of the stress is 
not known. 

The application of this fundamental method of attack will be 
illustrated in connection with the truss which is shown in Fig. 85, 
and which was analyzed in Chapter VI. This truss is repeated 
in Fig. 138 (a). 

Before proceeding with the discussion it will be well to call 
attention to the system of marking loads, members, and stresses 
which will be used in what follows. A letter is placed between 
adjacent forces and a number in each triangle in the truss as shown 
in (a) of Fig. 138. Each force is then designated by the adjacent 
letters, and each bar by the adjacent letter and number or by the 
adjacent numbers. The left reaction will be the force A-B if 
reading around the structure in a clockwise direction, and B-A 
if reading in a counter-clockwise direction. Similarly, the bar 
previously called LqUi will now be referred to as B-1 or 1-i?, 
depending on whether we read around the joint Lo in a clockwise 
or counter-clockwise direction. The student should note that 
reading around joint Ui reverses this order of notation. In the 
same manner the bar U 2 L 1 will be known as 2-3 or 3-2. In the 
force polygons or stress diagrams the line representing the force or 
stress in a particular bar will be marked by placing at the ends of 
the line the letter and number (or numbers alone) which designate 
that bar in the truss. For example, in (b) of Fig. 138 the inclined 
line represents the stress in B-l and is marked at its ends with 
this letter and figure. This system is generally known as Bow^s 
notation and seems to the authors the most satisfactory of the 
various marking schemes in use in determining stresses graphically. 
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RefeiTing again to Fig. 138, we may evidently draw a force 
polygon at joint Lo since there are two unknown quantities, the 
magnitude of the stress in B-l and that in 1-A. In (6) the poly- 
gon has been constructed by laying off the known reaction A-B 
and drawing from its extremities lines parallel to the known direc- 
tions of the stresses in B~\ and 1-^. In constructing the polygon 
the various lines were drawn in a clockwise order, i.e., first A-B 



then B-l and finally 1-4, but the student should particularly note 
that it is immaterial in what order the forces are taken if a separate 
polygon is drawn for each joint. As previously noted, a force 
polygon must close if the forces concerned are in equilibrium, and 
all the forces must act in the same direction around the diagram. 
In this case we know that AB acts up and consequently all the 
forces must act in a counter-clockwise direction around the polygon 
in (6) ; from which it follows that the stress in B-l acts towards the 
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joint Lo and the bar is in compression, whereas the stress in 1-^4 
acts away from the joint Lo, and this bar is in tension. 

We cannot as yet draw a force polygon for joint Li as there 
are three unknowns, the magnitude of the stress in 1-2, 2-3, and 
3-^. At Ui there are only two unknowns, the magnitude of the 
stress in C-2 and 2-1, and a force polygon may be constructed for 
this joint. This has been done in (c), taking the bars in a clock- 
wise direction. From the polygon drawn for Lo we know the 
magnitude of the stress in 1-L and know also that it must act 
toward the joint Ui since the stress is compression. In (c), 
therefore, 1-B is laid off equal in length and parallel in direction 
to the corresponding line in (6), the known force B-C is laid off 
from the point B in its known direction (down), a line is drawn 
from C parallel to the known direction of C-2, and the polygon 
completed by drawing through 1 a line parallel to the known direc- 
tion of 1-2. As before we know that the forces must all act around 
the polygon in the same direction, and since we laid off 1-B and 
B-C acting in a clockwise direction around the polygon, evidently 
C-2 and 2-1 must both act in this direction, i.e., both act towards 
the joint Ui and are therefore both in compression. 

The stress in 1-2 having been determined, there remain only 
two unknowns at joint Li, and a force polygon has been drawn for 
this joint in (d), determining the stress in 2-3 and 3-A. The 
information thus secured makes it possible to draw a polygon for 
joint U 2 j which has been constructed in (e). It is now possible 
to draw a polygon for joint L 2 , which would complete the analysis 
for the truss (except for 5-6, which inspection shows to have zero 
stress) since the truss is symmetrical and symmetrically loaded. 
If the truss were unsymmetrical or unsymmetrically loaded it 
would be necessary to draw a diagram for each joint to make a 
complete analysis. 

Brief consideration should make it clear that any truss which is 
statically determinate with respect to inner forces may be com- 
pletely analyzed in this manner. It should be equally clear that 
drawing a separate diagram for each joint requires a large amount 
of duplication, since each bar must have its stress represented in 
the force polygon for each of the two joints to which it connects. 
Evidently combining the diagrams will save considerable time, 
space, and effort. For example, having drawn the polygon for 
joint Lo, as shown in 6, we may use the information thus secured 
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in drawing the polygon for joint Ui, simply by laying off B~C from 
B in (6) and completing the polygon by drawing C~2 and 2-1 just 
as in (c). The polygon for joint Li may then be drawn merely 
by adding 2-3 and Z-A to A-\ and 1-2 which have previously been 
drawn. Continuing in this manner, all the polygons will combine 
into one figure in which each bar has its stress represented only 
once. The stress polygons for this truss are thus combined in (/). 
As previously stated, it is immaterial in what order the forces are 
drawn in the force polygon if a separate diagram is to be con- 
structed for each joint, but if all the diagrams are to be combined 
into a single figure it is necessary to pass aroimd each joint in the 
same direction and to draw the forces in the polygon in the order 
in which they are met in passing around the joint. Thus, in draw- 
ing the stress diagram (/) in Fig. 138, each joint was passed around 
in a clockwise direction and the forces drawn in order: for joint 
Lq the order was A-B^ B-l^ and 1-A ; for joint t/i, l-B, B-Cj 
C-2, and 2-1; for joint Li, A-1, 1-2, 2-3, and 3-A; for joint (72, 
3-2, 2-C, C-Df D-4, and 4-3; and so on. Whether the direction 
chosen is clockwise or counter-clockwise is not important, but 
having started in one direction it must be followed for the entire 
diagram. This is very important. The student should firmly fix 
it in mind by resketching the separate diagrams (6), (c), (d), and 
(e) of Fig. 138, noting that so far as the individual diagrams are 
concerned the order in which the various forces are drawn does 
not matter, and then try combining the diagrams without passing 
around each joint in the same direction. In so doing the observant 
student will quickly see the reason and necessity for this pro- 
cedure. 

112. Determination of Sign. — The character of the stress in a 
bar, i.e., whether tension or compression, can be quickly determined 
by observing the direction in which the stress acts around the force 
polygon for either joint to which the member connects and noting 
whether this direction is away from the joint (tension) or toward 
the joint (compression). For example, consider the member 3-4 
in the truss just analyzed. The stress diagram in (/) was drawn 
going around the joints in a clockwise direction, therefore if we 
refer to joint L 2 this member must be read 3-4, and if we read 
from 3 (0 4 in the stress diagram the direction is towards the joint 
L 2 and the bar must be in compression. Evidently the same result 
will be obtained referring to joint r/ 2 , for in this case the member 
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must be read 4-3, and reading from 4 to 3 in (/) the direction is 
towards the joint f/ 2 , denoting compression in the bar. 

Figure 139 (a) shows the same truss as in Fig. 138 but subjected 
to wind loads acting normal to the roof, and in (5) is shown the 
stress diagram assuming rollers under the right end. The student 
should draw a stress diagram for the same truss and loads with 
rollers under the left end. 

In Fig. 140 the truss used in the previous discussion is shown 
with symmetrical top chord loads and in addition somewhat 



larger loads at La and L 5 . There are no new principles involved 
in the solution of such a problem, and the student who thoroughly 
understands the preceding discussion should be able to make an 
analysis without further explanation. Nevertheless the following 
suggestions may prove helpful. If the reactions are to be calcu- 
lated graphically all the loads acting in one line should be taken 
together, e.g., the loads applied aX U a and La should be combined 
into a single load of 20 * which may be applied at either the top 
chord point Ua or the bottom chord La; the same is true for the 
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loads at J76 and L&. After the reactions have been determined 
either graphically or arithmetically, the construction of the stress 
diagram proceeds as usual. 

Students often seem to have difficulty in laying off the load 
line when there are loads applied on the bottom chord as well as 
the top chord. It is not necessary that all the loads be laid off 
before the stress diagram is started, and beginners may find it 
advantageous not to attempt it, but instead lay off a load when 



Fig. 140, 


the joint at which it acts is dealt with. For example, in drawing 
the stress diagram for the truss and loads in Fig. 140: start with 
joint Lo and lay off the loads R-A and A-B which act at that joint, 
complete the polygon for this joint; pass to joint Ui, lay off the 
load B-C down from point 2?, which has already been established, 
and complete the polygon for this joint; pass to Li and draw the 
polygon for that joint (no loads act at Li and none need be laid 
off) ; pass to C/ 2 , lay off C-D from the point C, already established, 
and complete the polygon. This procedure may be followed for 
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the entire truss, and since one end of a load is always located in 
the stress diagram before the load is reached, there can never be 
any diflSiculty in determining where it should be drawn: it should 
simply be drawn in the direction in which it acts to or from the 
point already established. It is necessary of course in this case — 
as in all cases when the various force polygons are to combine into 
one figure — to take care to pass around all joints in the direction 
decided on for the first joint. 

If the computer wishes to lay off the load line completely before 
starting the stress diagram (and doing so adds somewhat to the 
accuracy of the construction) it may be done without difficulty 
if the loads and reactions are taken in order, passing around the 
structure in the direction (clockwise or counter-clockwise) in which 
it is intended to pass around each joint in constructing the stress 
diagram. 

113. Substitute Members. — Occasionally a truss is encountered 
in which the triangulation is of such form that when certain joints 
are reached during the construction of the stress diagram there are 
more unknowns (more than two) than can be determined from a 
force polygon. In such cases it is necessary to calculate the stress 
in one or more bars arithmetically, before continuing with the 
construction of the stress diagram, or to make use of a substitute 
triangulation. An example of this kind is shown in Fig. 141. In 
(6) there is shown enough of the stress diagram to illustrate the 
point. The stress diagram may be started at the left reaction and 
constructed as usual without difficulty until the stresses in mem- 
bers H-ly H-2, 2-1, 2-3, B-ly H-3, 3-4, and jB- 4 have been 
determined. It is next necessary to draw The force polygon for 
joint Ui or joint Afi, and at each of these joints there are three 
unknown forces acting: those at Ui being H-6, 6-5, and 5-4, and 
those at Mi are 4-5, 5-7, and 7-H. It is a simple matter to 
calculate the stress in either B-6 or 7-H arithmetically, introduce 
the calculated stress into the diagram, and proceed with the force 
polygons for joints Ui and Mi, Or members 7-5, 5-6, 6-8, and 
8-7 may be replaced by the dotted member U 2 M 1 and a full vertical 
I 72 M 2 . If this substitution is made there wiU be only two un- 
knowns at Uij and a force polygon may be drawn for this joint, 
but will not of course give stresses in the bars B-6 and 5-4 which 
are correct for the original truss. The stresses, however, are correct 
for the substitute triangulation and permit drawing a polygon for 
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joint Ml, The stress thus found in bar 7-ff is correct for the 
original truss, since the stress in this member may be calculated 
arithmetically as a bar in either the original or in the substitute 
truss, by dividing the bending moment at panel point ?72 by the 
depth of the truss U 2 -M 2 . The correct stress in 7-H having 
been found, there are only two unknowns at the joint Mi in the 
original truss, and the substitute members may then be replaced 



by the original members and polygons drawn for joints Mi and U 1 , 
which will give the correct stresses. The same procedure may be 
followed for succeeding joints, using the substitute members 
U^M 2 and U^Mzj shown dotted in the truss diagram. The stress 
diagram in (6) has been carried only far enough to get the correct 
stresses up to and including S-9, 9-8, 8-lOJ and 10-G from the 
left reaction. The student should be able to follow the construction 
of the diagram, keeping in mind that substitute members U 2 M 1 
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and UsM 2 appear in the stress diagram as 5'“7 and 8'-10 respec- 
tively. 

Some study is sometimes necessary in the choice of a convenient 
substitute triangulation, and the student should keep in mind the 
two requirements which must be satisfied in such a choice: 





Fig. 142. 

First: The truss must be a stable structure with the substitute 
members replacing the originals. 

Second: The triangulation chosen must be such as to permit 
the determination of the trm stress in some member beyond 
the joint at which too many unknowns are encountered, but 
as close thereto as possible. 
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In meeting the second requirement it may be necessary to go 
several joints beyond the one which first stops the construction of 
the diagram and work backwards when a true stress is finally 
determined. This is illustrated in the problem above by the fact 
that it was necessary to go from Ui to Mi before a true stress was 
found (stress in after which it was possible to work back- 

wards to C/i, determining the true stresses in all bars meeting at 
these two joints. A member in which the true stress may be 
determined will have been reached when it is possible to pass a 
section which cuts the member but which need not cut either 



the substitute member being used or the members which the sub- 
stitute member replaces. 

In Fig. 142 is shown the classic illustration of a substitute 
member in the form of the common Fink roof truss. Here the 
substitute member is shown dotted in (a) and the stress diagram 
in (6). Familiarity with a particular type of truss will sometimes 
suggest methods other than arithmetical calculation of some 
stress, or the use of a substitute member, for overcoming the diffi- 
culty just discussed. For example, close scrutiny of Fig. 142 and 
comparison with stress diagrams for Fink trusses under other 
kinds of loading will disclose that a substitute member need not be 





248 


GRAPHIC STATICS 


used in drawing the stress diagram for a symmetrically loaded 
symmetrical truss of this form. 

Another illustration of this kind of problem is given in Fig. 143. 
Study of this truss will show that the stress diagram may be 
started at Uo, Lsx, or Uq but that too many unknowns will soon be 
encountered whichever is chosen as the starting point. In this 
case the remedy is to lay off the entire load line and work from two 
starting points. The student should follow the stress diagram in 
(6) all the way through, starting at any one of the three points 
mentioned above. 

As stated at the beginning of this chapter, the authors wished 
to present here only the fundamental principles essential for the 
understanding and use of graphical calculation in the solution of 
simple problems in structural analysis. It is believed, however, 
that a thorough understanding of the material presented will 
enable the student to extend the principles to more complicated 
applications and to follow understandingly the more elaborate 
treatises devoted exclusively to graphical methods. 


PROBLEMS 

179. Determine graphically the reactions for the structure due to the 
loads shown. 



180* Determine graphically the reactions for the beam showm ^yide 
the uniform load into 6-ft. sections. 
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Prob. 180. 


181. Determine graphically the reactions for the beam shown. 
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Prob. 181. 

182. Calculate graphically the reactions on the structure shown in the 
figure. 



Prob. 182. 
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186. Calculate graphically the reactions on the structure shown in the 
figure. 


too’' 



187. From the equilibrium polygon drawn for Problem 186, determine the 
bending moment at the center of the span and at the right support. 

188. (a) Determine graphically the reactions on the beam due to the 
loads shown. 

(6) From the equilibrium polygon determine the bending moment at 
a, by and c. 



189. From the string polygon drawn for Problem 180, determine the 
bending moment: 

(а) At a section 16 ft. to the right of the left reaction. 

(б) At a section 44 ft. to the right of the left reaction. 

(c) At a section 12 ft, to the right of the right reaction. 

(d) At a section 6 ft. below the top of the vertical portion. 

190. From the equilibrium polygon drawn for Problem 181, determine the 
bending moment at points measured horizontally to the right 4 ft., 25 ft. and 
34 ft. from the base of the mast. 
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191. (a) Apply a uniform load of 2 kips per ft. to the beam shown, and 
calculate the reactions graphically in such a way that the equilibrium polygon 
may be used for a bending moment diagram. 

(6) From the diagram determine the bending moment at panel points 
3, 6, and 9. 


-/2(lb/5-/80- 

Prob. 191. 


192. (a) Determine graphically the dead load stresses for the single 
track truss span shown. The dead load may be taken as follows: 

Track = 600 lb. per ft. \ v j 2 . u j 

) All applied at top chord, 
r loor = oUi) J 

Trusses and bracing = 2800 One-half applied at each chord. 


Total = 4000 lb. per ft. of bridge. 

(6) Check arithmetically the stress in UdJr^ and UiL^,. 

k 



Prob. 192. 

193. Determine graphically the stresses in all the bars of the structure in 
Problem 179 due to the loads shown. 

k - ^>1 


194. Determine 
graphically the stresses 
in all the bars of the 
structure due to the 
loads shown. 




60 >' ^'T 


Prob. 194. 
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201 . Determine graphically the moment of inertia about the axis X-X 
found in Problem 200. 

202. Determine graphically the moment of inertia about the axis Y-Y 
found in Problem 200. 

Note: Problems 141, 145, 150, 153, 154, 158, 159, 160, 170, 171 and 178 
are also recommended for practice in graphical determination of stresses. 






CHAPTER VIII 


STRESSES IN TRUSSED STRUCTURES— MOVING LOADS 

114. As stated in Chapter IV, it is seldom that an engineer is 
called upon to design a structure to support only loads which do 
not change in magnitude or position. Most structures must sup- 
port, in addition to their own weight, loads which move or are 
movable. In order to prepare a safe and economical design for 
such a structure it is necessary to know the greatest stress to which 
any part may be subjected, and if the loads are moving or movable, 
it is necessary to determine the position in which they will have the 
greatest effect on the part in question. 

In Chapter IV there were discussed methods for obtaining the 
position of moving loads to produce: maximum reaction; maxi- 
mum shear at a section, or within a panel; and maximum moment 
at any point in a beam or girder to which the loads are directly 
applied, or at any panel point of a beam or girder to which the 
loads are applied through a floor system. In Chapter VI the 
fundamental method of truss analysis was discussed. In the 
present chapter the application of these principles and methods 
to the determination of maximum stresses in trusses will be dis- 
cussed and illustrated. In some cases extension of the methods 
already presented will be necessary, but for the most part they are 
sufficient for the calculation of the maximum stresses resulting 
from moving loads. 

116. Influence Lines. — Influence lines for stress in some bars 
of a truss are often convenient in calculating the stress due to a 
moving uniform load or a moving uniform load combined with a 
single concentrated load. The definition of an influence line given 
in Chapter IV and the methods of construction presented there 
furnish sufficient information to enable the drawing of an influence 
line for stress in any bar of any statically determinate truss. 

It is desirable here to re-emphasize the importance of construct- 
ing influence lines by means of the fundamental method previously 

255 
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discussed. It is very important for the student in drawing an 
influence line for stress to: 

First: Decide how the stress is to be calculated. 

Second: Move the unit load along the span and observe the 
effect on the stress in question. 

Third: Calculate the controlling ordinates on the influence 
line and complete the diagram. 

While constructing an influence line for stress in a bar, the 
authors prefer not to pay especial attention to plotting positive or 
negative values on a particular side of the reference line, but 
merely to be sure that values of opposite sign are placed on opposite 
sides of the reference line and after completing the diagram to 


I/, Uz Z6 ^4 Us Us Uj 



determine by inspection which parts represent positive stress, 
which negative, and to mark them plus or minus accordingly. 

As used in this text, influence lines need not be drawn to scale, 
but the controlling ordinates should be computed and marked on 
a free-hand sketch of the diagram. The procedure described will 
be illustrated by examples. 

116, Use of Principles Previously Discussed. — The application 
of the principles and methods already discussed may be shown 
best in connection with illustrative examples. 

In Fig. 144 is shown one of the trusses given as a problem for 
practice in Art. 86, Chapter VI. As an illustration of the use of 
methods already known, the maximum live load stress in bars 
L^Laj UsL^y U 2 L 2 , and UiLi due to Steinman^s M~50 
loading will be discussed and the necessary calculations made. 
The actual calculations are given in the following article (Art. 117), 
and should be studied in connection with the discussion in this 
article. The moment table given in Chapter IV (Table IV) will 
be used. 
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— In calculating the stress due to live load in any bar, 
the student should first decide how the stress is to be calculated 
and then study the effect of the moving loads. For the bar 
the stress should be calculated by passing a section cutting U3UA9 
[73L4, L3L4, and finding the bending moment about L4 (the inter- 
section point of Us La and L3L4), this moment divided by the 
depth of the truss evidently being the stress in UsUa- From this 
it follows that the maximum stress in UsU a will result when the 
maximum bending moment at La occurs. As shown in Chapter 
IV, the maximum moment at La will occur when the average load 
to the left of La is equal to the average load on the span. 

L3L4. — The section passed for the calculation of stress in UsUa 
is also suitable for determining the stress in L3L4, but moments 
must be taken about Usy the intersection of UsUa and UsLa- It 
should be clear that maximum stress in L3L4 will result when 
maximum moment at Us occurs. Since the loads acting are 
vertical only, the moment at Us must be the same as the moment 
at any point in a vertical line passing through Us^ Or the moment 
at C/3 is the same as the moment at L3, and maximum moment at 
Ls occurs when the average load to the left of I/3 is equal to the 
average load on the span. 

Since the moment at Ls is equal to the moment at C/3, it is 
clear that the maximum stress in C/2 C/3 is equal to the maximum 
stress in L3L4, but of opposite sign. This also follows from passing 
a section cutting C/2C/3, C/3L3, and L3L4. 

C/3L4. — The section passed in discussing the stress in C/3C/4 and 
LsLa is also the one most convenient for calculating the stress in 
UsLa. Since C/3C/4 and L3L4 are horizontal, their stresses can 
have no vertical components and consequently the vertical com- 
ponent of the stress in UsLa must equal the shear in the panel in 
order to have 2F = 0. Then maximum stress in UsLa must 
result when its vertical component is a maximum or when the 
shear in panel 3-4 is a maximum. As shown in Chapter IV, the 
shear in a panel is a maximum when the average load in the panel 
is equal to the average load on the span. 

The floor system for the truss under consideration is connected 
to bottom panel points; that is, the bridge is a through bridge. 
Consequently, all the live loads are applied at the bottom chord 
panel points. From this it follows that, if a section is passed 
around joint C/3, the only vertical forces acting on the part of the 



258 STRESSES IN TRUSSED STRUCTURES— MOVING LOADS 


structure cut out by the section are the vertical component of the 
stress in U^La and the stress in It should be clear then 

that maximum live load stress in C/3L3 occurs when the stress in 
U^La is a maximum and that it is equal to the vertical component 
of the stress in U^hAt but of opposite sign. 

U2L2 . — There are three sections which may be passed in calcu- 
lating the stress in U2L2y but the most convenient one is a section 
cutting U\U 2 i U 2 L 2 , and L2I/3. Since U 1 U 2 and L2L3 are hori- 
zontal their stresses can have no vertical components, from which 
it follows that the stress in U2L2 must be equiil to the algebraic 
sum of all the external forces acting on either side of the section, 
or the stress in U2L2 must be equal to the shear on the section 
passed. PJvidently the stress in the bar will be greatest when the 
shear on the section is greatest. Since the live loads are applied 
to the bottom chord only, the shear on the section is the same as 
the shear in panel 2 - 3 . 

From the discussion under UsLa it should be clear also that 
the maximum stress in U2L2 is the vertical component of the 
maximum stress in LhLsj which occurs of course when the shear 
in panel 2-3 is a maximum. 

UiLi . — Passing a section around joint Li shows clearly that the 
only vertical forces acting on the part of the structure cut off by the 
section are the stress in UiLi and whatever external load is applied 
at the joint. Consequently the stress in UiLi must be equal to 
the floorbeam reaction at L\ and is a maximum when the floor- 
beam reaction is a maximum. The position of a series of con- 
centrated loads which will produce maximum floorbeam reaction 
has already been discussed in Chapter IV, Article 72 . 

117. Calculations. — 

XJ8U4 

Wheel 10 at L 4 622.5 satisfies criterion. 

630] 

Wheel 11 at L 4 637.5 satisfies criterion. 

705 J 

Change in moment from 10 at L 4 to 11 at La will be 0 by inspection. ‘ 

^ When two adjacent wheels satisfy the criterion for moment (or shear) 
because of an additional portion of the uniform load moving on the span, and 
that only, it is possible to determine by inspection which wheel gives the 
maximum. It will be that wheel for which the value of the average load on 
the span differs most from the average value of the loads to the left (or in the 
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Stress for 10 at L4 

22,725'* 

705 X 90 = 63,450 
6 X 90 X 45 = 24,300 

110,475 200 = 552.4* 

X 100 = 55,240'* 

16,050 

39,190'* mom. about L4 

^ 35 = 1120 M-60 

X ^ — 933* M~50 one track 

X i = — 467* M-50 one truss 

L3L4 

Whi>el 9 at Lz p??|l365 X t = 512 satisfies criterion. 

555 j 

22,725 

705 X 110 = 77,550 
6 X 110 X 55 - 36,300 

136,575 ~ 200 = 682.9 

X 75 = 51,220 
13,275 

37,945'* mom. at Lh 
35 = 1084* IVI-60 
X f X + 452* M-50 

panel for shear) which is common to both wheels. Thus, in the calculation 
above, since 622.5 and 637.5 differ from 630 by the same amount, wheels 10 
and 11 give the same moment. If, in the locomotive in the above problem, 
wheel 11 were 4 ft. from wheel 10 (the uniform load then being 6 ft. from 
wheel 11), there would result the following: 

FvF:C ^ 

Wheel 10 at L4 622.5 satisfies. 
ooO I 

Wheel 11 at L4 1634.5. also satisfies. 

7Uo I 

Maximum stress would then occur for wheel 10 at L4, since the difference 
between 630 and 622.5 is greater than that between 630 and 634.5 

The student should show that this is true by writing the expression for 
change in moment as two wheels a distance d apart are successively placed 
over the point of moments and a uniform load of to lb. per ft. X d ft. comes on 
the span during the movement. Many simple short cuts similar to the one 
described here will suggest themselves to one making numerous calculations 
involving wheel loads. Such short cuts, however, are not essential to a 
thorough understanding of the fundamental principles and are best developed 
as the result of experience. 
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ua.4 

Wheel 2 at L 4 

Wheel 3 at L* satisfies criterion. 

150J g 


22,725 

705 X 45 = 31,725 
6 X 45 X 22.5 = 6,075 




60,525 -J- 


200 = 302.6 


25 


30.0 * 

272.6 shear in panel M-6Q 


X 


= 335* M-60 


35.0 

X i X i = -f 139.6* M-50 


Wheel 2 at Ls 

Wheel 3 at La satisfies criterion. 

150) 8 


22,725 

705 X 70 = 49,350 
6 X 70 X 35 = 14,700 


86,775 200 = 433.9 


25 


= 30.0 * 

403.9 M-60 


X ^ X i = - 168* M-60 


CTiLi 


Wheel 9 at Li satisfies criterion 

225] 2 


^1155 Wheel 10 at Li satisfies criterion. 
300 J 2 
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Inspection shows the stress will be the same for either wheel at Li — 
use 9. 


1125 

150 X 10 = 1500 
6 X 10 X 5 = 300 

2925 25 - 1J7 

297 M-60 

X|Xi=+123.8* M-50 

118. Reversal of Stress in Web Members. — In the calcular 

tions above, the train was brought on from the right in each case. 
Tension in resulted from maximum shear in the panel 3-4 

with loads coming on from the right. If the loads were brought 
on from the left, the bar v^ould be in compression, consider- 
ing live loads only, as long as all loads on the span were between 
La and the left end. As loads moved into the panel L3L4 from 
the left, the compression in C/3L4 would approach a maximum 
value and reach it when the average load in the panel became equal 
to the average load on the span. Evidently the same thing could 
result as loads which came on from the right passed off at the left; 
i.e., as the loads moved to the left until all or most of the loads on 
the span were to the left of L 4 , the stress in U:iL^ would change to 
compression which would reach a maximum value when the 
average load in the panel L3L4 became equal to the average load 
on the span. 

In designing a truss it is important to know the greatest com- 
pression which may occur in a bar, well as the greatest tension, 
and it is necessary to consider the effect, on members such as 
of the train, or other loads, coming on from either end, or 
passing off at either end. The calculations for stress in due 
to a train coming on from the left and for a locomotive pushing a 
train passing off at the left are given below. 

U3L4 Train on from left: 

Wheel 2 at L, 

3 satisfies criterion. 

150J 8 
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22,725 

705 X 20 = 14,100 
6 X 20 X 10 = 1,200 


38,025 -r 200 = 190.1 


7J0 

25 


30.0 

160.1 


X — =-196.7 M-60 
35.00 

X f X i = -82.0* M-50 


U5L4 Train porssing off to left — uniform load 8 ft. ahead of wheel 1 : 
Wheel 11 at Lj 

" 5 | 8 

7^> 747 

^ I — Wheel 10 at Lz satisfies criterion. 

150 J 8 


26,625 

705 X 15 = 10,575 
6 X 7 X 3.5 = 147 


37,347 200 = 186.7 


25 


15.0 

171.7 


X^^=-211 M-60 
35.00 

X t X i = - 87.9* M-50 


The change in the stress in a diagonal or vertical from tension 
to compression, or vice versa^ as a train crosses a bridge is called 
reversal of stress. Members in which reversal of stress takes 
place or in which tension or compression may exist for different 
positions of the load, even though the opposite signs do not occur 
in a single passage of a train, are said to be subject to alternate ” 
stress. 

It should be noted that although apparent reversal of stress 
may occur in any diagonal, except end posts, considering live 
load only, actual reversal can only occur when the dead load stress, 
which is always of one kind, is exceeded by the live load stress of 
opposite kind. For example, the dead load stress in accord- 
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ing to the assumptions of Article 86, Chapter VI (see also Fig. 
102), is + 22.1*. In this case there is actual reversal of stress 
since, as just found above, a live load stress of — 87.9* may occur 
in this member. On the other hand, the member U 2 Lz in this 
truss has a dead load stress of + 66.4*, whereas a live load stress 
of — 43.3* is the largest of opposite kind which M-50 loading can 
cause. In this case it is clear that, considering live load and 
dead load together, actual reversal does not occur. However, 
the effect of impact (see Art. 17, Chapter I), if included, might 
cause actual reversal in this case. 

119. Uniform Load with Roving Concentrated Load. — It is 
becoming common in highway bridge design to specify for the 
trusses a moving uniform load of a constant weight per linear foot 
accompanied by a concentrated load which may occupy any point 
on the span independently of the position of the uniform load. 
It is entirely artificial of course and is intended as a convenient 
but reasonably representative substitute for the miscellaneous 
mixture of trucks, horse-drawn vehicles, and pedestrians to which 
a highway bridge is actually subjected. This type of loading is 
the same as the locomotive excess loading used to some extent 
in the past in railroad work, and recurrently suggested for modem 
railroad bridge specifications. The calculation of stresses in a 
structure using a load of this kind is rapid and ea^, the principal 
argument in its favor. 

For chord stresses a little reflection should show that the uni- 
form load should cover the span, and the roving concentration be 
placed at, or in a vertical line through, the center of moments. 
For web stresses the use of influence lines is probably the most 
convenient. To illustrate the use of such a loading, the stress 
in the bars of the truss in Fig. 144, already considered, will be 
recalculated, using a moving uniform load of 1200 lb. per lin, ft. 
plus a roving concentration of 58,000 lb. 

In Fig. 145 are shown the influence lines for the bars in ques- 
tion. The use of influence lines for calculating the chord stresses 
presents no advantage as can be seen since both methods are given. 
The influence lines are for stress, and the student should be able 
to understand their construction after reviewing the discussion of 
influence lines in Chapter IV. 

120. Web Stresses — Non-parallel Chord Trusses. — No diffi- 
culty should be experienced in applying the methods of Chapters 
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IV and VI to the calculation of the stresses in chord members of a 
truss such as shown in Fig. 146, when subjected to a series of 
moving concentrated loads. The calculation of the stresses in 



Fia. 145. 


some of the web members, however, requires further study. Con- 
sider the bar 1/21^3, for example. The section a-a is evidently the 
only one which enables the calculation of the stress without refer- 
ence to the stress in any other member. The procedure, as shown 
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in Chapter VI, is to take moments about the intersection of the 
members U2UZ and L2I/3, which is at B. The vertical component 
of the stress in U2LZ is the moment about B divided by the distance 
from B to Z/3, and it should be clear that the maximum stress will 
result when the moment about ^ is a maximum. The position of 



a series of loads to produce maximum moment about a point 
outside of the span cannot be determined from the criteria de- 
veloped in Chapter IV, and it is necessary to extend the methods 
already discussed to include this case. 

In Fig. 147 the full lines to the left of a-a show the part of the 
structure cut off by the section, and the dotted lines to the right. 



the remainder. Below the sketch of the truss is shown the influ- 
ence line for stress in the bar U2LZ, It is clear from the influence 
line that to produce the greatest positive stress in U2LZ as many 
loads as possible should be on the span between L3 and the right- 
hand end and as few as possible between the point d on the influence 
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line and the left-hand end. It is also clear that as loads pass I/3 
moving to the left, their effect on positive stress in U2LZ rapidly 
decreases, and that they produce negative stress in the bar as 
soon as they pass the point d. Consequently in loading to produce 
maximum positive stress in U2LZ no load should be allowed to 
pass L3 moving to the left unless the increase in stress due to the 
movement of those loads between L3 and the right-hand end is 
greater than the decrease in stress due to the load passing L3 into 
the panel 2 - 3 . Usually maximum positive stress in a member 
such as U2LZ occurs before any loads move beyond the panel in 
which the member is located, i.e., in this case before any loads 
move to the left of Lo out of the panel 2 - 3 . It will be assumed for 
the present that there are loads in panel 2-3 and between L3 and 
the right-hand end, but no loads between Lz and the left-hand 
end, as shown on the influence line in Fig. 147 . In order to 
establish the position of a scries of moving concentrated loads 
which will produce the maximum positive stress in a bar such as 
UzLzy the change in stress in this member will be studied as the 
loads come on the span from the right and move to the left. It is 
clear that, as long as loads lie between L3 and the right-hand end, 
the stress will be positive and will increase as the loads move to 
the left. That this statement is correct is apparent not only from 
the influence line but from the forces acting on the structure. 
Consider the part of the structure shown in full lines to the Irft of 
section a-a in Fig, 147 . There is only one external force acting 
on this part as long as there are no loads to the left of L3 and that 
force is the left reaction. The reaction tends to rotate the part 
under consideration counter-clockwise about the point J 5 , and it 
is necessary to pull on the bar U2L3 to prevent rotation. The 
greater the left reaction, the greater the tension in C/2L3, as long 
as the reaction is the only force acting on the part under considera- 
tion. As soon as a load passes to the left of L3 there results a 
downward force at L2 which tends to rotate the part of the struc- 
ture to the left of section a-a in a clockwise direction, thus oppos- 
ing the tendency of the reaction to rotate the part in a counter- 
clockwise direction. As movement to the left continues, the 
downward force at L2 increases proportionately more rapidly than 
the reaction, and, as soon as the change in the moment of the reac- 
tion about B becomes equal to the change in the moment of the 
downward force at L2 about 5 , the stress in U2LZ has reached a 
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maxi.num value. This may be expressed mathematically as 
follows: 

Let 

W = the total load on the span; 

TPi = the load in the panel 2 - 3 ; 

ASv = the change in the vertical component of /72L3; 
s = distance from B to the left reaction; 
a = distance from left reaction to L2; 
p = panel length; 

^ is the point at which U2U3 and L2L3 intersect if 
projected; 

L = the length of the span. 


If the loads move to the left a distance dx 


ASv = 


Wdx dx , 

- s - Wi—{s + a) 

p 

{s + a + p) 


A little study of this relation shows that as long as the first term 
in the numerator is larger than the second term, the stress is increas- 
ing, owing to movement to the left. If the stress in the bar is an 
increasing function, it cannot pass through a maximum value and 
become a decreasing function unless the first term in the numerator 
becomes smaller than the second or the second term becomes larger 
than the first. It is very improbable that any loads will even 
move out of the panel 2-3 to the left, much less move off the span 
to the left. Consequently, for practical purposes we may say 
that W cannot become smaller and in order to have the numerator 
of the above expression pass through zero and become negative 
Wi must become larger, which can occur only if a load moves 
from the right of Ls to the left of L3. An increasing function 
passes through a maximum when it starts decreasing. In other 
words, the stress in U2L3 passes through a maximum when 

ASv = 0 


or 


Wdx dx , 

-7— s = H 1 — (5 + a) 
L p 


W ^ Wi (s + a) 
L p (s) 


In words, this relation states that the stress in U2L3 (or a similar 
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bar) is a maximum when the average load on the span is equal to 


the average load in the panel, multiplied by the quantity 


(s + a) 


121. Stress Reversal Web Members — Non-parallel Chord 
Trusses. — If the train is brought on the span in Fig. 147 from the 
left, it is clear that the stress in U 2 Lz from live loads only will be 
compression as long as loads are between the point d on the influ- 
ence line and the left end. As loads pass d, moving to the right, 
the compression in U 2 L 3 will stop increasing and soon reverse to 
tension. The same thing will occur when loads which come on 
from the right pass off the span to the left, except that in that 
case the reversal will be from tension (due to live loads only) to 
compression. It is necessary to find the maximum compression 
which may occur in a web member such as 172^3, and the first 
requirement is to establish the position of the loads which will 
give this result. The method of attack is the same in principle. 
The loads should be brought on from the left, and it is more con- 
venient in that case to consider the part of the structure on the 
right of the section a-a. Using the notation given above the 
mathematical statement is as follows: 


ASr, = 


dx 

TF— (s + L) 
Jb 


dx , 

Wi — (s + a 
V 


For maximum 

ASv = 0 

Wdx{s + L) 
L 

W 


(s + a + p) 


= Wi — (s + a + p) 
V 

Wi{s + a + p) 


L p (5 + L) 

* In developing the criterion for shear it was shown that no account need 
be taken of any loads to the left of the panel in question beyond including them 
in the total loads on the span. This would not be true in the case of criteria 
for maximum web stresses in a non-parallel chord truss such as above. There 
would seldom, if ever, be loads beyond the panel in question in such a case, 
but if the condition should occur the criterion can easily be developed by 
applying the principles already used. As an exercise the student should 
develop the criterion, and if he calls the sum of all loads beyond the panel in 
question, TTo, he will obtain 

TF ^ TTo Wi B + a 

L 8 p 8 

in which all terms have the same significance as in previous criteria. 
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The student should note that the increase in the downward load 
at L 3 due to loads in the panel 2-3 is of interest in this case instead 

W\dx 

of that at L2, and that the quantity (5 + a + p) is the 

' V 

increase in moment about B of the downward load at L 3 . The 
student should also note the similarity between this criterion and 
the one previously developed. 

It is very important to fix in mind the physical meaning of the 

distances s, s + a, s + a + p, and s L used in these criteria 

, 1 1 s + a s + a + p ^ , 

and not merely to use the ratios and ; — as formulas. 

s s L 

122. Vertical Web Members — Non-parallel Chord Trusses. — 

If the maximum stress in U2L2 of the truss shown in Fig. 146 is to 
be calculated it will evidently be necessary to pass the section 
b-h cutting the chord U1U2 but the same lower chord as before. 
Inspection will show that the criteria developed above will apply, 
but the center of moments will be at A, 

123. Illustrative Example. — In order to illustrate the applica- 
tion of the principles developed above, the maximum stresses in 
the member U2L3 of the truss shown in Fig. 146 will be calculated. 
The loading will be taken as Steinman’s M-50 and the moment 
table given in Table IV in Chapter IV will be used. 

U2L8 Section a-a moments about B: 

379.17 -f 50 


379.17 


= 1,13 


Wheel 2 at La 

30 X 1.131 


90 X 1.131 

Wheel 3 at La 

90 X 1.13 


150 X 1.13 


22,725 

705 X 70 = 49,350 

6 X 70 X 35 = 14,700 


86,775 


7J0 

25 


= 30 


X 379.2 = 164,600 


X 429.2 = 12,880 


X 


454.2 = 

= 413 


151,720 

334 


34.33 

XfXi=+172.l‘ M-50 
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V%Lz (Compression) train off to left: 
379.17 + 50 + 25 


379.17 + 200 
Wheel 11 at L 2 

Wheel 10 at L 2 

Wheel 9 at L 2 


= .784 


0 ] 555 

75 X 784 j satisfy criterion. 

75 X. 784 1615 . 

150 X.784tT 


150 X .784 1 675 , 

225 X.7841t 


not satisfy criterion. 


19,875 200 = 99.4 

X 579.2 = 57,570 
375 

X 454.2 = 6,810 
50,760 
454.2 = 111.7 
42.47 

X JH5 - 


X f X Tj- = —57.6 M-50 


The method presented above is perfectly general and may be 
applied to any web member of a non-parallel chord truss without 
subdivided panels in which stress is computed by moments about 
a point lying outside the span. Care must be taken in determin- 
ing the distances s and a. Students frequently become confused 
concerning these quantities and it is not safe to use the relations 
given above as formulas; the student should see clearly in each 
case how the stress is to be calculated and from that determine 
the distances s and a. 

The calculation of web stresses in a non-parallel chord truss 
is simple but tedious, and, as will be shown later, if charts of 
equivalent uniform loads are available, the use of influence lines is 
simpler and more rapid. 

124. Equivalent Uniform Loads. — The calculation of maximum 
stresses in the bars of a truss subjected to moving concentrated 
loads is a very tedious and time-consuming task. To facilitate 
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such calculations most railroad companies, bridge companies and 
engineers in private practice keep on file tables givung the maximum 
shears in the panels and the maximum moments at the panel points 
for trusses with varying panel lengths and numbers of panels for 
standard loadings. These data are sufficient for the calculation 
of the stresses in all the bars of parallel chord trusses and in the 
chords of all non-parallel chord trusses, which lie within their 
range. Since the maximum web stresses for non-parallel chord 
trusses do not necessarily occur for the positions of the loads 
giving maximum shear in the panels, and since the stresses in the 
inclined chords in the panels have vertical components, the 
stresses in diagonal and vertical members cannot be determined 
from such tables. For use in such cases, and in others not within 
the range of the tables, elaborate charts of equivalent uniform 
loads for certain much-used standard loadings have been prepared. 
p]xamples of such charts are those prepared by D. B. Steinman 
for Cooper’s K-60 loading and Steinman’s iVI-60 loading and are 
reproduced as Plates I and II,^ facing page 302. 

These equivalent unifonn load charts are based on the seg- 
ments of the influence line triangles. Their construction involves 
an enormous amount of labor and cannot be discussed here. They 
are very easy to use, however, and there is given below an illus- 
trative example showing their application. 

Figure 148 shows the truss of Fig. 146 with influence lines for 
stress in bars Ihlhj IhLsy L 2 L 3 , and U 2 L 2 with the calculations 
for stress in these bars for M-50 loading, based on the chart given 
in Plate II. The chart in Plate II is for M-60 one track, and to 
obtain stresses for M-50 one rail it is necessary to multiply the 
loads taken from the chart by ^ X or to multiply the stresses 
computed from the chart loads by the same ratio. 

The student should be able to check the construction of the 
influence lines after having mastered the discussion of influence 
lines in Chapter IV, but it may be pointed out that no effort was 
made to plot positive values above or below the line. The dia- 
grams were drawn and the signs placed on them by inspection. 

After the diagrams had been drawn, the equivalent uniform 
loads were taken from the chart as follows. Consider the bar 
1/2 f/ 3 , for example. The two segments of the triangular influence 

*** Locomotive Loadings for Railway Bridges,” D. B. Steinman, Trans. 
Am. Soc. C. E.y Vol. 86, pp. 606-723. Plates IV and XIII. 
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line are 75 ft. and 125 ft. Going into the chart with 75 ft. as the 
shorter segment (read at the top of the diagram) follow down the 
75-ft. line vertically to its intersection with the longer segment of 
125 ft. (read at the side of the chart) and from this intersection 


l/. 


+- [ — 




\ ^ 
\ 

V 

vV 

/ 


L2 

1 

Va 

1 

— e(?25'-0 

'■^200H 

bxi 




/r^lS,Ll25 ^2S08..,^, 
'20C*36J3 25 00^ ^ 

75 a /25 '8090 I 



« 2575 '"^^^ T 


x/J9xJ$J0=-/JS* 


Fio. 148. 


follow the curve to a reading on the diagonal edge. The reading 
is 8090 lb. per ft., which is for M-60 and one full track as stated 
above. This is reduced to M-50 one rail by multiplying by i X 
as shown in the figure. In the same manner the segments for the 
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positive stress in U 2 L^, 15.5 ft. and 125 ft., give a reading of 9150 
lb. per ft., which is reduced to 3810 lb. per ft. as shown. The 
shorter segment, 9.5 ft., for the negative stress in U 2 L^j is outside 
the chart and the value was obtained by extrapolating by eye. 
As will be noted, the stresses obtained from the influence line 
calculations check very closely those obtained from the wheel 
loads. This is to be expected for chord stresses, as the equivalent 
uniform loads shown on the diagrams were calculated for moment 
influence lines. For influence lines where l\ is short, one wheel 
may be outside of the triangular influence line. For moment 
this wheel would be off the span, and therefore have no effect, but 
^r web stress it would cause a slight modification as there would 


U, U2 Uj U4 Us Ue Uj 



be a small amount of stress of the opposite kind caused by this 
wheel. 

126. Counters. — In Art. 118 it was shown that web members 
may be subjected to reversal of stress; i.e., a diagonal which is 
normally in tension may for some positions of a series of moving 
loads be subjected to a compressive stress. If the diagonal is 
composed of eye bars or is of riveted section so slender that it is 
incapable of resisting compression, it is necessary to provide an 
additional diagonal in the panel sloping in the opposite direction 
to prevent collapse of the structure. This additional diagonal is 
called a counter diagonal or more commonly a coimter. In Fig. 
149 is shown the truss of Fig. 144 with counters shown in panels 
3-4 and 4-5. Counters are generally indicated by dotted lines 
since they are not normally in action. 

In considering the action of counters and in calculating stresses 
in them it will be helpful to think of all diagonals as being wire 
ropes which would instantly buckle if subjected to compression. 
For example consider the diagonal UzLa and its counter UaLz* 
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As shown by the index stresses in Fig. 102, the dead load stress in 
UzL\ is + 22.1*. It should be clear that, as a train comes on 
from the left-hand end of the bridge, compression develops in 
UzL\ owing to the live loads. Of course there is no actual com- 
pression but merely a relief or lessening of the dead load tension. 
However, as soon as the live load compression becomes greater 
than the dead load tension, the diagonal will buckle out of 

line, since it is unable to resist compression, and the counter diago- 
nal will come into action. The maximum stress in the counter 
will be the maximum compression calculated for UzL^in Art. 118, 
minus the normal dead load tension or 

Stress in = 87.8 - 22.1 = + 65.7* 

It should be noted that this is neglecting impact which would act 
to increase the counter stress. 

Counters are required in non-parallel chord trusses if the 
diagonals are incapable of resisting compression. In such cases 
counter stress may be determined by calculating the maximum 
compression to which the main diagonal would be subjected if 
capable of resisting compression and multiplying this by the ratio 
of the length of the counter to the length of the main diagonal. 
That this statement is correct may be seen by passing a horizontal 
section through the entire web of the truss shown in Fig. 146. 
Since the fact that there is or is not a counter in the panel 3-4, for 
example, will not affect the stress in any member outside of that 
panel, it should be clear that if the main diagonal is replaced 
by a counter UaL^ (not shown in the figure), the horizontal com- 
ponent of the counter stress must be equal to that of the replaced 
main diagonal in order to maintain equilibrium horizontally. 
Since the horizontal components and horizontal projections of the 
two members are equal, their stresses must be proportional to their 
lengths. 

126. Tension in Verticals. — A problem of some difficulty which 
may sometimes require attention is the determination of the 
greatest tension in the verticals of a non-parallel chord truss with 
counters. For example, if a counter is required in the panel 2-3 
of the truss in Fig. 146 it may be desirable to determine the greatest 
tension which can occur in C/.3L3. The greatest tension in this 
vertical is most likely to occur when the counter 1 / 31 / 2 , the main 
diagonal ( 731 / 4 , and the counter Ua^L^ all have zero stress, if this 
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condition is possible, as is generally the case. The problem is 
somewhat troublesome, and when concentrated loads are involved, 
a solution can be obtained only by trial calculations which simul- 
taneously include live load, impact, and dead load. If a uniform 
load is used for the calculation of stresses, the solution of this 
problem still requires computations which simultaneously include 
live load, impact, and dead load, but if the percentage of impact 
can be assumed in advance, a direct solution, which leads to a 
quadratic equation, can be developed. 

Tension in the verticals will not be important in a truss having 
a gradual chord angle change as the one in Fig. 146. When there 



is a sharp break in angle between chord segments as often occurred 
in old camel-back trusses, the tension in a vertical may exceed 
its greatest compression. The matter will not be discussed further 
as the problem is one not likely to arise frequently, if at all, under 
present practice in design. Should it occur, the student is pre- 
pared. to reach a reasonable solution if he thoroughly understands 
the principles and methods already discussed. 

127. Trusses without Verticals. — The positions of a system of 
concentrated loads which will cause maximum stress in the various 
members of a truss such jis that shown in (a) of Fig. 150 may be 
determined by the same methods used for other parallel chord 
trusses, except for members of the loaded chord. The necessity 
for excluding the loaded chord from this statement may be seen 
by studying the influence line for stress in a top chord of the truss 
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shown in the figure. Figure 150 (b) shows the influence line for 
stress in U1U2 of the truss shown in (a). It should be clear that 
so long as the unit load is to the right of C/2, or to the left of C/i, 
the influence line for bending moment at L2 (and therefore for 
stress in U1U2) will have the same shape as for any other truss. 
However, as soon as the unit load passes C/2, moving to the left, 
a downward reaction at Ui begins to develop, and during the 
movement of the unit load between U 1 and C/2 the bending moment 
at L2 is, of course, the moment of the reaction at C/o (which varies 
as a straight line) minus the moment of the reaction at U 1 (which 
also varies as a straight line). The influence line for bending 
moment at L2 (and therefore for stress in U1U2) must, then, be a 
straight line throughout the panel 1 - 2 , as shown in ( 6 ). 

The shape of the influence line just discussed should make it 
clear that the criterion for placing the loads in position to produce 
maximum stress in C/1C/2 (and in similar members) will not be the 
same as previously developed. The method of attack, however, 
is the same, and the necessary criterion may be derived as follows; 

W = total lorfl on the span; 

TTi = total ^oad to the left of C/i; 

1^2 = total load in the panel 1 - 2 ; 
a = distance from the left support to center of moments; 
e = distance from C/i to center of moments; 
p = length of panel 1 - 2 ; 
h = depth of truss; 

L = span length; 

dx — small distance moved to the left; 

AS = change in stress in U 1 C/2 due to the movement dx. 


Taking moments about L2 



Wdx 


Widx 


h 


W2dx 

e 

V 


Since A^S = 0 is necessary in order to have a maximum stress 

Wdx , . W2dx 

— — a = Widx d e 


W 

L 


Wi + 


W2e 

V 


a 
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which is the criterion for maximum moment at any point in a 
panel. In the common Warren truss the panels are equal and 


e = 


2 ' 


the criterion then reduces to the common form, 


W 

L 


Wi + 


2 


a 


It should be noted that the expression for change in stress can 
change from an increasing to a decreasing function by increasing 



Fig. 151 . 


W 2 or by moving a load from W 2 to TFi, and the criterion can 
therefore be satisfied for maximum stress with a load at either 
Ui or U 2 . 

Illustrative Example , — The stresses will be calculated for the 
members U 1 U 2 and U 2 UZ in the truss shown in Fig. 151 (a), using 
an E-40 loading. 

Member U 1 U 2 (Using Table III) 


Wheel 3 @ Uil 

l 90 + 109.5] 

1 36 

and 7 @ I72I 

1150 + 

99 j 

^44 

Wheel 4 @ I7i 

150 + 
210 + 

99 1 

69 ) 

1 36 
144 


996 = 249 just satisfies. 


1026 — 256.5 satisfies. 


Wheel S @ Ut does not satisfy. 
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Inspection indicates wheel 4 gives maximum but moving from 3 @ Ui 
to 4 @ Ui 

i 996 + 36 - 150 X 5 - — 5 = + 18.75 Use 4. 

\ 2/144 2 

49,092 

852 X 29 = 24,708 

174 X 14^ = 2,523 

— 

76,323 X — = 19,081 
144 


1440 

210 X 12 = 2520 3960 


1587 

24 


138 
= 66 


72 X 12 = 864 


Member U 2 UZ 
Wheel 7 @ U 2 


4,824 
14,257 X 


16 X 6 X 2 


297* E-40 


348 -f o4 I 144 


Wheel 11 ® U 3 
49,092 

852 X 27 = 23,004 
162 X 13^ = 2,187 


+ M I “ 10,4.422.5 
348 -f" 84 1 144 


60 


satisfies. 


74,283 X — = 30,950 
144 


6465 

348 X 15 = 5220 


1683 

24 


X 12 = 841 


12,526 
18,424 X 


16 X 6 X 2 


= - 384* E-40 


Stress in U 1 U 2 dnd U 2 U 3 by Equivalent Uniform Loads . — The 
influence lines for stress in the two members in which stresses were 
just calculated are shown in (6) and (c) of Fig. 151. Since these 
are not triangles, precise values of equivalent uniform loads should 
not be expected from the diagram in Plate I, but approximate 
values may be obtained which should be accurate enough for most 
purposes. These diagrams may be used in connection with influ- 
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ence lines which are not exactly triangular in shape, by assuming 
a truly triangular influence line which approximates the true one 
as closely as possible. It may be well here to caution the student 
against the unthinking use of equivalent uniform load charts in 
connection with non-triangular influence lines.^ In this particular 
case the divide between the two segments may be taken at the 
high point of the influence line, or at the intersection of the two 
extreme slopes (the latter being the center of moments). Either 
choice of segments will give good results for this problem, but in 
general greater accuracy will result if the center of moments is 
assumed as the dividing point between the segments. Using the 
areas shown on the influence lines in Fig. 151: 

UiUo 36 and 108 7630 X i = 3815 
117 X 3815 X ^ - 298^ 

U 2 U 3 60 and 84 7610 X i == 3805 
153 X 3805 X I = - 388* 

128. Subdivided Trusses. — The calculation of maximum live 
load stresses in the members of ordinary subdivided trusses follows 
for the most part along the lines already discussed. The positions 
of a series of concentrated loads which will produce maximum 
stresses in the various members may be found in most cases from 
criteria already developed. In determining the positions for 
maximum stresses in the chords to which the secondary system 
connects, a slight modification is necessary. 

In Figs. 152 and 153 are shown a parallel chord or Baltimore 
truss, and a non-parallel chord or Pettit truss, with influence lines 
for typical members. Inspection of these influence lines shows 
that it is only the chords to which the secondary trussing connects 
which have influence diagrams differing from those for which 
criteria have been developed. Two cases will be briefly discussed. 

In Fig. 154 is shown a subdivided deck truss with a series of 
wheel loads applied to the top chord. The change in stress in 

^ Judj^ment is necessary, and judgment must be based on experience as 
well as on careful study. The student or engineer having occasion to use the 
equivalent uniform load charts given in this text for calculation of stresses 
from influence lines which are not triangular should read the article on this 
matter by Mr. Steinman, published in Engineering News-Record, Aug. 1 , 1918. 
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Uo U, Us Z/fi Uj Us 



UaUq due to a movement to the left of these loads may be expressed 
as follows: 

W = total load on the span; 

Wi = total load to the left of f74; 

W2 = total load in the panel 4-5; 
a = distance from the left support to Lq] 
h == depth of truss; 
dx = small distance moved to the left; 

AS = change in stress in UaUq due to the movement dx; 

L = span length; 
p = panel length. 
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Fig. 163. 


Taking moments about Le 
Wdx 


-—a — Widx — W2 — 2 p 
L p 


If the stress in C/4 C/e is an increasing function AS must become 
equal to zero to have the stress pass through a maximum value. 
Therefore, when AS == 0 


Wdx 

L 


a = Widx + W2 


dx 

P 


2p 


W ^ (Wi + 21 ^ 2 ) 
L a 
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Inspection of the expression for AS or of the influence line in 
Fig. 152 (c) will show that for a maximum value (i.e., AS changing 
from an increasing to a decreasing function) a load must be just 
entering the panel 4~5 and therefore the criterion can be satisfied 
only when a load is at t/ 5 . 



It should be clear that in writing the expression for AS the 
part of the structure to the left of section x-x was considered. In 
this case all the forces acting on the part under consideration were 
to the left of the center of moments. 

In Fig. 155 is shown a subdivided through Pettit truss with 
loads which actually are applied along the floor at the bottom 



chord shown below the truss for clearness. In calculating the 
stress in L 4 I/ 6 , section x-x is passed and moments taken about U4. 
In this case the changing floorbeam reaction at L 5 is on the right 
of the center of moments while the other forces acting on the part 
of the structure to the left of x-x are on the left of { 74 , the center 
of moments. This modifies the criterion for position for maximum 
stress. The notation shown on the figure is self-explanatory, and 
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8. & V. RAILROAD—CLEAR CREEK BRIDGE 
Live Load Stresses 



Preliminary Design 


4-15-31 J. R. D. 


Sheet 1 of 4 


U,Lo 


Load 25 and 175 = 7460 Ih. per ft. 
7460 X 25 X 175 39.8:3 _ __ 


= 520 lb. per ft. of Br. 
= 600 
Tr. and Br. = 1840 

2960 lb. per ft. of Br. 
2 = 1480 lb. per ft. of Tr. 


4 X 31 


2,5 


U1U2 

Load 50 and 150 = 7200 lb. jx^r ft. 
7200 X 50 X 150 25.22 _ 

4 X 3433 25 “ * ' 

Load 75 and 125 = 7170 lb. ixr ft. 

7170 X 75 X 125 25.08 . 

~ — 464 

4 X 36.33 25 

U3U t 

Load 100 and 100 = 7140 11). per ft. 


1.120 

-- X 25 = 


1.840 


X 25 = 11.5 


14.0 

11.5 


Panel Loads = T 11.5 B 25.5 


7140 X 100 X 100 25.01 


483* 


4 X 37 25 

UiLi 

Load 25 and 25 = 9100 11). per ft. 
9100 X 25 


L0L2 

7460 X 25 X 175 
4 X 31 

L0L3 

7200 X 50 X 150 
4 X 34.33 

L3L4 

"7170 X 75 X 125 
4 X 36.33 


= + 263* 

=+393* 

= +462* 


= + 114* 


U 2 X.4 


'■~r X 25 s ] 

:..o' ; 


.900 


4 

^ 247.6 ^ 


7 

X 

mT ■ 

.90jX 26-14.0' 


[ 1 

Load 14 A 125 - 8020#/' 


U.L4 

483 X —X 2 =+ 25.8* 
25.01 

Intersection Distances 

3^3 
:34.33 


Load 11&60»8970#/' 
~ X61«12.08 


139 - 35.04 

— 14lk 


C/1U2I 
L a L 3 
U,Ui 


- 1 


25 = 207,50 
17 


- 2^25 = 879.1 


/ 36.33 _ 
\0.67 


3 )25 = 1287.5 
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tenns not defined there are as used before. The expression for 
change in stress in L^Le due to a movement dx to the left is: 

AS 

and for a maximum 

AS = 0 

Therefore 

W _ (Wi - W2) 

L a 


Wax dx 

-—a - Widx-^W 2 — v 
L p 


Inspection of the expression for AS or of the influence line in 
Fig. 153 (6) will show that for a maximum value a load must be 
at L5. 

If the student understands the reasoning used in developing 
the various criteria given in this chapter and in Chapter IV, he 
should be able to make such modifications as are necessary for 
trusses with triangulation different from those discussed above. 

129. K-Truss with Concentrated Loads. — The truss shown in 
Fig. 101 is repeated here in Fig. 156 (a). The two diagonals in 
each panel have the same slope, and consequently equal stresses 
which are opposite in sign. The top chord is straight between 
even-numbered panel points. Influence lines for typical members 
are shown in Fig. 156, (6) to (z). The student should check the 
ordinates by placing a unit load at the proper points and making 
the appropriate calculations. 

It will be observed that the tension in the lower chord is equal 
to the horizontal component of the compression in the upper chord. 
Also, the influence line for stress in UbMry is proportional to that 
for M 4 U 5 , and the same position of the loads will therefore produce 
maximum stress in either mcmiber. All influence lines, except the 
one for M5L5, are similar to those previously shown for non- 
parallel chord trusses and the criteria already used are applicable. 
Since the most convenient section for M 5 L 5 also cuts the 

stress in this member must be included in developing a criterion 
for MsLs- This lengthens the procedure, although for maximum 


compression the criterion simplifies to ■ 


Wi 2(s + a) , , 

ijj which 

p s 


a is the distance from Lo to L 4 and the other nomenclature is as 



Preliminary Design 

S. & V. RAILROAD---CLEAR CREEK BRIDGE 4-15-31 | J. r! D. 
Live I.oad Stresses (Concluded) Sheet 2 of 4 
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previously used. For maximum tension the criterion is not so 
simple. For standard loading the equivalent uniform load could 
conveniently be used for maximum compression, but if it were 

V, A ^7 


t yep, / pit 40.^S I 

l.25S^U5x-^ J2S\ 


/4.73'K \ \.254 


7 ' 


Fig. 156. 

necessary to compute the stresses for a special locomotive loading 
the criterion could conveniently be derived from the influence line. 

In obtaining the criterion for maximum moment in Art. 65, 
use was made of the principle that the change in any function due 
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S. & V. RAILROAD— CLEAR CREEK BRIDGE 


Preliminary Design 


Dead Load Stresses 


4-15-31 I ,1. R. D. 
Sheet 3 of 4 


U.L, 


a I u . 

— X 2960 = - 166* 
7460 


2960 =+ 104* 

7460 


U1U2 — - X 2960 = - 163* 
— 7200 


L2L3 X 2960 = + 162* 

7200 


U2U3 


464 ^ 

— X 2960 = - 192‘ 
7170 


I.3L4 — X 2960 = + 19l‘ 
7170 


4QQ 

UjU, X 2960 = - 200* 

7140 

U,L. =+25.5* 


UjLi 35.04 
12.08 


22.96 X 34 

2 11.5 


— 45.5* 


23.34 

21.12 

2.22 X = - 3.3 
2 11.5 


- 14.8'- 


U1L2 65.60 
3.96 


61.64 X =+91* 


UjLs 45.33 


11.72 

33.61 X — = + 50* 
2 


U8L4 31.92 
21.13 

10.79 X — =+16* 
2 


25 8 

U4L4 X 2960 =+ 10.7 

- 11.5 

- 0 . 8 * 
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to a movement of loads is equal to the loads times the slope of the 
influence line times the distance moved. For maximum com- 
pression in M 5 L 5 , loads will be on the right portion of the span 
and extend into the panel 5-6. Let Wi represent the loads in the 
panel 5-6 and W 2 represent the loads to the right of Lo, then for a 
unit movement to the left, 


AS = W2 


.254 

200 


- TF] 


.975 

20 


0 for maximum. 


Wi = .0261 W 2 j which is the criterion for maximum compres- 
sion in for this truss. Inspection of the influence line will 

show that this can be satisfied for a maximum only when a load 
is at Lq. 

For maximum tension the left portion of the span will be loaded 
and it will be assumed that no loads extend to the right of Lq. Let 
Wi represent the loads in panel 5-6, W 2 the loads in the panel 4-5, 
and W 3 the loads to the left of L 4 . For unit movement to the 
right, 

195 526 975 

= Ws— + W 2 '— - Wi~ = 0 for maximum. 

80 20 20 


Wi = . 54 TF 2 + .O 5 TF 3 , which is the criterion for maximum 
tension in M 5 L 5 . Inspection shows that a load will be at L 5 when 
the stress has a maximum value. Although the assumption that 
there were no loads to the left of L 5 was clearly correct for maxi- 
mum compression, it is possible that some may extend to the right 
of Lq for maximum tension. If this is found to be the case the 
criterion must be modified to include such loads. 

If it is necessary to determine the maximum value of any 
function due to moving concentrated loads, a criterion can be 
developed from an influence line for that function whenever the 
influence line is composed of a series of straight lines. 

130. Sample Computations for a Through Truss. — On the 
right-hand pages, 283 to 291, are shown the computations for 
maximum stress due to vertical loads in the various members of 
the Parker truss discussed heretofore. This truss is for a single 
track through bridge and is to be designed for E-60 loading. The 
dead loads and impact formula are shown on Sheet 1 of the calcu- 
lations. 

Live Load Chord Stresses , — Since for maximum stress in the 
chord members the entire span should be loaded, these stresses 



SAMPLE COMPUTATIONS FOR A THROUGH TRUSS 289 


S. & V. 

Member 

UiU 

U,Uz 

UzU, 

LqLi 

LjLj 

LiLi 

UlLy 

VzU 

U,L, 

UtL, 

UiLt 

UtL, 

U,L, 


RAILROAD— CLEAR CREEK BRIDGE 


■ Preb'minary Design 


4-15-31 ! J. R. D. 
Sheet 4 of 4 


D.L. 

L.L. 

Imp. % 

Imp. 

Totals 

-166 

-419 

50 

-210 

-795 

-163 

-397 

50 

-199 

-759 

-192 

-464 

50 

-232 

-888 

-200 

-483 

50 

-242 

-925 

+ 104 

+263 

50 

+ 132 

+499 

+ 162 

+393 

50 

+ 197 

+752 

+ 191 

+462 

50 

+231 

+884 

+ 26 

+ 114 

93 

+ 106 

+246 

- 46 1 

[-141 

60 

-85 

-272 

i+ 54 

82 

+ 44 

+ 52 

- 1 

[- 96 

66 

- 63 

-174 

[+ 89 

73 

+ 65 

+ 139 

0 

+ 26 

50 

+ 13 

+ 39 

+ 91 

+253 

54 

+ 137 

+481 

+ 50 1 

(+181 

60 

+ 109 

+340 

1- 53 

82 

- 43 

- 46 

+ 16 1 

(+132 

66 

+ 87 

+235 

1- 90 

73 

- 66 

-140 
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can be most conveniently calculated by means of the equivalent 
uniform loads given in Plate I, the center of moments for the par- 
ticular member dividing the span into the segments h and Z 2 . 


The moment will be 


wXhXh 

2 


and, since w is the load per foot 


of track, this divided by 2 times the height of the tniss at the point 
of moments will give the stress in the lower chord or the horizontal 
component of stress in the upper chord. 

The member UaLa has been included with the chord members 
as its stress is the sum of the vertical components of U 3 U 4 and 
IUU5, 

Live Load Web Stresses . — The maximum stress in the hanger 
UiLi occurs when the two panels are loaded, the equivalent uni- 
form load being that for the two segments of 25 ft. For the other 
members of the web system the best procedure is to draw influence 
lines for each member and multiply the compression and tension 
areas by the appropriate equivalent uniform load. Compression 
need not be calculated for the diagonals near the end as reversal 
does not occur. 


Dead Load Stresses . — Since equivalent uniform loads have been 
used in the calculation of the chord stresses, and influence lines 
have been drawn for the web members, the most direct procedure 
in computing the dead load stresses is by simple proportion for 
the chord members and the net areas of the influence lines for the 
others, the amount of the dead load per foot being used. If this 
procedure is followed a correction for top chord loads must be 
made for correct results in calculating the stresses in verticals, as 
shown in the calculations. 


When tables of moments are available for the computation of 
chord stresses or when equivalent uniform load diagrams are not 
available for the computation of the live load stresses, it will 
generally be found most advantageous to determine the dead 
load stresses graphically. On page 291 is shown the stress diagram 
for this truss for the dead loads given. The stresses are shown on 
the figure. 

Combined Stresses . — The stresses are tabulated on page 289, 
and the total stresses are given. Where there is a reversal of stress 
in the member the maximum value of each kind is shown. The 
dead load compression in U 4 L 4 is so small that it has no meaning 
in design, and has been tabulated as zero. 



PROBLEMS 


203. Calculate the stress in bars L 3 L 4 and IJ 1 L 2 of the structure Ifire 
shown, due to the live load shown in Problem 117 on p. 147. 


!< 8 ^ 28 '= 224 ' ->j 

! Ui U2 U3 U4 ; 
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204. Calculate the stress in the following members of the truss due to an 
loading, 

(а) UiUi. Ans. U 2 U 9 = — 651* wheel 12. 

( б ) L 3 L 4 . L 5 L 4 = + 642* wheel 12. 



206. As a unit load moves from A to R on the structure, draw: 

(a) The influence line for stress in bar e. 

(b) The influence line for stress in bar g. 

Give ordinates in each case. 



206. Due to the axle loads shown, calculate the maximum stress in: 

(а) UiLi (maximum compression) 

( б ) LzL, 

of an 8 -panel S. T. deck Pratt truss having panel lengths of 28 ft. and a depth 
of 38 ft. Am, UiLt ^ — 208* wheel 4 . 

LtLi « + 619* uniform load. 




PROBLEMS 

^ r 

ll SI §1 

^ Ac 

%! %1 

cb cb 

CD cb Q 

CIL£t 


awixoi 


4' \*-/0'^6'A*6'A*—/2'-^6'A*6'^/0'M 4' k<9'-H 

Prob. 206. 

207. As a unit load moves from A to B: 


(a) Draw the influence line for stress 


in the bar h. 


(b) Draw the influence line for stress 




y-4^/0i40 ' “>)< 7 ^ 20 « 140* H 

Prob. 207. 

208. Draw the influence lines for stress in bars a, c, c, /, and k of the figure, 
as a unit load moves across the top chord from the left end to the right 
reaction. a ir 

l! 


lf> 



c/ 

\d 

/ 

\m 

\ 

/ 


/ 

\ 


I /0'5/7f-" 


"5<o/5's75' 

Prob. 208. 


3€>/0'-30' |<- 
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209. Compute the maximum stress in the bars given in Problem 208, due 
to a single concentrated load of 100* which may occupy any point on the top 
chord between the left end and the right reaction. 

210. Compute the maximum stress in bars a, d, /, and h of the figure, 
caused by a single load of 100* which can occupy any point on the top chord 
between the hip points. 

k Jf@!0'^f/0' ->j 


Prob. 210 . 

211. Draw the influence lines for stress in bars a, 6, c, and d of the struc 
ture shown, as a unit load moves from A to B, assuming rollers at B. 
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(c) Is the structure statically determinate for every bar? 

Am. (b) c = - 370^ I 

d = + 183^ [right wheel at B. 
e = - 183''J 


213. The loads shown may occupy any position between A and B on the 
structure in Problem 205. Calculate the maximum stress in bars a and d. 


I I 




Prob. 213. 


214. Compute the maximum live load stress in U 1 U 2 and L 3 L 4 of the figure 
shown, due to a uniform moving load of 7000 lb. per ft. of track. 



216. Calculate the maximum stress in bar a of the truss shown, due to the 
loads in the same figure. Ans. +583* wheel 8 . 



Loods on I Rail 

Prob. 215. 


216 . Calculate the maximum tension in bar h of the truss shown in Problem 
215, due to the loads shown in the same figure. 
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217. (a) Compute the maximum live load stress of both kinds in UJji of 
the figure for Problem 214, due to the same uniform moving load, using the 
conventional full panel load method. 

(b) Compute the maximum live load stress of both kinds in UzLi due to 
the same uniform moving load, using the influence line. 


218. A deck Pratt truss has 10 panels of 25 ft. each and is 38 ft. deep 
center to center of chords. Calculate the maximum compression in bars 
UiUi and UJLi due to the loads shown. 

Ans. UzUi = — 652* 6| ft. uniform load. 
UiLi = — 196* wheel 2. 


f 


■^ ! I 

orjl <V^ 


■5,1 


I 

-li 'ni ‘^1 ‘^1 

t M ^ f 4 ' . 

i<-6'-4<-6' -^-6'-^ /4' 

Pros. 218 . 


s' 


s' 


jV, 


219. A through Warren truss with verticals has 8 panels of 28 ft. each and 
is 40 ft. deep center to center of chords. Calculate the maximum tension in 
bars L2L4 and U 5L2, due to the loads shown. 


f ttx 

I to- i 5' I 5' I /?' 


4oK 4pK 40 * 20 “ 

cb Q (S X 

I 5' I 5' I 10' I 


jmM 


fl' 


Prob. 219. 


220. Compute live stress in each bar due to Steinman's M-50 loading, for 
the figure shown. 



Prob. 220. 


221. Compute the stress, in the following bars of the structure shown, 
due to Steinman’s M-60 loading. 

(а) UtUi Maximum compression. Ans, U%Ua =* — 644* wheel 10 or IL 

(б) LzLi Maximum tension. LiLi » + 627* wheel 9. 
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(c) U%La Maximum tension and 

maximum compression. 

(d) UiLi Maximum compression. 

(e) t/iLi Maximum tension. 


UaLa *= + 166*^ wheel 3. 

I — 97.5* wheel 3. 

1 — 104* wheel 10. 

C/jLj =- 202* wheel 3. 

UiL\ = + 148.5* wheel 9 or 10. 



Pros. 221. 


222. Calculate the stress due to Cooper’s E-75 in: 

(а) The chord L^Ls 

(б) The vertical U zLs 

of a single-track deck Pratt truss having 10 panels of 28 ft. each and a depth 
of 48 ft. center to center of chords. 

223. Compute the maximum live load stress of both kinds in the bars 
LzLa and UzLa of the structure shown in Problem 214, due to Cooper's E-60 
loading. 

224. Calculate 
the maximum stress 
in bars UzLz and 
LzLi of the struc- 
ture due to a mov- 
ing uniform load of 
4* per ft. of truss. 

Pkob. 224. 

225. (a) Calculate the maximum stress in the bar a of the truss shown, 
due to a moving uniform load of 3* per ft. of truss. 

(6) Calculate the maximum stress of both kinds in the bar h due to the 
same load: first, by the approximate full panel load method; and second, 
exactly by any method you wish. Ans. (a) -[-539*. 

(5) 1st: -192*, +53.7*. 
2nd: -182*, +43.6*. 


|< 10 @28'= 280' ->{ 




Pros. 225. 
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226. A through Pratt truss has 10 panels of 28 ft. each and the following 
depths: 

At U\Li depth = 32 ft. 

C/2L3 depth = 39 ft. 

C/3Z/3 depth == 44 ft. 

UJji depth = 47 ft. 

U sLs depth = 48 ft. 

Calculate the maximum compression in U3U4 due to a moving uniform 
load of 4* per ft., and the maximum stress of both kinds in U 3L3 due to a moving 
uniform load of 5* per ft. 

227. A through Warren truss with verticals has 8 panels of 30 ft. each and 
the following depths: 

At UiLi depth = 32 ft. 

U ‘ 1 L 2 depth = 37 ft. 

U3L3 depth = 40 ft. 

U Jji depth. = 41 ft. 

Calculate the maximum tension in L2L4 due to a moving uniform load of 
4* per ft., and the maximum stress of both kinds in U3L2 due to a moving uni- 
form load of 5* per ft. Ans. L2L4 = -f- 678*^. 

C/ 3 L 2 = - 274^ 

+ 84. l^ 

228. (a) Compute the maximum live load stress of both kinds in bars 
U3I/3 and U3I/4 of the truss, due to a moving uniform load of 4000 lb. per ft. of 
truss, using the conventional full panel load method. 

(6) Compute the maximum live load stress of both kinds in the same bars 
due to the same lof.d, using the influence lines. 



229. Due to a moving uniform load of 3* per ft., combined with a roving 
concentration of 60^: 

(a) Calculate the maximum stress in the bar L^Lu 

(b) Calculate the maximum stress of both kinds in the bar U 3 L 2 of an 
8-panel through Warren truss with verticals, having depths of : 

31 ft. at UiLi 39 ft. at U3L3 

36 ft. at U 2 L 2 40 ft. at UiLi 

and panel lengths of 30 ft. Atls. L^Li = + 605*. 

UiLi = - 204*. 

+ 80*. 
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230. Due to a moving uniform load of 4* per ft. and a roving concentration 
of 80^, calculate: 

(a) The maximum stress in bar L 2 L 3 . 

(b) The maximum stress of both kinds in bar U:,Li of a Warren deck truss 
with verticals, having the following dimensions: 


Length 10 panels at 28 ft. = 280 ft. 
f/oLo and UiLi 30 ft. 

t/jLi 37 ft. 

C7aLa 42 ft. 

U 4 L 4 45 ft. 

UsLi 46 ft. 


231. Compute the stress in the following bars of the structure shown, 
due to Cooper’s E-60 loading. 

(a) U 4 U 5 Maximum compression. 

(b) UzL\ Maximum tension and maximum compression. 



232. Calculate the stress of both kinds in member U 2 LZ of the truss showTi 
in Problem 204, due to an E-60 loading. 

Ans. -f225^' w heel 3. 

— 64^ wheel 3. 

233. Calculate the stress of both kinds in member U 3 L 3 of the truss in 
Problem 204, due to an E-60 loading. 

Ans. —137^ wheel 2. 

+ 112* wheel 3. 

234. Compute the maximum tension in bars c and d of the single-track 
structure shown, due to the loading in the same figure. 



Prob. 234. 
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236. (a) Draw the influence line for stress in bar a of the structure shown 
in Problem 234, as a unit load moves from D to A. 

(6) Compute from the influence line the maximum tension in a due to a 
moving uniform load of 8* per ft. of track. 

236. (a) Draw the influence line for stress in bar h of the structure shown 
in Problem 234, as a unit load moves from D to A. 

(6) Compute from the influence line the maximum compression in b due 
to a moving uniform load of 8^ per ft. of track. 

237. Draw the influence line for: 

(а) Stress in LsL® 

(б) Stress in UiLi 

as a unit load moves from Uo to Lig on the structure shown. 



l<- 5^30'^l50'-’^--6 @30'^W0'--'i*—8 s>30’'=240' 4 

Pros. 237. 


238. Draw the influence line for: 

(а) Stress in U 

(б) Stress in UiJju 
(c) Stress in LjsLie 

as a unit load moves from Un to L\% on the structure shown in Problem 237. 

239. Calculate the maximum stress in LsLe of the structure shown in 
Problem 237 due to the loads shown here. 


^ 'ic 'Sc "Sc 

i ^ A. 




I to' i5'|5'|5'j to' 1 8' I to' \S'\S'\5'\ tO' I 6‘ 

tVheet Loads 



Prob. 239. 


240 . Calculate the maximum stress in UuLu of the structure in Problem 

237, due to the loads shown in Problem 239. Ans. 4-132.7*. 

241 . Calculate the maximum tension in UiL^ due to a moving uniform 
load of 3* per ft. of truss and a moving concentration of 80* per truss, using 
.the influence line previously drawn in Problem 237. 

242 . Calculate the maximum tension in UiLt due to the load given in 

Problem 241, using the influence line previously drawn in Problem 238. 
Uniform load not to be divided. Ans. 744*. 
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243. (a) Compute the live load stress of both kinds in bars LzLzj 

UiJLiy and U%Ld of the truss shown, due to Cooper’s E-60 loading. 

(6) Compute the live load stress in the same bars, using equivalent uni- 
form loads. 



244. Given the following dead load weights for the truss shown: 
Track = 600 lb. per ft. of bridge. 

Floor = 560 

Trusses and bracing = 2240 


Total 3400 lb. per ft. of bridge. 

Calculate the stress in the counter LzUa due to an E-60 loading. 



Prob. 244. 


246. Calculate the maximum compression in the vertical UzLt of the truss 
in Problem 244 due to an E-60 loading. 

246 . Check the stresses computed for Problem 231, using the equivalent 
uniform loads given by Plate I. 

247 . Calculate the live load stress in the bars LiLa^ UsLa of the truss shown 
in Problem 160 on p. 201, using the equivalent uniform load for an M-50 
loading. 
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248 . Calculate the stress in member LJjt of the truss for an M-60 loading. 

Ans. +627* wheel 10. 

U2 U3 U4 Us Us Ur Us 



pROB. 248. 

249 . Draw the influence line for stress in the same member as in Problem 
248 and, using the equivalent uniform load for the M-60 loading from the 
diagram, calculate the stress in the member: 

(а) Assuming the segments divided at L 4 . 

( б ) Assuming the segments divided at Ls. 



CHAPTER IX 


EFFECT OF LATERAL AND LONGITUDINAL FORCES 

131. In the design of structures the engineer must consider 
the effect of lateral and longitudinal forces as well as that of the 
more definite vertical forces. Although the vertical forces, con- 
sisting of the weight of the structure, the moving or movable live 
load, and the vibration caused by the moving loads will in perhaps 
a majority of structures control the amount of material required 
in the various parts, there are many cases in which lateral forces 
have an important influence. 

The principal lateral force which must be considered is that 
caused by wind at high velocity. Wind forces, of course, affect 
all structures and sometimes control the design of important 
members. Industrial buildings which contain traveling cranes 
are subject to both lateral and longitudinal forces resulting from 
the operation of the cranes, and in buildings which are high to 
provide large head room, these forces may be important. 

Bridges must resist the wind acting on the structure itself as 
well as that acting on the trains or other loads passing over the 
structure, and in addition a lateral vibration set up by side sway 
or nosing of the locomotives. The magnitude of the latter is 
very uncertain but is generally fixed more or less arbitrarily as a 
percentage of the vertical loads. The longitudinal forces acting 
on a bridge result from the tractive effort necessary to start a 
train or other live load on the stnicture, and more particularly 
from the retarding force occurring when the brakes are suddenly 
applied to a train as it crosses the bridge. Tractive effort can be 
applied only through the driving wheels of the engine, but braking 
force occurs under practically every wheel in a train and is by far 
the most important longitudinal force acting on a railroad bridge. 
Lateral and longitudinal forces are seldom of controlling effect 
in the design of ordinary highway bridges, but may be important 
in narrow bridges of long span. 


303 
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There are no ilew principles involved in the calculation of 
stresses resulting from lateral or longitudinal forces, and were it 
not for the fact that the framework provided for resisting these 
forces is generally statically indeterminate, no additional discussion 
would be needed. Although the framework provided for resisting 
lateral forces is generally indeterminate in character it is usual to 
estimate the stresses by making a sufficient number of simplifying 
assumptions to reduce the problem to one which may be solved by 
applying the laws of statics. So far as the shears, moments, and 
stresses resulting from lateral or longitudinal forces may be esti- 
mated in this manner they are a proper subject for discussion in 
a text dealing with simple structures, and the common methods 
of dealing with such problems will be shown by a series of illus- 
trative examples. 

132, Industrial Building Bents. — In Fig. 157 (a) there is shown 
an ordinary industrial building bent, one story in height and one aisle 
in width, subject to a horizontal wind load. The wind is assumed 
to exert a force equivalent to 30 lb. per sq. ft. of exposed vertical 
surface. The reactions are at A and J5, and with the usual con-, 
ditions of support for such frames (flat column bases bolted to the 
masonry) there are evidently six unknown reactions — vertical 
and horizontal components and a moment at each column base. 
Since there are available only three equations from statics, three 
additional conditions must be obtained from the elastic properties 
of the frame or from simplifying assumptions based on what seems 
to be a reasonable estimate of the action of the structure. 

In (b) of Fig. 157 is shown to a greatly exaggerated scale the 
general shape which the frame will take in deflecting laterally 
under the action of the wind. In this sketch it is assumed that 
the columns are so firmly attached to the masonry at A and B 
and to a stiff truss at the top that tangents to their axes at the 
points of attachment to the masonry will be vertical, and that 
chords of the axes passing through the intersection points of the 
truss chords will be vertical. To secure absolute verticalness of 
these tangents to, and chords of, the column axes would require 
a truss of infinite stiffness and immovable foundations, and of 
course neither of these requirements can be fully met. However, 
it is generally assumed that the conditions are substantially met 
and that the shape shown in (b) is a reasonable approximation. 
Study of this figure will show that both the windward and leeward 
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columns are so bent that the fibers on the left-hand side are in 
tension at the lower ends and in compression at the upper ends. 
It should be clear that somewhere between the ends there must 
be a point where the stress in the fibers changes from tension to 
compression and where the bending moment must be zero. Such 



Wi7id 30^/D'f Bents 20' c. to c. 
Fig. 157 . 


a point is called a point of contra-flexure, and two of the necessary 
three additional conditions mentioned above are obtained by 
assuming the location of the point of contra-flexure in each column. 
In (6) of Fig. 157 there is shown an assumed plane of contra-flexure 
halfway between the bottom of the columns and the under side of 
the truss, which locates a point of zero bending moment in each 
column. If the conditions stated above were true (tangent to 
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axis of column at bottom and chord of axis at top remaining 
vertical), the point of contra-flexure would be above the center. 
It is a simple matter to develop a formula locating the point of 
contra-flexure in accordance with these or other conditions, but 
it is doubtful whether our knowledge of foundation action justifies 
such precision. Rotation of the foundations will lower the point 
of contra-flexure, and it is probably sufficiently accurate to assume 
contra-flexure at the center — or lower if there is reason to believe 
that the column base or footing is not especially rigid. The third 
additional condition is obtained by assuming the distribution of 
the shear on the plane of contra-flexure between the two columns. 
When the columns are alike the shear on the plane of contra- 
flexure is assumed to be equally divided between them. If the 
columns differ much in section this assumption may be consider- 
ably in error and require modification. In such cases an accurate 
analysis may be made or the shear distributed in accordance with 
the stiffness of the columns; in either case consideration of the 
elastic properties is involved and the problem will not be discussed 
here. 

133. Column Bases Fixed. — In Fig. 158 complete calculations 
and shear and moment diagrams are given for the columns of the 
bent in Fig. 157 (6). The three simplifying assumptions are as 
outlined above — a plane of contra-flexure halfway between the 
base of the columns and the under side of the truss, and the shear 
on this plane equally divided between the two columns. In (a) 
of Fig. 158 the bent is shown divided at the plane of contra-flexure 
and the internal forces acting at the plane of separation are calcu- 
lated in accordance with these assumptions. The simplifying 
assumptions having been made, the calculations merely involve 
the application of the laws of statics, and the student should be 
able to follow the work given. In (b) of Fig. 158 the shear and 
moment diagrams have been sketched, and the forces acting on 
the columns shown. The student should draw the shear and 
moment diagrams for the truss and calculate the stress in a few 
members, taking the center depth of the truss as 7 ft. 8 in.; the 
bottom chord is horizontal, and the top chord straight between 
the ends and the center. 

134. Coltunn Bases Hinged. — In Fig. 159 the columns of the 
bent in Fig. 157 (c) are analyzed under the assumptions of 
hinged column bases and equal horizontal reactions at the bases 
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of the columns. These assumptions may be appreciably in error 
but are sometimes used. The student should make an analysis 
under the assumption of hinged bases with the horizontal load 
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moment diagrams for the truss and calculate the stress in a few 
of its members. The actual distribution of shear between the 
windward and leeward columns depends on the action (elastic or 
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inelastic) of the foundations as well as on the elasticity of the 
members of the bent, and as little is known about the former an 
analysis based on the latter may not in some cases be much more 



accurate than an estimate based on assumptions such as have 
been used above, 

136. Bent with Knee Brace. — In Fig. 160 (a) there is shown 
a bent similar to those previously considered but having a pitched 
roof instead of being practically flat. In such bents the lateral 
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i3tal>Uity is generally increased by means of knee braces connecting 
to the columns and the truss as shown. In (6) and (c) the coni- 
[)lel;e analysis for the columns is given, based on an assumed plane 
of contra-flexure, located as shown, and on the assumption that 
shear on this plane is divided equally between the columns. The 
stress in the knee braces and in several members of the truss 
should be calculated by the student. In calculating stresses in 
members of the truss which are on the windward side of the center 
line, it should be kept in mind that although the total wind load 
normal to the roof surface may be resolved into two components 
(as shown in (b)) when dealing with the columns and knee braces, 
this must not be done when computing stresses in the truss mem- 
bers mentioned. 

138. Multiple-story Bent. — In Fig. 161 (a) is shown a three- 
story single-aisle bent for an industrial building. The wind 
stresses in such cases may be estimated in the same manner as 
fi'r a single-story building, except that it is necessary to assume 
a plane of contra-flexure in each story as is indicated in the figure. 
It is usual in approximate analyses to assume the shear on each 
plane of contra-flexure divided equally between the columns cut 
by that plane. The calculation of shears and moments in the 
columns then follows as directly as for a single-story bent. The 
moment diagrams for the columns are given in (b) of Fig. 161, the 
shear and moment diagrams for the upper floor girder are given 
in (c); and in (d), the tabulated calculations for shear and moment 
in the columns. The calculation given for moment at the top of 
the windward column in the top story is for a section at the bot- 
tom of the truss; the maximum for this part of the column occurs 
S in. below the truss, and its magnitude, 12,675 ft.-lb., is shown 
9 n the moment diagram in (6). 

It is usual in the calculation of wind stresses in multi-story 
bents to disregard the depth of the floors, treat the girders as a 
line having no depth, and call the distance from the top of one 
floor to the top of the floor above the story height. In this prob- 
lem, however, the calculations are given for floor depths of 5 ft., 
and the moment diagrams for the columns are shown extending 
from the top of any floor to the under side of the girder in the 
floor above. The student will do well to recalculate the problem 
just discussed, ignoring floor depth and calling floor to floor dis- 
tance the story height. The first two stories will then be 20 ft 
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each and the top story 14 ft. from the floor to the under side of the 
truss; the planes of contra-flexure should of course be taken at 
the middle of the story height. 

It is also customary in estimating wind stresses in high build- 
ings to assume that the wind pressure is delivered to the bents as 


VO ^ 

^7\7K7K7\7 



^ 2 
V 

Msumed Phn6 

o/ Con fra flexure 



^ 3 

E F 

. 

f. 

' Vrj 



I 

i 

/Assumed Plane 

of Confraflejrure 

C D 

4-° 

^ 2 

Assumed Plane 

oT Zonfraflexure 

VO 

1 

tt 

VO 

^ (o) , 

fiO' 

V77777777/. 

"Z1300'” 

_ Shw-m^/ali-lBOO* 

TTT 

\\y \/\ /\\/W\yl 

I i ^ 'sJ 

\ J A- * 

Phn^ 1 

^ 

• 

1 V 

L [ 66^50^ 

^ 1 

%?i ^nn'« 

^Z.00ff“ wz^ 

X£ /,0(JU 

Shear ^ 800x32,5 - 19. 500^ 

T i 3 

Plane 2 ^ 

1 

1 

1 



^.ooQ'” nsjzs'ft 

mjzs'* 

Shear--600x5Z.5--3l,500" 

1 

Plane 3 





^’7PP?^^^Z^77777777777777777777777P77:^FP^^7P7777r 
^ 135 , 000 '^ ^ 1 / 8 , / 25 '^ 


(b) 

Fig. 101 . (o) and (6) 


a series of concentrated loads applied at the floor lines, instead of 
a uniformly distributed load applied along the full height of the 
columns. This is equivalent to treating the wall construction as 
a series of vertical beams having reactions at the floor lines, and 
the floors as horizontal beams which transmit these loads to the 
columns. The wall construction for most oflSce buildings is such 
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that this practice is probably a fairly accurate representation of 
the action of the wind pressure on such buildings. The greater 
story heights and different wall construction generally used in in- 
dustrial buildings make it desirable to treat the wind loads on these 
as uniformly distributed along the columns, as has been done in the 
examples presented above. 

137. Application to High Buildings. — The general method of 
attack used in the analysis of the three-story bent of Fig. 161 has 
been very widely used, in an extended form, in the analysis of 
wind stresses in high office buildings. The difference in procedure 
results from the fact that office buildings usually are composed of 
several relatively narrow aisles, instead of a single wide aisle. In 
such cases the modification used is simply to treat each aisle as 
though it were independent, divide the total load equally among 
the aisles, and then combine algebraically the resulting shears, 
moments and stresses in those members which are common to two 
aisles. 

The application of this method is illustrated in the analysis of 
a ten-story building in Figs. 162, 163 and 164. In Fig. 162 (a) is 
shown one bent of the building, which has a width of three aisles 
of 20 ft. each with story heights as shown. At the left of the 
figure are shown the concentrated loads at the floor levels which 
result from the assumed wind pressure and bent spacing (noted in 
Fig. 162) when the walls and floors are considered to act as stated 
in Art. 136. In (h) of Fig. 162 the three aisles are shown as separate 
structures with the total loads shown in (a) equally divided among 
them. The same procedure used for the three-story bent in Art. 
136 and Fig. 161 is then applied to each aisle and the shears and 
moments calculated for the columns and girder in each story. 
The results of these calculations are vshown in Fig. 163, the portions 
relating to a single aisle and to two aisles combined being indicated. 
Keeping in mind the simplifying assumptions made (viz. : there is 
a plane of contra-flexure at the mid-height of each story and the 
total shear on this plane is divided equally between the two columns 
of the aisle), the student should have no difficulty in obtaining the 
results shown for the single aisle. 

To show the effect of combining the single aisles Fig. 164 has 
been drawn showing the fifth floor and the columns between the 
planes of contrarflexure just above and below. In (a) the three 
aisles are shown separately with the forces and moments acting 
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on the members of each. In (b) the three aisles are combined and 
the resulting forces and moments shown. Further explanation 
seems unnecessary, but it may be well to call attention to the fact 
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Fig. 162 . 

that the B line column in aisle 1 is in compression whereas the B 
line column in aisle 2 is subjected to tension of equal magnitude. 

The same is true of the C line column which occurs in aisles 
2 and 3. When the separate aisles are combined the compression 
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in the B column of aisle 1 neutralizes the equal tension in the B 
column of aisle 2 resulting in no direct stress in the B column of 
the combined bent, and this of course is also true of the C column. 
As a consequence of the simplifying assumptions made, we find 
direct stress only in the exterior columns. The magnitude of this 



direct stress in any story may be found, for the single aisle, by 
calculating the moment about the plane of contra-flexure in that 
story of all the forces acting on the aisle above the plane and 
dividing this moment by the horizontal distance between the aisle 
columns. This stress may also be found from the bent as a whole 
by taking moments about the same plane of contra-flexure of all 
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the forces acting on the bent as a whole above this plane, and divid- 
ing the moment by the horizontal distance Ix^tween the exterior 
columns of the bent. 

The popularity of this method of estimating wind stresses is 
partly due to its simplicity and to the fact that the calculations 
necessary may be reduced to tabular form and very rapidly carried 
out as a routine procedure. Many engineers have developed 
forms for such computations; in fact, it may be not far from true 




Fig. 164. 


to say that every computer dealing with such problems has devised 
his own form, and in Fig. 165 is given, in a form the authors find 
convenient, the complete calculations for the bent discussed above. 
The construction of the table should be clear if studied in connec- 
tion with Figs. 162, 163, and 164. 

138. Smith’s Method. — The method of analysis just described 
coincides with that developed by Albert Smith, formerly professor 
of structural engineering in Purdue University. In an address 
before the Western Society of Engineers, Professor Smith described 
wind stress studies which he had made, employing theoretically 
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exact methods of calculation, and presented an approximate 
method employing the following assumptions: ^ 

1. The point of contra-flexure of each column is at mid-height of the 
story. 

2. The point of contra-flexure of each girder is at its mid-length. 

3. The shears on the internal columns are equal, and the shear on each 
external column is equal to one-half the shear on an internal column. 

Although stated in a slightly different manner, it should be 
clear that these assumptions lead to exactly the same solution as 
is given above. 

139. Relation to Statics. — The authors^ primary interest in 
the problem of wind stresses, so far as it concerns this text, is as 
an application of the laws of statics after the necessary simplifying 
assumptions have been made. The student should be very careful, 
in studying the discussions and illustrative examples, to be very 
sure that he understands clearly why simplifying assumptions are 
necessary, what the assumptions are, which parts of the analysis 
rest on such assumptions, and which parts are a necessary con- 
sequence of the laws of statics. 

140. Stresses in Bridges Due to Lateral Forces. — Figure 166 
shows diagrarnmatically an elevation of a single-track through 
railroad bridge, a plan of its top lateral bracing truss, and a plan 
of its bottom lateral bracing truss. The function of lateral brac- 
ing trusses, as the name implies, is to resist forces transverse to 
the axis of the structure. These forces, as previously stated, are 
the fesult of the action of wind on the structure and on the train, 
and also lateral vibration caused by swaying of the locomotive and 
train. 

The pressure of the wind on the structure itself is delivered to 
the lateral trusses at the panel points by the vertical truss mem- 
bers acting as beams, e.g., the diagonal [^2^3 of the main truss 
when pressed against by the wind must have reactions at U2 and 
at L3, and presumably each reaction is equal to one-half the total 
wind force against the diagonal. The members UiUi) Lhlh, and 
U2L2 must also contribute to a horizontal load at U2 which the 
top lateral truss must resist; and in a similar manner L2L3, L3L4, 
and f/sLs, as well as f/2L3, contribute to a horizontal load at L3 
which the bottom lateral truss must resist. Wind pressure against 

' Journal Western Society of Engineers^ Vol. 20, No. 4, p. 341. 
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the floor system of the truss evidently must be resisted by the 
lateral truss to which the floor connects — the bottom lateral 
truss in this case and in other through bridges. Wind pressure 
against the train must be resisted by the action of the wheels on 
the track which in turn is supported by the floor system, and thus 
this force also is finally resisted by the bottom lateral truss in 
through bridges. 

The det&mination of the magnitude of the loads to which the 
lateral trusses are finally subjected from these various sources 
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requires a knowledge of the exposed area of the truss members, 
floor system, and train, as well as the amount of pressure to be 
expected from the wind and a reasonable estimate of the effect 
of lateral vibration from nosing and swaying. The exposed area 
of the structure can be determined accurately only after its design, 
and the wind pressure and lateral effect of the train are generally 
somewhat arbitrarily fixed in accordance with prevailing practice. 

141. Illustrative Example. — For the purposes of this discussion 
the lateral forces will be assumed as follows: 

Top lateral truss: 200 lb. per lin. ft. 

Bottom lateral truss: 400 lb. per lin. ft. (includes wind on 
floor). 

Wind on train and effect of lateral vibration: 600 lb. per 
lin. ft. applied 7 ft. above top of rail. 
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In accordance with most specifications for design these will be 
treated as moving loads. 

The top lateral truss shown in plan in Fig. 166 is a complete 
truss only between the top chord panel points JJi and Ut. Beyond 
these points the diagonals must be omitted to allow the clearance 
necessary for the passage of the train. The top lateral truss may 
be treated as extending from U\ to Ut, having at these points its 
reactions which are provided by rigid frames consisting of the end 
posts of the vertical trusses and portal frames between them as 
shown in Fig. 166. The reactions of the lateral truss at the tops 
of the portal frames are transferred to the masonry support by 
the ability of the end posts to resist transverse forces in bending. 
The top chords of the main trusses serve also as chords in the 
lateral truss, the only additional members necessary to form the 
lateral truss being the diagonals and the struts. The struts are 
the members U' 2 U 2 j C/'aC/s, and so on. 

The top lateral truss, as it is shown in Fig. 166, is statically 
indeterminate with respect to inner stresses, i.e., there are too 
many members to permit the calculation of the stresses by means 
of the laws of statics. The diagonals in such a truss, however, 
are likely to be so slender as to be incapable of resisting compres- 
sion, and it may be assumed that those which would be in com- 
pression for a given loading are not acting, the other diagonals, 
which of course are in tension, resisting the shear. Thus for the 
lateral loads applied as in Fig. 167 the top lateral truss consists of 
the members shown in full lines, the diagonals in dotted lines 
being out of action. For loads in the opposite direction the dotted 
diagonals come into action, in tension, and the others are considered 
as out of action. 

If the wind loads are considered as moving loads the maximum 
stresses in the diagonals and struts of the lateral truss will occur 
for the position of the loads producing maximum shear in the 
panel concerned, e.g., maximum stress in U' 2 U^ will occur when the 
shear in panel U' 2 lJ'z is a maximum, and of course the strut (7 'at/a 
has maximum stress at the same time. The wind stresses are not 
suflSciently important (nor is our knowledge of wind pressures 
sufficiently accurate) to justify precise computations; and it is 
usual to use the conventional full panel load method described in 
Chapter IV. In Fig. 168 there is shown a plan of the top lateral 
truss supported at U'l and C/'t. The index stresses are written 
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on the bars for full loading, and below the sketch the calculations 
for stress in the diagonals and struts are given, using the full panel 
load method. Since the truss is symmetrical it is only necessary 
to calculate the stresses in one half. 

The bottom lateral truss may be treated in the same manner 
as the top lateral truss, if its diagonals are too slender to resist 
compression. However, the diagonals of the bottom bracing 
truss are usually heavier, because of larger forces acting at the 
floor line, and stiffer not only because of their greater section but 
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also because they are often supported by connections to the 
stringers. Under these conditions the diagonals may be stiff 
enough to resist compression. The truss then is in fact statically 
indeterminate, but the secondary importance of its stresses and 
our inadequate knowledge of wind forces and lateral vibration 
do not justify an analysis based on the elastic properties, as a 
design procedure. It is therefore necessary to make some simpli- 
fying assumptions to enable the computer to estimate the stresses 
by application of the laws of statics. The usual assumption is 
that the shear in any panel is resisted equally by the two diagonals 
(one acting in tension and the other in compression), and this 
gives the necessary additional information to enable the calcula- 
tion of all stresses. 
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In Fig. 169 the bottom lateral truss is shown fully loaded for 
maximum chord stresses. The calculations for chord stresses for 
this condition of loading and the calculations for diagonal stresses, 
using the conventional full panel load method, are given below the 
sketch. Stresses in the struts have not been shown. The struts 
in the bracing truss between the chords at which the floor is 
located are generally the floorbeams, and the stresses to which 
they are subjected as members of the bracing truss are insignifi- 
cant in most cases, ddiese stresses may be easily determined, 
however, and the student should calculate them in a few cases as 
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an exercise in statics. It may be well to note that in calculating 
chord stresses a section is passed through the panel in which the 
chord in question occurs and moments taken about the intersec- 
tion of the diagonals. A little study should show that, if the 
shear in a panel is divided equally between the diagonals therein, 
the stresses in the chords of the panel must be equal and opposite, 
and may be determined by dividing the bending moment about 
the intersection of the diagonals by the perpendicular distance 
between the chords. The diagonal and chord stresses are given 
as plus or minus since the lateral forces may act in either 
direction. 
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142. Portal Frame Stresses. — As stated in Art. 141, the top 
lateral bracing truss reacts against the portal frame at the top, 
and this reaction must be transferred to the ground by the ability 
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LqLi or LqLi 

12.5 . 

87.5 X — = =b 57.6^ 

19.0 

LiLz or L1L2 

87.5XS7.5=-3280 
25.0X12,5= - 313 
2967 

-i- 19.0 ^±156.0^ 
or 

87.5X62.5=5470 

2 X25.0 X25.0 = 1250 

4220 

19.0 =±222^ 

Lj'Z/4' or 

87.5 y^.5 = 7650 

3 X25.0 X37.5 = 2810 

4840 

■^19.0=dti255^ 


1 25 

2 8 


3 1.4 
19.0 


= 2.58 


IjqLi or Li'Ijq 

^ 1 25 31.4 t 

^SX-X—X—^=z!t72.4^ 
2 8 19.0 

Li'Lfi or Li'Li 

21.0X2.58 = zic54>3^ 


L^Lz or L/Li’z 

15.0X2.58 = ±.38.8^ 


IjzLi or L\Ij^ 

10.0X2.58=^25.^ 


Fig. 169. 


of the frame to resist transverse forces. Evidently the portal 
frame as shown in Fig. 166 is an indeterminate structure very 
similar to the industrial building bents discussed before. The 
end posts of the main trusses, forming the columns of the portal 
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frame, are subjected to bending and direct stress in resisting the 
lateral truss reaction, in addition to their stresj^^es as members of 
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MK,' or MK, 
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19.5^ = 379.3 
MK,' 


8.75 X — = 15.J,5 


B,'B, 

8.75 X30 - 37.6 X 9.5 


19.5 t 

X— = + 5L7* 


= -5L7* 


8,75 X — = + (5.7* 


8.75 X — + 17.5 = - 2/^.2'' 


IJ7B7 arid UiB i 
Zero by impection 
since stress in B/Bi = 0 

Fia. 170. 


the main trusses. If the bottoms of the end posts may be con- 
sidered as fixed in direction in the plane of the portal bent there 
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are six unknown reactions. These reactions are clearly of the 
same kind as those on the industrial building bent, and the simpli- 
fying assumptions made are the same as in that problem. A 
plane of contra-flexure is assumed, generally half-way between 
the bottom of the portal knee brace and the bottom of the post. 



All portal diagonals 
5.5'^ = S0.25 
8/)'^ = 72.25 
10. 1 3^ = 102.30 


U,'P2 


X 


10.13 
3.3 ' 


■■ +^84 


Ui'P, 8.75 X 21.3 = 188.0 

17.30X 8.5 = 148.8 
336.8 

11.9 X 5.5 = 65.5 

271.3'^ 


8.5 

16.43X—=23.9 

3.5 

11.9 

12.0 

10.13 


= PiP* 


Fia. 171. 


■^S.5' = -31.9” 


8.75X30.0=282.5 
11.90X11.0 = 130.9 
ISIM’’' 

=8.5- = -\-16.6* 


and the shear on that plane assumed to be divided equally between 
the two end posts. Having made these assumptions the remainder 
of the analysis follows exactly the reasoning applied to the build- 
ing bent, and in Fig. 170 will be found the complete calculations. 
The student’s attention should be called to the fact that although 
the stress in U'lB'i is zero it is not correct to pass a section around 
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the joint U\ and say that the stress in U'lM is equal and opposite 
to the 17.5^ load at that joint. Why not? 

In Fig. 171 will be found the calculations for some of the mem- 
bers in the portal frame for a wider bridge. Only the part above 
the assumed plane of contra-flexure is shown. 

143. “Portal Effect” in Bottom Chord of Main Truss. — It 
will be noticed that in analyzing the portal frame in Fig. 170 a 
direct stress of 27.6* was found in the columns U\L\) and t/iLo, 
tension in the windward column and compression in the leeward. 
If the student will picture in his mind the complete top lateral 
truss separated from the rest of the structure and supported by 
the two portal frames, he will see at once that the bottom ends of 
the portal frame columns must have horizontal reactions. Since 
one end of the structure is supported on rollers, it should be clear 
that this horizontal reaction must be furnishqd by the bottom 
chord of the main truss, and in magnitude it must be equal to the 
horizontal component of the direct stress in the column of the 
portal frame. In the frame in Fig. 170 its magnitude is: 


27.6 X 


25.0 

43.0 


16.1* 


This must be constant throughout the bottom chord of the main 
truss and is evidently tension in the leeward chord and compression 
in the windward. Figure 172 is an isometric sketch showing the 
top lateral bracing truss and the two portal frames. The student 
should see clearly that there must be a constant stress throughout 
the bottom chords LoLs and L'oL's to resist the components of 
the end post stresses parallel to them. 

144. Overturning Effect of Wind on Train. — In section A-A^ 
Fig. 166, there is shown the 600 lb. per lin. ft. lateral force assumed 
to represent wind on the side of the train plus the effect of lateral 
vibration. As stated before, this force is assumed to act 7 ft. 
above the top of the rail, which for this structure places the force 
about 13.5 ft. above the center of the bottom chord. It is clear 
that this force on the side of the train tends to tip it over about 
the leeward wheels, thus causing an increase of the load on these 
and a relief of the load on the windward wheels, which in turn 
produces an increase in the downward load on the leeward main 
truss, and a relief of the downward load on the windward main 
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truss. The amount of this increase in downward load on the 
leeward truss must be: 

13.5 

600 lb. per ft. X = 426 lb. per ft. 

The effect of this readjustment of the downward load is not signifi- 
cant in the top chord and web system of the leeward truss (because 
of an increase in permissible fiber stress when wind stresses are 
included) or in any member of the windward truss. Its effect is 



important, however, in the bottom chord and end posts of the 
leeward truss because in these members it produces stress of the 
same kind as the lateral and vertical forces. In the end posts of 
the leeward main truss, lateral forces on the top lateral truss and 
the overturning tendency of the wind on the train both produce 
compression, and the former also produces bending in the member. 
In the bottom chord of the leeward main truss, wind on the top 
lateral truss produces tension through the action of the portal 
frame, wind on the bottom bracing truss produces tension through 
the action of the lateral truss, and wind on the train produces 
tension because of its downward effect on the vertical truss. 
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The total effect of lateral forces on the end posts then is as 
follows: 

Portal frame = - 27.6^ and 113.8 ft.-kips. 

(See Fig. 170.) 

Overturning 

7 43 0 

426 lb. per ft. X 25 X - X 77 “ = ~ 45.8 

— 73.4* and 113.8 ft.-kips. 

And the total effect of lateral forces on the leeward main truss 
chord L 3 L 4 is as follows: 

Stress as a member in the 

lateral truss = + 255* (See Fig. 169.) 

25.0 

Portal frame effect, 27.6 X — — = + 16 

43.0 

426 1 

Overturning, — X 75 X 125 X “7 = + 57 

Z 60 

+ 328* 

146. Effect of Lateral Forces on Non-parallel Chord Trusses. — 

In addition to the effects of lateral forces already discussed, non- 
parallel chord trusses are stressed through the changing inclina- 
tion of the plane of the top lateral truss. 

Figure 173 (a) shows a plan of the top lateral bracing truss for 
a structure the main trusses of which are shown in elevation in 
Fig. 173, (b) and (c). When projected onto a horizontal plane the 
top lateral truss for this structure is identical with the top lateral 
truss for the structure in Fig. 166; and a little reflection should 
make it clear that the stresses may be correctly, and most easily, 
found for the former by calculating those for the latter and multi- 
plying the stress for any member thus determined by the ratio of 
its true length to its horizontal projection — the correction, as 
the student will find, is very small and not necessary unless the 
main truss chords have large inclinations with the horizontal. 

If a section parallel to the main trusses is passed between them 
cutting all web members of the top lateral truss, and the stresses 
in the cut members resolved into horizontal, vertical, and normal 
components acting at the panel points of the main truss, there will 
then be vertical and horizontal loads in the plane of the main 
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trusses at these points, as shown in (6) and (c) of Fig. 173, and of 
course components normal to the plane of the paper. The hori- 
zontal and vertical loads produce stresses in the various members 
of the main truss in addition to those already discussed. In long- 
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E leva Hon of Leeward Truss 

(c) 

Fig. 173. 




span single-track bridges, with steep inclinations for the top chords, 
these stresses may be appreciable, and in arches with high rise 
they become important, but for ordinary bridges they are small, 
and seldom, if ever, calculated. Some idea of their magnitude 
may be obtained by studying the loads produced on this structure 
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by the top lateral system. The index stresses in Fig. 168 are 
evidently the correct index stresses for the horizontal projection 
of the truss considered here (for full loading) and are made use of 
in the following calculations: 


Horizontal Components 


U',U.~ X 12.5 = 10.5* 

19 


X 

7.5 = 9.9* 

19 


U’bU4 — X 

2.5 = 3.3* 

19 



Vertical Components 

U'iU2 16.5 X ^ = 2.18* 

25.0 

U',Uz 9.9 X ~ = .79* 

25.0 

0 7 

U'sU4 d.3 X — ~ = .09" 

25.0 


From these we may write at once the panel loads shown in (b) 
and (c) of Fig. 173. These are rather small loads, and it seepis 
clear that the stresses produced in the truss will be inappreciable 
in comparison with those resulting from other forces. In the 
bottom chord of the leeward truss, however, the stresses produced 
are of the same sign as the other stresses produced by the lateral 
forces, and in order to get some notion of the relative values, the 
stress in L 3 L 4 . is calculated below. 

LzJj4 

3.06" X 75 ft. = 229 ft.-kips 

I6.5" X 2 ft. - 33 

262 ft.-kips 

2.18" X 25 ft. = ^ 

^ ft.-kips 36.3 ft. = 5.7" 


The other stresses in this member due to lateral forces will be 
nearly the same as found in Art. 144 for a parallel chord truss of 
similar dimensions, i.e., about 328". 

148. Stresses Due to Longitudinal Forces. — The most im- 
portant longitudinal forces are the accelerating and braking forces 
resulting from starting or stopping trains or other loads on a 
structure. The stresses resulting from them are not severe in 
ordinary truss bridges, but may become important in long-span 
structures and are always important in high steel trestles. There 
are no new principles involved and only a brief discussion follows. 
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Figure 174 shows the truss of Fig. 166 with E-60 loads in the 
proper position for maximum stress in LqLtLs. The longitudinal 
force is assumed in accordance with the 1923 Am. Soc. C. E. 
Specifications for Steel Railway Bridge Superstructure ^ — 20 
per cent of the weight on the drivers and 10 per cent of the weight 
of the rest of the train. Although not specifically required by 
these specifications, the longitudinal force is assumed as acting 
6 ft. above the top of the rail, as is usual in bridge design. The 
calculations are practically self-explanatory and no comment is 
necessary, except to state that in calculating the stress in LoLt it 
was assumed in both cases that the friction from all the wheels in 
panels 6-7 and 7-8 acted to the right of the section passed in 
making the calculations. It is evidently impossible to determine 
definitely where the longitudinal force is transferred into the 
structure; in fact, we are not at all certain as to how much of the 
longitudinal force is resisted by the structure itself or how much is 
transferred by the track to the embankment or roadbed at either 
end of the bridge. 

Examination of the figure and calculations in Fig. 174 should 
make it clear that stress^es from longitudinal forces, even under the 
most unfavorable circumstances, will not be large in an ordinary 
bridge such as above. They are often neglected, but the designer 
should never make the mistake of dismissing them as negligible 
without investigation unless he knows from previous experience 
with structures similar to the one under consideration that such 
is the case. 

In this connection the student is cautioned against the common 
error of adding stresses which cannot occur simultaneously, e.g.,. 
in investigating the importance of stresses from longitudinal forces,, 
the maximum possible stress from these forces, in a particular 
member, should not be added to its maximum live load stress unless, 
the two occur for the same position of the loads. This is true, of 
course, for all kinds of loading. Sometimes it is hard to decide 
whether possible combinartions of loading are sufficiently probable 
to justify considering them as occurring simultaneously. 

147. Steel Trestle. — As a final example of the application of 
the laws of statics in dealing with lateral and longitudinal forces, 
the steel trestle shown in Fig. 175 will be briefly considered. The. 

* Transactions Am. Soc. C. E., Vol. 86, p. 478. 
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Load on drivers (1 rail) ~ ^0% = 4^^ longitudinal 

Load on rest of locomotive — 186^, 10% — 18.6 

Unif. load 84X3 = @ 10% = 25.2 

678^ 91.8^ Uyngitudinal 

120^ @ 20% = 24.0^^ 

54 @ 10 % = 5.4 

29.4^ 

L,L, I 


5.74 X 26.0 = 14S.5 
29.4 X 22.5 = 662.0 
805.5 

■i-35.0 = +23.0^ 

UiLs 


294 


12.5 

X 

26.0 


14.7^ I' end Jloorheam 


reaction 


As shoum above 


5.74 


8.96 

43.0 

X— 


= + 110^ 


6.74 X 25.0 = 143.5 
29.4 X 22.6 = 662.0 

806.5 91.8 


UiL^ 


■^35.0 = 23.0 
- 468 . 8 ^ 


12.6 


14-7^ ^ end Jloorbeam reaction 

5.74 

8.96 


X 


43.0 

35.0 


- 11 .& 


Rollers under left end. 
Train in position shown 
above and backing on 
from right. 



S /.8 


5.74 


Fig. 174. 
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requirements for lateral and longitudinal forces given in the 
General Specifications for Steel Railway Bridges of the 
American Railway Engineering Association, May, 1931, edition, 




will be used in this case, slightly modified for longitudinal forces 
These result substantially in the following: 

Side of train 8 ft. above rail 300 lb. per ft. for wind 

1 400 lb. per ft. for swaying of train 
200 lb. per ft. for wind on girder and 
track 

Bottom flange 180 lb. per ft. for wind on girder 

Tower posts, etc. 30 lb. per sq. ft. on li times exposed 

area 

Longitudinal forces: 20 per cent of driver loads, 10 per cent of rest 
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which give the concentrations shown in Fig. 176, when the loads 
are in the position indicated backing on the span from the left. 
This is an illustration of the matter mentioned in the previous 



article. Is the probability of the brakes being suddenly applied, 
when a train hacking across the structure is in the position indi- 
cated, sufficiently great to justify adding the resulting stresses to 
maximum live load and impact stresses? 

The reactions shown in Fig. 176 are for the tower loaded as 



334 EFFECT OF LATERAL AND LONGITUDINAL FORCES 

shown and its bases arranged for expansion as shown in the plan 
in Fig. 175. The calculations for these reactions and for typical 
members accompany Fig. 176. The diagonals shown dotted are 
presumed to be out of action. If the diagonals are stiff enough to 
resist compression the assumption of equal and opposite stress 
may be made and the calculations made accordingly. 

Reactions on Transverse Bent CC'H'H: 

4.8* X 29.6 = 142 

10.4 X 60.0 = 624 

27.0 X 68.5 = 1850 

13.5 X 76.5 = 

55.7 3648 ^ 28 = 130* T at H' 

130* I and 66.7*<-at H 


Reactions on Longitudinal Bent BCHG' 

58.8 X J = 146* T at H 

146* i and 68.8* *-nt G 


Stresses in Typical Members of Bents — Lateral Forces : 

C'iC '2 10.4^' X 30.4 = 316 

27.0 X 38.9 = 1050 

13.5 X 46.9 = ^ 

2000 -V- 17.6 = 113.8 

X = 115.2* comp. 

60.0 ^ 

CtC\ 13.5 X 3.5 = 47.3 

27.0 X 11.5 = 311 
10.4 X 20.0 = 208 

566.3 -5- 50.4 = 11.2 

4.8 

16.0 =5 16.0* comp. 

C'lC* 13.5 X 3.5 = 47.3 

27.0 X 11.5 = 311 
10.4 X 20.0 = 208 


566.3 -f- 39.0 * 14.5 


X 


23.5 

14.4 


23.7* tension 
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Staresses in Typical Members of Bents — ^liOngitudinal Forces: 


cc. 

58.8 X 

~ 87.3*^ comp. 

■ ^ ” 

30.0 

BaC2 

By inspection 

= 58.8* comp. 

IP 1 

58.8 

= 83.9* tension 

30.0 




Graphical calculation of the stresses in the transverse bent will 
be found very convenient, and in Fig. 177 is shown a complete 
graphical solution. The dotted lines shown above the bent form 
a substitute framework to replace the girders and train on which 
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the 27.0* and 13.5* forces are really acting. It is not necessary to 
use this framework if the effect of the forces above the bent is 
calculated and introduced at the top. The forces which must be 
applied at the top of the bent to replace the effect of the girder 
spans and train are calculated below. 

8.5 

27.0 X — = 32.8 
7.0 

16.5 

13.5 X — = 31.8 

/ .0 

40.5* 64.6* 

A force of 40.5* must be added to B-Cy a vertical force of 64.6* 
acting up placed at the top of the column B-^Sy and a vertical force 
of 64.6* acting down placed at the top of £'-5. 

148. Centrifugal Force. — Bridges must sometimes be built on 
curves, and when this is done centrifugal force may become a very 
important factor. The amount of centrifugal force generally 
considered was given in Chapter I, and its magnitude having been 
estimated it is treated exactly as any other lateral force. It is 
usually specified that it is to be considered acting a certain distance 
above the rail (6 ft. being mOvSt common), in spite of the fact that 
the track always has superelevation on the curve. Consequently 
calculations involving centrifugal force must include the effect of 
a considerable overturning moment on the train, which of course 
results in an increase in the downward load on the trusses or girders 
on the outside of the curve and a relief of downward load on those 
on the inside. The bottom choid of the outside truss for a through 
bridge on a curve will have its stress increased as a member of the 
bottom lateral truss which resists the centrifugal force, as well as 
through the increase in downward load resulting from the over- 
turning tendency, and may require a considerable increase in 
section. 

Calculations of stress resulting from centrifugal force are 
simple and direct in themselves, but a condition which tends to 
complicate the entire analysis for a bridge on a curve is the fact 
that the structure itself must be straight. Since the trusses or 
girders must be straight and the track curved, it is clear that the 
distance from the center-line of track to either truss is constantly 
changing, and of course the proportion of the load carried by one 
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truss or the other must also change continuously as the load moves 
across the bridge. This difficulty may generally be overcome by 
making an approximate allowance for the increase in the propor- 
tion of load carried by a truss as the track curves toward it, but 
sometimes it becomes necessary to draw influence lines for stress 
in the various members. Although the calculations may become 
tedious there are no new principles involved, and the student is 
fully prepared for such a problem if he thoroughly understands 
the previous discussions. 


PROBLEMS 

260. Given the bent in the figure subjected to the loads shown. Assume 
a plane of contra-flexure 15 ft. above the ground. 

(а) Calculate the reactions at A and D. 

(б) Draw the shear and moment diagrams for the columns AB and CD. 

(c) Calculate the stress in bars a, 6, c, and d. 



261. Same as Problem 250 but a plane of coQtra-flexure 10 ft. above the 
ground. 

262. Same as Problem 250 but hinged column bases and : 

{a) Total horizontal force divided equally between the column bases. 

(6) Total horizontal force divided five-eighths to windward and three- 
eighths to leeward columns. 
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253 . The same bent as for Problem 250 except that: CoKjmn AB is 20 ft. 
from ground to bottom of knee brace; Column CD is 40 ft. from ground to 
bottom of knee brace. With wind from the left assume a point of contra- 
flexure halfway between the foot of the knee brace and the ground for each 
column. Assume that the shear above the point of contra-flexure for the 
windward column is divided 20 per cent to column AB and 80 per cent to 
column CD, Calculate the quantities called for in Problem 250. 

254 . Same as Problem 253 but with wind from the right. 

255 . Given a 20-story building having a width of three aisles of 22 ft. each 
and story heights as follows: 

First: 20 ft. 

Second: 16 ft. 

Third and the rest: 12 ft. 

The wind load is 600 lb. per ft. of height. 

(а) Calculate the shears and moments for the columns in the fifth and sixth 
stories. 

(б) Draw the shear and moment diagrams for these columns and also the 
girders between them. 

(c) Calculate the direct stress in the columns in the fifth and sixth stories. 
Use Smith's method as outlined in the text. 

266. Calculate the stresses in the top lateral system of the plate girder 
span shown for Problem 114, p. 146. The lateral load is 1200 lb. per ft. 
Use the approximate full panel load method assuming that there are 
verticals at each panel point of the truss. 

267. If the effect of wind and lateral vibration is assumed to be 600 lb. 
per ft. applied 8 ft. above the rail, what is the resulting vertical moment in the 
leeward girder of the span shown in Problem 114, p. 146? 

258 . The following wind and lateral vibration loads act on the truss in 
Problem 157, p. 199: 

Top chord, 180 lb. per ft. 

Bottom chord, 540 lb. per ft. 

Train, 600 lb. per ft. 13 ft. 0 in. above the bottom chord: 

All taken as moving loads. The trusses are 18 ft. 6 in. center to center. The 
portal knee braces connect 16 ft. O.in. below C7i and t/s measured along the end 
posts. The lateral systems are arranged as those shown in Fig. 166. Calcu- 
late the stresses due to the lateral loads in the bars L2L3; UiUz] UiLq\ and 
UtLz, 

269. The following wind and lateral vibration loads act on the truss in 
Problem 160, p. 201. 

Top chord, 360 lb. per ft. 

Bottom chord, 900 lb. per ft. 

Train, 600 lb. per ft. 14 ft. 0 in. above the bottom chord. 
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All taken as moving loads. The trusses are 20 ft. 0 in. center to center. The 
portal knee braces connect 13 ft. 6 in. below Ui and Li measured along the 
end posts. The lateral systems are arranged in a mannc r similar to those in 
Fig. 166. Calculate the stresses due to the lateral loads in the bars UiUi] 
LiLfti U iLqI and UzLa. 


260 . Given the wind loads stated in Problem 259. Calculate the stress in 
bars a, 6, c, d, and e of the bent shown in Problem 160, p. 201. 

261 . Make a complete graphical solution of the stresses in the bent of 
Problem 160, p. 201, due to the loads stated in Problem 259. 



PART TWO 


INTRODUCTION TO STATICALLY INDE- 
TERMINATE STRUCTURES 

CHAPTER X 

BEAMS AND FRAMES 

149. The introduction to this book contains the statement 
that during the analysis and design of a bridge, building frame, or 
other structure the engineer is continually confront(»d with the 
necessity for calculating the reactions, shears, bcuiding moments, 
and stresses produced by the applied loads. It was stated, also, 
that in making such calculations the laws of statics are the funda- 
mental and most important tools of the structural engineer, and 
that the student of structural theory should secure a mastery of 
these tools so complete that theii’ correct use becomes a matter of 
second nature. The purpose of the preceding chapters has been 
to aid and guide the student in the thorough and painstaking study 
which is an inescapable prerequisite to such mastery. 

In addition to a complete working mastery of the laws of statics, 
the modern engineer must obtain a thorough understanding of the 
principles underlying the analysis of structures more complex than 
those considered in the preceding chapters as was suggested in the 
original preface and in Art. 2 — structures in which the laws of 
statics must be supplemented by a study of the deformations pro- 
duced by the applied loads. It is the purpose of this and the suc- 
ceeding chapter to present the fundamental principles useful in the 
study of such structures and to illustrate their application in simple 
cases. Although the engineer who specializes in higher struc- 
tures must extend his intellectual equipment beyond the material 
presented here, a thorough mastery of this material will enable 
him to understand and use intelligently the information contained 
in treatises devoted exclusively to such structures. 

340 
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160. Statical Indetermination. — A definition of statically 
indeterminate structures and some discussion of their character- 
istics may be found in Arts. 22, 23, and 24. In discussing statically 
indeterminate structures it is frequently convenient to refer to 
the degree of indetermination. The degree of indetermination indi- 
cates the number of unknowns which must be determined from a 
consideration of the elastic distortions (or inelastic, if known) of 
the structure in addition to those which may be determined from 
statics. For example, the structure shown at (m) in Fig. 25 is said 
to be indeterminate to the first degree since four independent rela- 
tions are necessary to calculate its reactions, only three of which 
are furnished by the laws of statics. Similarly the structure in 
Fig. 25 (o) is indeterminate to the third degree^ and that in Fig. 25 
(p) is indeterminate to the second degree. Structures which are 
statically indeterminate internally are usually said to contain redun- 
dant bars, and it should be clear that such a structure containing 
one redundant bar is statically indeterminate internally to the first 
degree, one containing two redundant bars is statically indeter- 
minate internally to the second degree, and so on. 

151. Methods of Analysis. — Son^e text-books devoted exclu- 
sively to the study of statically indeterminate structures list and 
discuss a number of methods'' of analysis for such structures, 
some applicable to the gcuieral problem and others particularly 
adapted to certain types, 1'he methods of work, of virtual work, 
of least work, of slope d(‘fiection, of elastic energy, of conjugate 
points, of moment distribution, of column analogy, of angle 
changes, of elastic weights, and of systematic relaxation of con- 
straints are some “methods" frequently discussed, and it may be 
noted that the publications of technical societies contain innumer- 
able amplifications, modifications, extensions, and subdivisions. 

In a very broad sense one may say that there is only one way to 
analyze a statically indeterminate structure and that is to deter- 
mine by some means a sufficient number of unknowns (reactions, 
shears, bending moments, or stresses) so that they, in combination 
with the laws of statics, will make possible a complete analysis of 
the structure. The means used to determine the nece^vssary 
number of unknowns form the bases of the various methods 
mentioned. 

Many of the various methods of analysis are rather closely 
related, and, speaking in a somewhat less broad sense than in the 
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preceding paragraph, it may be fair to say they all fall into one of 
two general groups depending on the line of attack: 

1. Those which depend fundamentally on making the statically 
indeterminate structure statically determinate and stable and cal- 
culating the forces or moments, or both, necessary to restore the 
structure to its original condition — the moments or forces, or both, 
thus calculated, in combination with the laws of statics, make 
possible a complete analysis of the structure. 

2. Those which depend fundamentally on making all joints or 
supports absolutely rigid and calculating corrections to the fixed- 
end moments as the various joints are allowed to adjust themselves 
to consistency with the original condition of the structure. 

Although the technique of application may sometimes obscure 
the actual procedure, a majority of the methods may be said to 
fall into the first group. Moment distribution is the outstanding 
example of the second group. 

162 . The development of the principles underlying each gen- 
eral method of attack and illustrative applications will be presented 
in detail later. However, their fundamental procedures and differ- 
ences may be qualitatively illustrated by reference to Fig. 178. At 
(a) is shown the structure to be analyzed. The student will note 
at once that there is one more unknown than can be determined 
from the laws of statics and that it is necessary thereof ore to calcu- 
late one unknown (reaction, shear, or moment) by some other 
means. 

Making use of the first fundamental procedure stated above, 
we may evidently make the structure statically determinate and 
stable by removing the right support. It seems clear that the right 
end will then sag down through the distance A^, as shown at (b) 
in Fig. 178. If we now apply an upward force, Rb, at the right 
end, large enough to push that end back to the position it came 
from, the structure will be restored to its original condition. If we 
can calculate the magnitude of the force Rb^ we will have found 
the right reaction and can complete the analysis by statics. 

The structure may also be made statically determinate and 
stable by introducing a hinge at A as shown in (d). Fig. 178. The 
beam will then deflect in the manner shown, and the tangent to 
the elastic line at A will rotate through some angle 6 a as shown. 
If we now apply a moment at the left end, Af^, large enough to 
rotate that end of the beam through the angle 0^, that is, to bring 
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the tangent to the elastic line back to the horizontal as at (e), the 
beam will have been restored to its original coDdition. If we can 
calculate the magnitude of the moment Af^, we will have found 
one unknown reaction and can complete the analysis by statics. 

We may also deal with this problem by the second fundamental 
procedure. Following this line of attack, the right end of the beam 
is fixed in position and the structure is then in the condition shown 





at (/) in Fig. 178. The moments at the ends, that is, the fixed-end 
moments^ are easily calculated by principles which will be developed 
later. If we now release the restraining moment at the support B, 
i.e., allow it to adjust itself to consistency with the original condi- 
tion of the structure, that end of the beam will rotate until there 
is no bending moment there and in doing so will cause a change in 
the bending moment at the end A, If we can calculate this change 
or correction to the fixed-end moment at A we will know the finaJ 
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moment there, will have found one unknown, and can of coui.se 
complete the analysis by statics. 

The process described in the preceding paragraph is the basic 
procedure in the method of analysis, known as “moment distribu- 
tion,” developed by Professor Hardy Cross. The student will find 
this to be one of the most powerful and versatile tools of structural 
analysis (if not the most pow’crful and versatile) ever developed. 

163. Angle Changes. — In the analysis of statically indfdermi- 
nate structures a thorough understanding and facility in the use of 
the principles underlying the calculation of deflections and angle 
changes or rotations of beams are of great impoi tance. In fact, one 
may be justified in saying that these principles are to indetermi- 
nate structures as the principles of statics are to determinate' struc- 
tures. As previously intimated tlu're are se'veral approaches to the 
problem, but the authors so greatly prefer the geometric concep- 
tion that it will receive major emphasis in this book. 

Before discussing the calculation of deflections and angle 
changes or rotations of practical beams, it is important to considej* 
a purely geometrical problem; the calculation of the departures 
and slope changes in a straight line which is subjected to a seri(‘s 
of very small ^ bends or changes in direction. 

The straight line X~Xj showm at (a) in Fig. 179, is presumed to 
be bent through the very small angles di, 62 , and 03 at points C, Z), 
and Ey respectively. At (6) in the same figure is shown the result- 
ing condition of the line. If any two points on th(' original straight 
line, say points A and By are chosen as reference points the depar- 
ture of any point between them from a line through A and By or 
the slope of the b('nt line, relative to A-B, at any such point, may 
be readily calculated by purely geometrical procedures. For 
example, suppose that we wish to find the departure of point p 
from a reference line through A and and the slope of the bent 
line at point p, with respect to the same reference. The departure 
of point p is the distance ppi — Ap in Fig. 179 (c), and evidently: 

ppi = Ap = PP3 - (P2P3 + P 1 P 2 ) 

' The magnitude of the angle changes which may be expected in the 
practical loaded beam will be discussed later. For the present it is sufficient 
to define a very small angle as one in which the differences between the angle, 
the sine, and the tangent are negligible quantities. The student will do well 
to determine definitely the magnitude of angles which may be dealt with by 
the methods considered here, with sufficient accuracy for practical purposes. 
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Since we are dealing with vey-y small angles, we may say that: 

PP 3 = PaOl 
P2P3 = p.Oi 
P1P2 = pjdo 


\/ All A A> r no P p' V 



H- da 4^ db-\ ^ 


H- da 4^ db-\ ^ 

ea >4- e^- ->j 

(c) 

Fui. 179. 
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Similarly the slope of the line at p may be found as: 


= a “ (01 + 62 ) 


H” db02 + C601 
L 


(01 + 02 ) 


The student will immediately recognize the form of the above 
calculations for Ap and dp and realize that, if he calculated the 
bending moment and shear at p in the beam shown in Fig. 180, he 
would obtain identical results. Furthermore, it will be clear that 
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--5>j< Pi, >j 
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rC ' 
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1 

1 



1 

I 
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' . 1 

-c— j 

^ ^ 


C/o — 


- — - 0 ^ — — — — — — 0 ^ — . 
Fig. 180. 


had points of reference been chosen, such as A'B' or A"B"j Fig. 
179 (a) and (6), exactly the same procedure W’ould have been fol- 
lowed and results identical in form obtained. We may then make 
the following general statements: 

(1) If a point p on SL line, originally straight, lies between 
any other two points on the same line, say A and B, its 
departure from a straight line through A and B may be 
found as the bending moment at ^ on a beam simply sup- 
ported at A and B and loaded with the angle changes that 
occur between A and B. 

(2) The slope of the bent line at p referred to the line 
A-B may be found as the shear at ^ on a beam simply sup- 
ported at A and B and loaded with the angle changes that 
occur between A and B. 

Referring to Fig. 181 (a), the straight line X-X is presumed to 
be bent through the very small angles 0i, 02 , and 03 at points C, 
Z), and Ei respectively. Assume now that we wish to calculate 
the departure of some point in the original line, say p, from the 
slope of the line at A, and the change in slope of the bent line at p 
from the slope of the line at A. The figure shows the result clearly. 
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The departure of p from the slope of the line at A is pps == Ap, 
and we may write at once: 

pp^ = Ap = CpOi + dp 62 + 6p^3 

The change in slope of the line at p from the slope of the line at A 
is evidently 

+ ^2 -f- 63 



Examination of Fig. 181 will clearly show the validity of the 
following general statements: 

(3) The departure of any point ^ in an originally straight 
line from the slope at any other point in that line, such as A, 
is equal to the statical moment about p of all the angle 
changes between p and A. 



348 


BEAMS AND FRAMES 


(4) The change in slope of a bent line at any point p 
from the slope at any other point A is equal to the sum of 
the angle changes between p and A. 

It should be emphasized that the reference points and reference 
lines mentioned in the general statements just presented may 
themselves change in position or direction; that is, in general 
statements (1) and (2) the reference points A and B may move 
from their original positions and the reference line A~B may change 
from its original direction. However, the departure, normal to 
the reference line A-B, of any point between its extremes, such as 
p, or the slope of the bent line at any point, such as p, referred to 
the line A-B^ may still be found from the general principles stated. 
Similarly movement of the reference point A or rotation of the 
slope of the reference line at A does not affect the validity of the 
general statements (3) and (4). 

The four general statements just presented, set in bold-faced 
type, are of fundamental importance. They should be carefully 
memorized and studied untU they are clearly and thoroughly under- 
stood. It should be particularly imprc'ssed on the mind that they 
are principles of geometry. As an aid to the memory they are stated 
in terms of everyday familiarity to the structural engineer, but 
they are not in any sense dependent on the principles of structural 
analysis for their validity. 

164. Angle Changes in Loaded Beams. — Consider a beam 
loaded in any manner, for (‘xample as in Fig. 182 (a): The beam 
is assumed to be homogeneous, not necessarily rectangular but 
symmetrical about a vertical axis through the centroid of its cross 
section. Imagine the unloaded beam divided into a series of sec- 
tions, rectangular in elevation and very short in length, ds, such 
as CDEF in Fig. 182 (a). These sections or blocks are assumed to 
be very short in length although necessarily illustrated diagram- 
matically as of appreciable length as in Fig. 182, Under the action 
of loads on the beam as at (a). Fig. 182, the upper fibers of the 
beam shorten and the lower fibers lengthen. If we accept the 
conventional hypothesis that flexural stress and strain are propor- 
tional to the distance from the neutral axis, a block such as CDEF, 
rectangular before loading, deforms under load as shown by the 
dotted lines in (6), Fig. 182. If the section is taken so short that 
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we may diisregard any change in bending moment from one face 

do 

to the other, the side CE rotates through tlie angle ~ into the 

/ jU 
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position C'E' and the side DF through the same angle into the 
position D'F'. Using the notation on the figure, evidently: 


de _ « _ «i _ t 2 _ My ds 
2 y c\ C 2 El 2y 


and 


dfl = 2 X 


2 


Mds 
El ' 


Mci ds _ Mc 2 ds _ Mds 


That is, we may say that as a result of loads on the beam the 
vertical sides of a rectangular block, such as CDEF in (a). Fig. 182, 
deform relative to each other through a very small angle 

Bending moment X Length of block 
ClO — ' — ■" ; ; ~ 

Modulus of elasticity X Moment of inertia 

155. Effect of Angle Changes on Loaded Beams. — Referring 
again to the beam in Fig. 182, assume for the present that only the 
block CDEF deforms under load, and that this block takes the form 
C'D'E'F' shown at (6). If wn imagine that the block C'D'E'F' is 
held against movement the left end of the beam must rise from its 
support in order to remain at right angles to the face C'jE", and 
similarly the right side, in order to remain normal to the face D'F'j 
must extend up and to the right as shown in (c) of Fig. 182. Actu- 
ally of course the left and right ends must remain on their sup- 
ports, and if the ends are brought down from the positions shown 
at (c) to their proper positions the beam will be in the condition 
shown at (d). Since the length of the block CDEF, ds, is presumed 
to be very small the student will recognize at once that the axis 
of the beam is a line bent, at the center of the block CDEF, through 
a very small angle dS, and that the departure of any point on that 
axis from a line through A and B may be found by purely geo- 
metrical means as in Art. 153. Furthermore, the deformation of 
any other block produces a similar angle change or bend at its 
center. Thus the departure of any point on the axis from a line 
through A and B may be found as the bending moment at that 
point on a beam simply supported at A and B and loaded with the 
angle changes occurring in all the blocks between A and B, in 
accordance with the general principle stated under (1) in Art. 153. 

Since the angle change on a block is equal to the bending mo- 
ment (resulting from external loads) at its center multiplied by its 



EFFECT OF ANGLE CHANGES ON LOADED BEAMS 351 


length and divided by Ely it seems clear that when we load the 
beam at the center of a block with the angle change between the 
faces of that block we are really applying the area of the moment 
diagram (divided by El) just above the block as a load. Thus, 
when we have taken account of all the blocks between A and By 
we have applied to the beam the entire moment diagram divided 
by EL 

It is now possible to rewrite the general statements of Art. 153 
in terms directly applicable to loaded beams. In these rewritten 
statements it will be convenient to use terms defined as follows: 


Af-diagram = the bending-moment diagram resulting from the 
external forces. 

E = the modulus of elasticity. 

I — the moment of inertia of the cross section of the 


beam. 

M 

diagram = the diagram resulting when every ordinate to the 

bending-moment diagram resulting from the ex- 
ternal forces is divided by the corresponding 
value of EL 


(lA) If a point p on the axis of a beam originally straight 
lies between any other two points on the same axis, say A and 
its departure from a straight line through A and B may be 
found as the bending moment at ^ on a beam simply sup- 
ported at A and B and loaded normal to the reference line 
with that portion of the M-diagram between A and JB, divided 
by £/, when E and I are constant between A and 5; if £ 
and I are not constant in value the departure may be fotmd 
as the bending moment when the beam is loaded with that 


portion of the — -diagram between A and 
El 


(2A) The slope of the deformed beam axis at any point p 
referred to the line A-B may be foimd as the shear at ^ on a 
beam simply supported at A and B and loaded normal to the 
reference line with that portion of the M-diagram between 
A and B, divided by £/, when E and I are constant between 
A and B ; if E and I are not constant the slope may be found 
as the shear at p when the beam is loaded with the 

•^-diagram between A and B. 

El 
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(3 A) The departure of any point on the axis of an 
originally straight beam from the tangent at any other point 
on that axis, such as A, is equal to the statical moment 
about p of the M-diagram between p and A, divided by Ely if 
E and / are constant between the points; if E and I are not 
constant the departure may be found as the statical moment 
M 

about p of the — -diagram between p and A. 

El 


(4A) The change in slope of the axis of a loaded beam at 
any point p from the tangent at any other point A is equal to 
the area of the Af-diagram between p and A, divided by Ely 
if E and I are constant between p and A , ]i E and I are not 
constant the change in slope is equal to the area of the 


M 

Yl 


-diagram between p and 


A.2 


Using the following additional definitions of terms: 

= departure of point p from a line through A and By 
dp^ = slope of line (or axis) at point p referred to a line through 
A and By 

* The general principles just stated are frequently referred to as the 
“moment-area theorems.’’ The statements (3A) and (4A) are identical in 
principle with the theorems generally credited to Professor Charles E. Greene, 
who, according to a paper by Professor A. ¥j. Greene in the Michigan Technic 
of June, 1910, Vol. 23, No. 2, pages 21-34, discovered and began to teach them 
at the University of Michigan in 1873. The general statements (lA) and 
(2 A) apparently were not used by Professor Greene, and some American 
writers do not include them in the moment-area theorems, although they may 
be deduced readily therefrom. Writers who do not regard these principles as 
moment-area theorems frequently designate them by the term “method of 
elastic weights.” They are generally credited to Professor Otto Mohr. 

These general principles may be derived in several different ways, but as 
previously stated the purely geometric approach seems distinctly preferable, 
and it may be noted in passing that when considered from this point of view 
there seems to be less reason for differentiating between the principles. The 
authors would suggest that the student think of these general principles as 
principles of the geometry of small-angle chnngeSy and if he must apply the term 
“method” to them that he consider them collectively as the method of com- 
puting slope changes and deflections by angle changes. However, it is of 
course necessary and proper that the student relate these principles to the divS- 
cussions in text-books and articles devoted entirely to the subject of inde- 
terminate structures, and for that reason he should become familiar with the 
terminology commonly employed. 
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= departure of point p from a tangent at A , 

^TanA _ frjope of line (or axis) at point p ref-Tred to a tangent 
at A, 

these general statements may be written in abbreviated form as 
follows: 

Bending moment at p due to Af -diagram between 
A and B applied as load on simple beam AB 



if E and / are constant between A and B. If not, 


Bending moment at p due to j— -diagram between 

11/ 1 

\_A and B applied as load on simple beam AB. 


1 Shear at p due to A/-diagram between A and 
}^l YB applied on simple beam AB as a load 


if E and I are constant between A and B. If not, 

_ Shear at p due to -diagram between A and B 
— El 

_ applied as load on simple beam AB. 

Statical moment about p of A/-diagram between 
p and A. 


El 


if E and I are constant between p and A. If not, 


El . 


M 

Statical moment about p of — -diagram between p 

El 

Land A. 

Area of M-diagram between p and A 


■] 


if E and I are constant between p and A. If not, 

M 

Area of — -diagram between p and A. 

El 

It should be obvious that if either E or I is constant and the 
other variable, within the limits of consideration, the constant fac- 
tor may be kept outside the bracket, and th(‘ moment diagram, 
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divided by the varying factor, may be placed within the bracket, 

i.e., the ^ -diagram or ^ -diagram may be placed within the 
I hi 

M 

bracket instead of the — -diagram. 

hji 

156. Applications in Calculating Beam Deflections and Slopes. 

— We may now illustrate the application of the general principles 
stated in the preceding article in the calculation of deflections and 
changes in slope in a few simple cases with which the student is 
familiar through his study of the mechanics of materials. 

Consider first the simply supported beam, having constant mo- 
ment of inertia, and supporting a concentrated load at the center, 
shown in Fig. 183 (a). The bending-moment diagram is shown at 
(6) in Fig. 183. At (c) the bending-moment diagram is shown 
applied as a load on a simple beam supported at A and B in 
accordance with the principle stated in (lA). At {d) and (e) are 
shown the shear and bending-moment diagrams due to the loading 
shown at (c). In accordance with the principles stated in (lA) 
and (IB) if the ordinates to these diagrams are divided by EI^ the 
values obtained from {e) will be the deflections of the beam referred 
to the line AB and the values obtained from {d) will be the changes 
in slope of the neutral axis (elastic line) referred to the line AB, 
Thus we find that the center deflection is : 


A 


AB 

6 


125 1 1 PL3 

PL^ X — = 

6000 El 48 El 


and the change in slope of the neutral axis at the left end, 0, is: 




25 

400 


PL2 X 


El 


1 PL^ 
16 El 


values which the student presumably has found previously in his 
study of the mechanics of materials. The deflection or change in 
slope at any other point may be obtained in a similar manner. 

The units involved in these statements should be carefully 
noted and consistent values used in all cases. The quantities E 
and I are generally given in terms of inch units; i.e., E is usually 
stated as so many pounds per square inch, or kips per square inch, 
and 7 as so many inches to the fourth power. When E and I 
are stated in inch units the deflection is normally calculated in 



6000 ^ 



Fia. 183. 
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inches, and the dimension L should be in inches, or if used in feet 
the result must be multiplied by 12*^ Obviously the load P and 
the constant E must bo in consistent units: P in pounds and E in 
pounds per square inch, or P in kips and E in kips per square inch. 

A second illustration is given in Fig. 184, a simple beam sup- 
porting a uniformly distributed load of w pounds per foot, ddie 
arrangement is exactly the same as in Fig. 183; the only comment 
the authors wish to make is that the center deflection is 


A 


AB 

5 


3125 1 

wL^ X — 

240,000 El 


and the change in slope at the left end, 0, 


^ 3000 ^ El 


5 wL^ 


1 wl? 
24 El 


in each case referred to the line AB, These are familiar results. 

The applications of the fundamental principles given in Figs. 
183 and 184 are shown in considerable detail for the sake of clear-' 
ness. Such detail is not necessary in the normal use of these princi- 
ples, as will appear in later applications. 

Changes in slope and deflections of beams are generally calcu- 
lated with reference to a line through' the supports, but the prin- 
ciples stated are applicable to any reference line and illustrations 
of such applications are presented in Fig. 185. It is assumed that 
the deflection of point 5 Is wanted in each of the beams shown in 
Figs. 183 and 184, referred in each case to a line through A' and 
In accordance with the principle stated, a simple beam sup- 
ported at A' and B' is loaded with that portion of the moment 
diagram between A' and J5', and the deflection at 5 found as the 
bending moment at 5 divided by El, Figure 185 (a) shows the 
portion of the moment diagram between A' and 5' for the beam 
of Fig. 183, and (5) shows the deflection diagram referred to the 
line A'B', The same data for the beam in Fig. 184 are shown in 
(c) and (d) of Fig. 185. 

Illustrations of the theorems stated in (3A) and (4A) are given 
in Fig. 186. At (a) is shown a cantilever beam loaded at one end; 
at (6) is shown the bending-moment diagram; and at (c) the 
deflected beam with the departure and rotation at F, referred to 
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the tangent at A, indicated. Application of the general statements 
gives the following: 

A, ^ 2 ^ 3 ^ ^ P/ Z El 


= PL X-X 


J_ _ 1:^ 

El ~ 2 El 



Fig. 185. 

It should be clear that deflection and rotation of any point 
referred to the tangent at any other point may be fpund by the same 
procedure.. Illustrations are given in (d) and (e) of Fig. 186, which 
show the bending-moment diagram between F' and A and the 
deflection and rotation of F' referred to the tangent at A ; also, in 
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(/) and (gf), which show the bending-moment diagram between F 
and F' and the deflection and rotation of F referred to the tangent 
at F'. Application of the general theorems gives at once : 

a ,2 ill 1 /r. r . tv 
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n Tan A 


PL X - + X 


al J_ 

2\eI 


1 ^ 

2 El 


(L + 6) 


A 


Tan F* 
F 


n Tan F' 

Up 


X,, 2 ^ 1 

L/" 


6 ' 1 1 P62 

^ 2^ El ~ 2 El 


1 W 

3 El 


The preceding illustrations were based on prismatic beams, i.e., 
beams in which the section and moment of inertia are (constant 
throughout the length. The use of the fundanK'ntal principles in 
connection with beams in which the moment of inertia is not con- 
stant is illustrated in Figs. 187 and 188. In Fig. 187 the loaded 
beam is shown at (a), the bending-moment diagram at (6), the 


M 


•diagram at (c), and the deflected neutral axis at (d). Similar 


data are shown for a cantilever beam in Fig. 188. It should be clear 
that the deflection at any point of the beam in Fig. 187 (u) may be 

M 

found as the bending moment at that point due to the — -diagram 


loading shown at (c), Fig. 187, divided by E, and correspondingly 
the change in slope at any point the shear at that point due to th(' 
M 

— -diagram as a load divided by E. Commcmt on the cantilevca* 


beam of Fig. 188 seems unnecc^ssary. 

One other illustrative example may be worth whik', the fixed- 
end beam supporting a single concentrated load at the center 
shown in Fig. 189 (a). TIk^ bending-nioment diagram is shown at 
(6); the moment diagram, i.e., the angle changes, applied as a 
load on a simple beam supported at A and B, at (e); the shear 
diagram resulting from that loading is shown at (r/) ; and the mo- 
ment diagram resulting from the loading at (c) is shown at (e). 
It should be clear that the ordinates to the diagram at (e) di- 
vided by El will be the deflections, and the ordinates to thc^ 
diagram at (d) dividend by El the changes in slope of the neutral 
axis, or elastic lino, referred to A-Bj at the various points on the3 axis. 

The student should note that the loading shown at (c) in Fig. 
189 may be replaced by the two loading diagrams shown at (a) 
and (h) of Fig. 190; obviously when combined as in (c) the result 
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is identical with that at (c) of Fig. 189. It is frequently, if not 
usually, more convenient to deal with the bending-moment dia- 
grams for beams with negative moments -at the supports in that 
manner, i.e., to treat the moment diagram as composed of two 



parts, the simple beam moment diagram which would exist if 
there were no end moments and the moment diagram which would 
result from application of the end moments only. This is par- 
ticularly true when the end moments are unequal, or when there 
is dissymmetry from some other cause. 




Fig. 189 , 
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be applied to find the Winter deflection and the change in slope at 
the end. 


5 ^ 4 X 40 ^ 480 X 480 X 480 

384 ^ 30,000 ^ 8147.6 


0.943 in. 


1 ^ 4 X 40 X 480 X 480 

24 ^ 30,000 X 8147.6 


0.006284 radian 




Fig. 191. 
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The reader should note particularly the amount of change in 
slope at the end, and the angle between the tangents at the ends 
of the deflected beam, and reflect on the statement made in the 
footnote on page 344.^ 

A beam supporting an unsymmetrical concentrated load is 
shown at (6), Fig. 191, together with its moment diagram applied 


* It may be well to give further emphasis to this matter, and attention is 
called to the relation developed on pages 356 and 357, which may be written 


fl ab ^ ^ 

" 24 £/ i 

1 wL^ Me 

since c = — = «, we may write 

o i i 


1 tt’L* X c 1 L 
8 1 


1 sL 
® 3Ec 


d 

or for a symmetrical beam, since c = - , 


a — 

uo “ 


2SL 
3 Ed* 


In this expression, s is the maximum fiber stress at the center of a span 
supporting a uniform load, L is the length of the span, d the depth of the beam, 
and E the modulus of elasticity. For ordinary structural steel the value of s. 
will rarely exceed about 26 kips per sq. in., even for greatly overloaded struc- 
tures, and the ratio L/d will generally lie between 10 and 20. However, in 
order to get some notion of the maximum possible angle of rotation, assume 
that the beam in question is composed of an alloy steel leaving a yield-point 
stress of 50 kips per sq. in. and that the stress is 90 per cent of the yield-point 
stress; also assume that L/d has the very improbable value of 50. 

Then 


o AB _ 2 45 X 50 

3 30,000 


.050 radian 


50 

1000 


180 
X — 


2.8648® = 2® 51' 53" 


The comparison between the angle, the sine, and the tangent is as follows: 
angle = .05000 = .0500 

sine = .04998 = .0500 

tangent — .05004 =» .0500 

which means that for conditions of stress and ratio of length to depth so 

extreme as to be absurd the change in slope is so small that the difference 
between the angle, the sine, and the tangent is only a little over 1 part in 1000 
— a difference which is meaningless in such calculations as are contemplated 
here. 
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as a load on a simple beam supported at A and B, and the deflected 
elastic line. From the data in the figure we may write at once; 


= 6875 X 20 = 137,500 

20 20 

600 X — X — = 40,000 

2 o 

97,500 X 

A/* = 8125 X 15 = 121,875 

15 15 

750 X Y X j = 28,125 

93,750 X 


1728 


30,000 X 7442.2 


1728 

30,000 X 7442.2 


- = 0.755 in. 


= 0.726 in. 


e/"* = 


8125 X 144 
30,000 X 7442.2 


= 0.00524 radian = 0° 18' 1" 


= n = 0.00443 radian = 0“ 15' 14" 

" 30,000 X 7442.2 


Figure 192 shows a beam with overhanging ends; the bending- 
moment diagram; the deflected elastic line, drawn to a greatly 
exaggerated scale; and the calculation of the deflection of the ends, 
and of the center of the beam. The calculations for deflections 
show direct numerical application of the principles stated in bold- 
faced type on pages 351 and 352. 

It may be desirable to explain in some detail the calculations 
in this case. The computations for the deflection of point C, 
referred to line BD, are headed Since E and / are constant 

the angle changes are directly proportional to the bending moments 
and the calculations show the determination of the bending mo- 
ment at C due to the moment diagram between B and D applied 
on the line BD as a beam simply supported at B and D. The 
moment diagram is as shown at (6) in Fig. 192, but as a matter of 
convenience in calculation it is dealt with in two parts as suggested 
in connection with Figs. 189 and 190. Thus the calculation: 

800 X ^ X 5 = 8000, X 20 = 160,000 

800 X ^ X ^ = 53,333 


106,667 
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- 20-— tL— /(7-i J 



x/47- 6.670 

^ ^ 23,540 

25,540X1726 . 

30,000X446/ ' 


600*^%i *8000 

^ ^ X 20*^/60,000 

500>^^x^-6667 eOQx^x^ ^ 53.535 

UqQh^xL m2ooo /0^667 

‘ ^ ^ 'mr 

X 20^/73,340 

300x^x^x20*66,6701 

400x^xp20*26,67o\ 

60,000 

I 26,667 x/72d , . 

1 50,000 X446/ • 

Fig. 192. 


Tan 0 


40 / 

500x~xj, 5353 j 

300x^a^» 400o] 

667 

SOOX/OX-^ X^/O - 7500 
/OX 667 *6670 
630 

gagggl -sm" 


30,000 X44«/ 


is the bending moment at C due to the simple beam moment 
diagram, BCD, applicjd as a load on BD, and the calculation : 

500 X -V- X f = 6067 

300 X ^ X i = 2000 

8667 X 20 = 173,340 

500 X X § X 20 = 66,670' 

400 X X i X 20 = 26,670_ 

80,000 
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is the bending momc^nt at C due to the diagram BB'D'D applied 
to BD as a load. Of course the algebraic sum of rliese quantities: 

106,667 

80,000 

26,667 

is El times the deflection of point C, referred to the line BD, in 
feet. To get the actual deflection of C in inches we must of course 
multiply by 12^ and divide by E and I in inch units. Therefore: 


26,667 X 1728 

30,000 X 4461 


0.344 in. 


Deflection of point A is made up of two parts, deflection due to 
rotation of the tangent to the elastic line at B, and departure from 
the tangent due to angle changers between A and B. The calcu- 
lations for deflection of point A are headed in Fig. 192 (d). 
The computation 

8667 

8000 

667 X 10 - 6670 


gives the deflection due to rotation of the tangent to the elastic 
line at B, and ^ ^ X - X 10 = 16,670, the departure from 

2 o 

the tangent due to angle changes between A and B. The sum 
23,340 is then El times the deflection of A referred to BD in feet 
and the deflection in inches 


23,340 X 1728 

30,000 X 4461 


0.301 in. 


In studying the deflection of point E it should be noted that 
rotation of the tangent to the elastic line at D lifts E above the 
reference line B, while departure from the tangent, due to angle 
changes between E and Z), brings the final position of E to slightly 
below the reference line BD. 

The student should observe in studying these calculations that 
there has been no attempt to use a formal sign convention. In all 
calculations in structural analysis the authors believe it preferable 
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to form a mental picture (aided by actual sketches when necessary) 
of the action of the structure and to determine the direction of a 
force, rotation, or movement from that picture rather than from 
dependence on a formal sign convention. Thus in the calculations 
for deflection of point C it is easy to see mentally that the angle 
changes represented by the moment diagram BC'D^ Fig. 192 (c), 
must cause the beam to bend down between B and Z), while the 
angle changes represented by the moment diagram BB'D^D would 
cause it to bend up. Consequently, without any formal use of 
signs the movement of C due the latter angle changes is subtracted 
from the movement due to the former. In the same way, in 
making calculations for the movements of points A and E quan- 
tities are added or subtracted in accordance with a mental picture 
of the physical action of the structure. It is the authors’ opinion 
that adherence to this procedure will develop a better understand- 
ing of fundamental principles, a clearer picture of structural action, 
and a better sense of proportion, and in addition reduce the 
probability of error. 

168. Application to Indeterminate Structures. — The calcula- 
tion of actual deflections and rotations in structural design is not 
so frequent as the calculation of relative hypothetical deflections 
or rotations as an aid in analyzing indeterminate structures. 

The general method of attack on such problems was outlined 
in Art. 152 and now may be illustrated by the solution of a number 
of concrete cases. Many of these problems can be solved more 
simply by methods other than those used here, and simpler solu- 
tions will be presented later in several cases, but the immediate 
purpose is to illustrate and fix in the mind of the student the all- 
important fundamental principles. 

169. The supported cantilever beam shown in Fig. 193 (a) is 
assumed to have constant moment of inertia and to be loaded as 
shown. 

The structure is evidently indeterminate to the first degree, and 
one unknown quantity must be determined from the geometry of 
continuity. 

This is the same beam shown in Fig. 178 and discussed in gen- 
eral terms in Art. 152, and the calculations for determination of 
the right reaction by the fundamental procedure suggested there 
are shown in the figure. The only comment which seems necessary 
is to call attention to the term 6^, which is the amount that a unit 
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wUl rotate* the end of the beam. Clearly, if the hinged end rotates 
through the angle 6a and a unit moment can produce a rotation 
do A the moment necessary to rotate the end back to its original 

position is 



160. A two-span continuous beam is shown in Fig. 195 (a). 
It is assumed to have constant moment of inertia. The structure 
is indeterminate to the first degree and may be made determinate 
and stable in one of several ways. The procedure followed in the 
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calculations shown in the figure was to remove the support at B 
and determine the reaction necessary to return the point B to its 
original position. The deflected elastic line and the moment dia- 
gram when the support at B has been removed are shown at (5), 
Fig. 195, and at (c) are shown the deflected elastic line and moment 
diagram due to a unit reaction acting at B. The magnitude of the 
reaction at B having been found, the remainder of the problem is 



Fig. 196 . 

one in statics. The moment diagram for the continuous beam has 
been drawn in (d). Fig. 195, and at (e) has been shown the deter- 
mination of the moment diagram for the continuous structure by 
combining the simple beam moment diagram of (6) with the mo- 
ment diagram resulting from the reaction of 228* acting up at B. 

161. As stated in the previous paragraph there are several 
ways of making the structure of Fig. 195 (a) statically determinate 
and stable. One way which leads to rather simple calculations is 
shown in Fig. 196. A hinge introduced at B results in two simply 
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supported spans with moment diagrams as shown in (b) and 
deflected elastic lines as shown at (c). The normal to the elastic 
line at B in the span BA rotates through the angle Sba ^ shown 
in Fig. 196 (c), and the normal to the elastic line at B in the span 
BC rotates through the angle Bbc^ In order to restore continuity 
at B it is necessary to apply a clockwise moment at the B end of 
span BA and an equal counter-clockwise moment at the B end of 
span BC sufficient in magnitude to bring the normals to the elastic 
lines to coincidence. 

A unit moment at the B end of span BA rotates the normal 
through the angle ddsAj and a unit moment at the B end of span 
BC rotates its normal through the angle (IBbc shown at (d) in 
Fig. 196. It follows at once that the moment necessary to restore 
the normals to coincidence must be of such magnitude that 


and 


M{ddBA + dSBc) = Bba + Bbc 

OriA + Bbc 

M = ; 

ddBA + ddsc 


The calculations are shown in the figure and need no further 
comment. 

It will be noted that the values of modulus of elasticity and 
moment of inertia had no bearing on the calculations in Arts. 159, 
160, and 161 and could have been omitted entirely. When dealing 
with problems such as discussed in these articles the physical con- 
stants E and I may be omitted from the calculations if they are 
constant throughout the beam. It is of the greatest importance, 
however, to see clearly in every problem the exact significance of 
the physical constants E and I and to make certain that they are 
not omitted in some case in which such omission is not permissible. 
The problem presented in the next article is one illustration of the 
point. 

162 . The supported cantilever beam shown in Fig. 197 (a) is 
indeterminate to the first degree. It may be made determinate 
and stable by removing the support B. The one fact necessary to 
a solution, in addition to the laws of statics, may then be obtained 
by calculating the reaction at B required to restore the support to 
its original level. The calculations and explanatory sketches are 
shown in Fig. 197 (a) to (c) inclusive, and in (d) is shown the 
bending-moment diagram. 
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The calculations follow precisely those of Art. 159, and the 
student will note that the quantities E and I Lire merely ^‘under- 
stood/’ and do not actually appear in the calculations. It should 
be clear that the quantity 1,866,600 is merely proportional to the 



deflection A^, and similarly the quantity 21,330 is merely propor- 
tional to the distance through which a unit reaction can lift th(' 
support B. Since the proportionality factor is the same in each 
case and since the reaction Rb is the ratio of these quantities it 
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seems evident that the proportionality factor cancels and need 
not be introduced. 

Assume, however, that the support B settles a known amount, 
say 2 in. It will then be necessary to know exactly how much 
the point B deflects when that support is removed, and to know 
exactly how much a unit reaction can lift the support. In that 
event the actual values of the physical constants E and I must be 
introduced into the solution. The necessary additional calcula- 
tions and the resultant moment diagram are shown in Fig. 197 (e). 
The reader should note that, when the reaction which would exist 
at support B if no settlement occurred has been found, the prob- 
lem with settlement could have been solved simply by calculating 
the relief of this reaction caused by settlement. 

alra * Ml 

Rb = 87.50 - 14.65 = 72.85* 


163. Elastic Support. — As an additional illustration of a case 



/?o/7e 

Using Data from Fig. 197 


in which physical constants 
Y" may not be ignored the 
I problem of Fig. 198 is pre- 
I sented. Here the same 
I beam previously discussed 
§ is assumed to be supported 
1 by a wire rope attached at 
j B. The area of the rope 
and its effective modulus of 
elasticity are stated. The 
calculations to determine 
the magnitude of the pull in 
the rope are given in the 
figure, the previously cal- 


Om5Rp* ‘11.95" 

^ 2.0x20,000 

11.95 .L. 

Fig. 198 . 


culated data taken from 
Fig. 197 being utilized. 

A little reflection will in- 
dicate that here the actual 
values of the moment of 
inertia of the beam and the 


area of the rope must be introduced into the calculations, but that 
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only rdative values of the moduli of elasticity would be needed if 
the calculations were made independently of pre^ iously computed 
results. The relation involving Rp used in Fig. 198 could be written: 

1,866,600 X 1728 _ Rp X 21,330 X 1728 7^^ X 40 X 12 

30,000 X 9012.1 “ 30,000 X 9012.1 2.0 X 20,000 

In this relation it is clear that the modulus of elasticity for the rope 
could be taken as 1.0 and that of the beam as 1.5 (relative values), 
and the statement would then be : 


1,866,600 X 1728 Rp X 21,330 X 1728 Bp X 40 X 12 
1.5 X 9012.1 “ 1.5 X 9012.1 2.0 X 1.0 

Clearly these two statements lead to identical results. 



164 . In the structure shown in Fig. 199 there are five unknowns 
to be determined for a complete solution. Since there are three 
^equations of statics and the additional condition of no bending 
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moment at the hinge evidently one fact must be determined from 
the elastic properties of the structure. Several methods of solution 
are possible. The solution for which calculations are shown in 
Fig. 199 is based on making the structure determinate and stable 
by disconnecting the hinge at Z), converting the structure into a 
cantilever beam AD and a beam, DBC^ with an overhanging end. 
The point D on the cantilever AD then deflects downward and the 
same point on the beam DBC moves upward as shown at (6), 
Fig. 199. The analysis is based on calculating the amount of 
separation of these ends and the force required to bring them 
together — that force being the reaction on the hinge and furnishing 
the additional fact necessary to complete the solution by statics. 
The calculations are shown in Fig. 199; it should be noted that the 
physical constants E and 1 are merely understood’^ and do not 
appear in the work. The force acting on the hinge having been 
found, the analysis was completed by the application of the prin- 
ciples of statics, and the shear and moment diagrams are shown at 
(e) and (/), Fig. 199. 

The student should assume that the moment of inertia of the 
part DBC is twice that of the part AD and recalculate the shear 
and moment diagrams. 

166. Three-span Beam. — The structure shown at (a) in 
Fig. 200 is indeterminate to the second degree and may be made 
statically determinate and stable in one of several ways: by 
removing any two supports; by introducing hinges at B and C; 
or by introducing a hinge at either B or C and removing oiu? sup- 
port, in which event the support must be chosen so that its removal 
will not result in instability of any part of the structure. 

The solution for which calculations are shown in the figure is 
based on the introduction of hinges at B and C. At (b) in Fig. 200 
are shown the deflected shape and moment diagrams for the struc- 
ture thus made statically determinate, and at (c) are shown the 
deflected shapes and moment diagrams which result from applying 
unit moments first on the hinge at B and second on the hinge at C 
as indicated by the arrows. The normals to the elastic lines of the 
three determinate beams separate under load as indicated : those 
at B by an amount equal to Bab + Bbc and those at C by an amount 
equal to Scb + ^cn- There is no such separation in the continuous 
structure, and the solution of the problem requires the determina- 
tion of the moments necessary at B and at C to restore the normals 
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at each support to coincidence. Since a moment applied on each 
side of the hinge at B produces rotation of a normjil at C, and vice 
versa, it is clear that a complete expression involving only the 
moment at one hinge cannot be written; in other words, since 
there are two unknowns to be determined we must have two inde- 
pendent relations involving those unknowns. 



At the risk of seeming tedious it is desirable to point out again 
that since E and I are constant throughout the structure their 
values do not influence the result and in the calculations shown in 
the figure these quantities are ^‘understood’' and do not appear. 
Thus in the first statement in the calculations: 

1920 X ~ X = 20,480 = Oba 

it is understood that literally the statement should read: 

40 21.33 20,480 


1 



380 


BEAMS AND FRAMES 


but since the values of E and I do not affect the result they may 
be thought of as each having a value of 1 and omitted from the 
calculations. Although it seems permissible to do this to avoid a 
continuous writing of factors which do not affect the result the 



student should be constantly on the alert to avoid the error of 
making the omission when the result would be affected. 

166. The angle frame shown in Fig. 201 (a) is indeterminate 
to the first degree, and two obvious ways of making the structure 
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determinate are to put the right support at C on rollers or to intro- 
duce a hinge at B. 

If the structure is made determinate by putting the right end 
on rollers it will assume the deflected shape indicated by dotted 
lines in (5), Fig. 201, point C moving out to C' through the distance 
Ac. If a unit horizontal reaction will move the point C through a 
distance 5c, evidently the force necessary to restore the deflected 
structure to its original position may be found as 


Hc = 


Ac 

5c 



and its calculation will make possible the analysis of the frame by 
statics. Calculations for Hq are shown in the figure. 

An alternate solution may be made by introducing a hinge at 
B and calculating the 
moment necessary to 
restore continuity at 
the hinge. Calcula- 
tions for this method 
of solution are given in 
Fig. 201 but without 
explanatory sketches 
which the student 
should provide. 

167. In dealing 
with such structures as 
the one just considered 
and some analyzed in 
later problems it may 
be convenient, though 
not necessary, to make 
use of an extension of 
the general principle 
stated under (3A) on 
page 352. 

The irregular cantilever beam ACBy Fig. 202, is subjected to a 
smaU angle change 6 at C, and we wish to evaluate the movement 
of the point B due to that angle change. Evidently the point B 
moves to B", and the horizontal and vertical components of that 
movement may be found as indicated in the figure. A little reflec- 


6 --re 

Triangles BB'B" and CCS ore Similar 
’ r 


(S C5 
6 CB 


6,.^6-.^r9 
ft r r 




6h =y9 
• x9 

Fig. 202. 
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tion will show the truth of the following general statement: The 
movement in a given direction of any point B on any beam, due to 
a small angle change, 9y at some other point, C, on the beam, is 
equal to the angle change 6 times the distance from B to C meas- 
ured perpendicular to the given direction of movement. This 
statement is of great importance ; it should be carefully memorized 
and studied until it is thoroughly understood. 

It should be. clear that the movement due to a number of angle 
changes is equal to the sum of the movements due to the individual 
angle changes. 

Although primarily developed for irregular fixed-end beams or 
bents the principle may be applied to similar hing('d-end beams 
or bents if the results are corrected to allow for the necessary 
rotation of the hinged ends. For example, referring again to the 
angle frame of Fig. 201, imagine that the angle changes propor- 
tional to the moment diagram at (6) take place but that the frame 
is not allowed to turn about the hinge at A. In accordance with 
the principle just stated the end C would then have horizontal 
and vertical movements of: 

40 

1000 X — = 32,000 

It 

X 30 = 960,000 horizontal 

X 20 = 640,000 vertical 

Actually, of course, the vertical movement of C cannot take place 
under the conditions of support shown at (b) in the figure. There- 
fore to restore the structure to a position consistent with the con- 
ditions shown it must be rotated around the hinge at A until C 
reaches the proper level; i.e., it must be rotated until C has 
moved downward through the distance 640,000. In moving down- 
ward, however, C moves horizontally to the left, and the horizontal 
movement found above must be combined therewith. The net 
movement of C is then 
40 

1600 X — = 32,000 

X 30 = 960,000 
= 480,000 


30 

640,000 X — 
40 


480,000 
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When the hinges are on the same level, as in Fig. 203, rotation 
about the hinge at one end through a very small angle produces 
no horizontal movement of the other end. 



168. Two-hinged Bent. — If the student has grasped the gen- 
eral principle of the preceding article he is prepared to follow the 
calculations for the structure of Fig. 203. The structure is inde- 
terminate to the first degree and may be made determinate and 
stable by placing the right reaction on rollers. The calculations 
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for the horizontal reactions are based on determining the distance 
that the right end of the determinate structure moves in a hori- 
zontal direction and the force required to push the end back to its 
original position. That force, of course, is the horizontal reaction. 
The only comment which seems necessary is to call attention to 
the fact that the moment of inertia of the horizontal member of the 
frame is six times that of the columns. The relative values of I 
must be introduced into the calculations. This has been done 
M 

through the use of — -diagrams as indicated at (fe) and (c) in Fig. 

203. The forces acting on the structure are shown in Fig. 203 (d), 
and the analysis may be completed by statics. 

The student will do well to assume that the moment of inertia 
of the columns is 10,000 in.^ each and that of the girder 60,000 in.'*, 
set up the analysis using these values, and demonstrate that the 
result is exactly the same as when relative values of 1 and 6 are 
used, as in the figure. It will also be profitable to assume that E 
for the columns is 10,000 kips per sq. in., for the girder 30,000 kips 
per sq. in., and reanalyze the structure setting up the analysis 
using actual values of E and relative values of E. 

169. The structure shown in Fig. 204 is similar to that shown 
in Fig, 203, and may be made determinate and stable by the same 
device, i.e., placing the support at D on rollers. The calculations 
are shown in the figure and are broken down in detail to show as 
clearly as possible the action of the structure under the assumed 
conditions: at (b) in the figure is shown the deformed determinate 
structure and its moment diagrams; at (c) the determinate struc- 
ture under the action of a unit horizontal reaction; at (d) the 
reactions and moment diagrams for the original structure. The 
calculations seem self-explanatory. 

The student should note that the use of the principle stated in 
Art. 167 leads to the following calculations: 

X 60 X t X 20 - 300,000 

X ^ X 20 = 20,000 

^ X 10 X 15 = 15,000 

^X^XfXlO = 3,330 

338,330 


Ai) = 
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6d 


X 60 X 20 

4000 

-Y- X X f X 20 = 

1333 

^X^XfX20 = 

2667 


8000 

„ 338,330 

Hd = = 42.3* 

8000 



and should carefully relate them to the detailed analysis shown in 
the figure. 

170. Fixed-end Moments — The fixed-end beam subjected 
to a single concentrated load, such as is shown in Fig. 205, has an 
importance in later development somewhat out of proportion to 
the simplicity of the analysis of a particular case. For that reason 
the analysis given in the figure is shown in great detail. 

In addition to making certain that he clearly understands the 
calculations in Fig. 205, the student should verify the general state- 
ment indicated in Fig. 206 and carefully memorize it in the follow- 
ing form: 

In a fixed-end beam supporting a single concentrated 
load that divides the span into two segments, the moment at 
the near end is equal to the simple beam moment under the 
load times the far segment divided by the span length. 


The use of this principle makes possible the calculation of the 
fixed-end moments for a beam subjected to any system of loading. 

An illustration of the general utility of the principle is given in 
Fig. 207. At (a) in that figure is shown a beam fixed at the ends 
and loaded with a uniform load of w pounds per foot. Statements 
for determination of the fixed-end moments by simple integration 
based on the above principle are written under the figure. In these 
statements wdx is evidently the load at any distance x from A, 
while 


wdx-x 


(L-x) 

L 


is the bending moment under that load when the beam is simply 
supported at A and B. This simple beam moment multiplied by 
the appropriate ratio is the fixed-end moment at the end in ques- 
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tion for the load wdxy and integrating this resulting expression for 
all values of x of course gives the fixed-end moment for the entire 
load. 

Another illustration is given at (6) in the same figure. In the 
statements under the figure the quantity 



is the load at any distance x from the end A. The other terms are 
as before, and the result is self-explanatory. 

It should be clear that by similar procedures the principle under 
discussion will enable the simple calculation of fixed-end moments 
for any combination of distributed and concentrated loads. 




4 


L- 

dx 


Ab 


(a) 


I ' 

1^ X (L-x) 

f.£M of 

Jo L •L 

F.E M. of B*/ Wdx • - -y” • y = 
A? LI 





171. The two-span beam shown in Fig. 208 presents no new 
problem or principle but requires the determination of three 
unknowns from the geometry of continuity. The structure has 
been made determinate by placing a hinge at each support, and 
at (a) in the figure the deflected determinate structure and its 
moment diagram are shown. At the right of (a) are shown the 
calculations for the end rotations of the determinate structure. 
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At (6) and (c) are shown the deflected elastic lines and the corre- 
sponding moment diagrams resulting from the application of unit 
couples, nil at the A end of AB, m 2 at the C end of BC, m 3 at the 
B end of ABj and m 4 at the B end of BC. The calculations are 
shown in detail as this problem will be used later to introduce 
moment distribution. 



Fig. 208 . 

172 . In Figs. 209, 210, and 211 are shown solutions of two 
problems, each involving the determination of three unknowns 
from a consideration of the geometry of continuity. 

In Fig. 209 are shown the calculations for a solution based on 
making the structure determinate and stable by completely remov- 
ing the support at D, calculating the horizontal and vertical move- 
ments and rotation of that end and then determining the horizontal 
and vertical forces and the bending moment which must be applied 
there to restore the end D to its original position. 
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In Fig. 210 the bent dealt with in Fig. 209 is analyzed by 
making the structure determinate and stable by placing end D on 
rollers and introducing a hinge at A ] calculating the horizontal 
movement and rotation at Z), and the rotation at A ] and then 
determining the horizontal force at D, and the bending moments 
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at A and D necessary to restore these ends to their original 
positions. 

The structure shown in Fig. 211 was made determinate and 
stable by removing the support at F and putting the support at D 
on rollers. It was analyzed by calculating the horizontal and verti- 
cal movements at F and the horizontal movement at D, and then 
determining the horizontal and vertical forces at F and the hori- 
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zontal force at D necessary to restore thes^ points to their original 
positions. 

The calculations are shown in detail in Figs. 209, 210, and 211 
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with explanatory sketches, and they follow the methods already 
discussed fully. No additional comment seems necessary except 
to call attention to the notation used. In Fig. 209, only the point 
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D is allowed to move, and since all calculations refer to that point 
no defining subscripts are necessary in the notation. Thus: 

^ is the vertical movement of D due to a unit force acting 
vertically on D. 

is the horizontal movement of D due to a unit force 
acting vertically on D. 

5^^"^ is the rotation of D due to a unit force acting vertically 
on Z). 

Similarly: 

is the vertical movement of D due to a unit force acting 
horizontally on D. 
and 

is the horizontal movement of D due to a unit couple 
acting on D. 

The basis for the notation is that : the subscript indicates the 
nature of the movement, V for vertical, H for horizontal, and B for 
rotation; while the superscript indicates the nature and magnitude 
of the for-ce producing movement, F = 1 a unit vertical force, 
== 1 a unit horizontal force, and m = 1 a unit moment or couple. 
The notation in Figs. 210 and 211 has the same basis, but since 
movements of two points are permitted designation of the point 
in question is necessary, and such designation is made by a defining 
subscript added to the existing subscript or superscript. Thus 
(Fig. 211): 

^ is the vertical movement of point F due to a unit force 
acting horizontally on F 

while (Fig. 211) 

indicates the horizontal movement of point D due to 
a unit force acting vertically on F 

and (Fig. 210) 

indicates the rotation of point A due to a unit mo- 
ment or couple acting on point Z). 

With this explanation of the notation used, the student should 
be able to follow the calculations without difficulty if he has ob- 
tained a proper grasp of the principles discussed. 
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173. Moment Distribution. Introductory Relations. — Before 
proceeding with a discussion of moment distributif)n, it is desirable 
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to establish some fundamental relations for prismatic beams. 
Study of Fig. 212 (6) will show the following relations: 

a , 2 1 ML 

~ 2EI^d~ 3 El 

0 I ^ ml 

~ 2EI^3~ 6 El 
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Similarly from (c) 

6 El 


e 


If the moment Af' has a magnitude such that Bba^ = Bbaj evi- 
dently we may combine (5) and (c), Fig. 212 and obtain the beam 

Cons font Momenf of Inertia 



Fig. 212. 


shown at (a). The necessary magnitude of Af' is given by the 
relations just stated, 

= Bba^ 


Therefore 


\ M^L ^ I ML 
3 El ^ ^ El 



and 
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Reference to a sketch of the deflected elastic line will show by 
inspection that these moments must be opposite in sign no matter 
which way the moment at A acts — a result which will be obtained 
mathematically by the consistent use of a sign convention. The 
authors prefer to avoid the use of sign conventions when inspection 
of the structure will indicate the result. 

Further study of Fig. 212 will show that: 


(^AB = Oab' “ Bab" 


ML _ 1 M'L 
3EI 6 El 


Therefore 


also, from (6), 


M 


L 


Bab 



ML 

3EI 


ML _ ^ 
12EI 4J?/ 


We may now state three important relations for prismatic 
beams: 

(1) A moment which rotates the near end of a pris- 
matic beam without translation, the far end being fixed, will 
produce a moment at the far end of one-half its magnitude 
and opposite in sign. 

In moment distribution the moment produced at the far 
end by rotation of the near end of a beam is called the 
‘‘carry-over moment.’’ The ratio of the moment produced at 
the far end to the moment produced at the near end by rota- 
tion of the near end is called the “ carry-over factor,” i.e., 


Carry-over factor = 


/Moment at far end produced 
\ by rotation of near end 

( Moment at near end produced 
by rotation of near end 


The carry-over factor is always one-half for straight prismatic 
beams, and may be considered as negative since the carry-over 
moment for straight beams is always opposite in sign to that 
of the moment at the near end. 
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(2) The moment required to rotate the near end of a 
prismatic beam through a unit angle without translation, the 

far end being fixed, is 

r- ^ -1 

h Moment of Inertia. Constant Throughout 


B* Modulus of Elasticity. 


4£7 



‘X* Moment of Inertia. Constant Throughout 
E^M^dulusofEla^ticity^ *’ ** | 

For 

(Freely Supported) 



m = 

L 

(3) The moment 
required to rotate the 
near end of a prismatic 
beam through a unit 
angle without transla- 
tion, the far end being 
freely supported, is: 


ZEI 


Fig. 213; 


m = 


These relations are 
illustrated in Fig. 213. 
They should be care- ‘ 
fully memorized and 
studied until the reader thoroughly understands them and is able 
to develop them without reference to the text. 

A relation of equal importance concerning a series of members 
meeting at a common joint 
may be developed from those 
just stated and from a study 
of Fig. 214. Five members, 
marked (1) to (5) inclusive, 
are connected at their com- 
mon intersection A so rigidly 
that any rotation of the joint 
causes an equal rotation of 
each connected member. If 
a moment, m, is applied to 
the joint A, evidently each 
member in the assembly will 
resist the tendency for the 

joint to rotate. If the moment m applied to the joint is of such a 
magnitude that it rotates the joint (and therefore the A end of 



Fig. 214. 
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each connected member) through a unit angle, we may say at once 
from (2) and (3): 


mj = resistance to rotation of member 


m2 = 


( ( H t i li n 


m-3 = 


i ( a it ( t it 


(1) = 4 

(2) = 3 

(3) =4 


Li 

E 2 I 2 

L 2 

EJs 

'u 


mi = 


ti H it ti it 


(4) = 3 


EJ, 

La 


rrii = 


it t i it it it 


(5) 


4 


EJ, 

L, 


From statics, m = mi + m 2 + 1^3 + ^4 + ms. If a moment of 
2m were applied to the joint, evidently the moments at the A 
ends of the connected members would be 2mi, 2 m 2 , 2 m 3 , and so on, 
or in general if any moment, M, were applied to the joint the 
moments at the A ends of the connected members would be 

M /mA 

Ml = — X mi = [ — ) X M 

-- M /ni2\ 

M 2 = — Xm2 = ( — IxM 

m \m / 

M /maX 

Af3 = — Xm3 = l — ] X M 

m \m / 

etc. 

i.e., any moment applied to the joint will be distributed among the 
members in proportion to the quantities mi, m 2 , m 3 , etc. If we now 
introduce the following definition: 

The stiffness of a member is the moment required to 
rotate the end we are considering through a unit angle, 
without translation of either end, 

we may make the general statement: 

A moment which tends to rotate a joint without transla- 
tion will be divided among the connecting members in pro- 
portion to their respective stiffnesses. 
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As an illustration of the application of this principle, assume 
the following data for the members in Fig. 214. 




Moments 

Modulus 


Member 

Length 

of 

of 

Stiffness 



Inertia 

Elasticity 


(1) 

35'- 8" = 428" 

800 in.^ 

30,000 A:/n" 

4X1X800 ^ 

w - 

(2) 

37' -10" =454" 

960 in.* 

( < 

3X1X960 

4M" 

(3) 

29'- 9" = 357" 

694 in.* 

ti 

4X1X694 „ 

3.47” 

(4) 

25' -10" = 310" 

398 in.* 

It 

3.85 

310" 

(5) 

25'- 2" = 302" 

590 in.* 

tt 

4X1X590^ 

302" 




I 

33.26 


If a moment of 1600 ft.-kips tends to rotate the joint at A the 
moment will be distributed among the connecting members as 
follows : 


, Member 

Moment 

(1) 

7.48 

X 1600 = 360 ft.-kips 

33.26 ‘ 

(2) 

6.34 

— X 1600 = 305 ft.-kips 

OO - 

(3) 

7 78 

— X 1600 = 374 ft.-kips 

(4) 

3 85 

X 1600 = 185 ft.-kips 

33.26 

(6) 

7.81 


1600 ft.-kips 


The units used in the calculations just presented and the fact 
that the value of the modulus of elasticity was taken as 1 should 
be carefully noted. It seems clear that the actual value of the 
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modulus of elasticity will not affect the result since it was assumed 
to be the same for all members. It is also iir.iportant for the 
student to see clearly that relative values of moment of inertia and 
lengths in feet could have been used in the calculations without 
affecting the result. In the great majority of problems the engineer 
is interested only in relative rather than actual stiffnesses, and the 
values for stiffness just computed are in reality only n^lativc since 
the modulus of elasticity was taken as unity in the calculations. 

As a matter of fact, when the modulus of elasticity is the same 
for all members meeting at a joint, it may be (and usually is) omitted 
from calculations for stiffness. It may be worth while to show 
calculations for stiffnesses and distribution of moment for the above 
joint using lengths in feet, relative values of moment of inertia, and 
omitting E. It should be clear that all the stiffnesses computed 
here may be multiplied by some constant factor if doing so leads 
to more convenient values. This is often done. 


Member 

Length, ft. 

Relative 1 

Relative 

Stiffness 

Distributed Moment 

(1) 

35.67 

2.01 

4 X 2.01 ^ 

= 0.225 

0.225 

— X 1600 = 360 

(2) 

37.83 

2.41 

35.67 

3 X 2.41 

= 0.191 

1 . (X)l 

0.191 

X 1600 = 305 

(3) 

29.75 

1.74 

37.83 

0.234 

1.001 

0.234 

X 1000 - 374 

(4) 

25 83 

1.00 

29.75 

3 X 1 . 00 
= 0.110 

1.001 

0 no 

X 1600 = 185 

(5) 

25.17 

1.48 

25.83 

4X1.48 
- 0.23: 

1 . 001 

0 235 

— — X 1600 = 376 



25.17 

I.IXU 

1.001 

1000 


174. Moment Distribution. Fundamental Procedure. — The 

fundamental relations presented in the preceding article are the 
basic tools of moment distribution, and their use in analysis will 
be illustrated by reconsidering the structure for which a solution 
was presented in Fig, 208. 

The structure is redrawn without loads at (a). Fig. 215. 
Imagine now that the freely supported joint at B is held against 
rotation, and apply the loads shown at (6) in the figure. Since 
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Fig. 216. 


:/556 



MOMENT DISTRIBUTION. FUNDAMENTAL PROCEDURE 401 


the joint B is being held against rotation the moments shown by 
the moment diagram at (c) will result. The fixed-end moments 
shown at (d) may be calculated from the principle discussed in 
Art. 170. It is clear that if the joint B were not being held it would 
rotate counter-clockwise since there is a moment of 1600 ft.-kips 
tending to turn the joint counter-clockwise and a moment of only 
922 ft.-kips tending to turn it clockwise — the difference 678 ft.-kips 
is called the* ^unbalanced moment^^ on the joint, tending to rotate 
it counter-clockwise. According to the principle stated in the 
previous article if we release the joint it will rotate counter-clock- 
wise and the unbalanced moment will be distributed between the 
two connecting members in proportion to their stiffnesses. The 
calculations for the relative stiffnesses are shown under the beam 
in (fe), and it should be noted that since I is constant throughout 
it was taken as ly E was omitted, and the results were multiplied 
by 20 as a matter of convenience, giving relative stiffnesses of ® 
and @ for AB and BCj respectively. 

Attention is called to the factors 0.333 and 0.667 shown in 
rectangles just above the joint B in (d) and (g) in the figure. 
These are the distribution factors; i.e., they indicate that a mo- 
ment which tends to rotate joint B will be distributed ^ to BA 
and f to BC, Their determination is obvious since the stiffness 
of BA was found to be 1, and that of BC, 2. It is usually con- 
venient to write these distribution factors on the diagram, and 
generally they will be used in the analyses which follow. 

If the restraint which is holding joint B against rotation is now 
released the unbalanced moment of 678 ft.-kips will rotate the 
joint counter-clockwise, producing the deformation shown at (e) 
in the figure and the moments shown at (/). If the moments 
shown at (/) are added to the fixed-end moments shown at (c) and 
(d), the result will be as shown at (g). The joint B is now balanced 
and the moments at Ay B, and C are the same as found in the 
previous solution of Fig. 208. The solution of the problem by 
moment distribution is shown in great detail in Fig. 215 for 
explanatory purposes. After the student has grasped the pro- 
cedure he will realize that (6) and (g) from the figure constitute a 
complete solution, and should contrast it with the solution in 
Fig. 208. The final moment diagram shown in (A), if required, 
would be common to each solution. 
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The sign convention used is that used throughout the text (see 
Art. 37) : positive moment is that which produces compression in 
the top fibers of the member, and negative moment that which 
produces tension in the top fibers; horizontal members are 
regarded from the bottom and vertical members from the right- 
hand side of the calculation sheet. 

176 . The supported cantilever beam analyzed in Figs. 193 and 
194 is reanalyzed by moment distribution in Fig. 216. It is first 
assumed that the end B is restrained against rotation and the fixed- 

end moments shown 
at (h) calculated. The 
moment of 691 ft. -kips 
at B is then allowed 
to rotate the joint, 
producing the situa- 
tion shown at (c) and 
(d). Finally (h) and 
(d) are added together, 
securing the final re- 
sult shown at (e). It 
should be noted that 
(a) and (e) in reality 
constitute a complete 
solution. Attention is 
called to the fact that 
a calculation of stiff- 
ness is not necessary 
since only one member 
is involved. 

The simplicity of 
this solution is obvi- 
ous and it will be used frequently to calculate the fixed-end mo- 
ments in beams which have one end freely supported while the 
other is assumed to be held temporarily against rotation. 

176 . The two-span beam analyzed in Figs. 195 and 196 by two 
different procedure's is solved by moment distribution in Fig. 217. 
The distribution factors 0.444 and 0.556 are calculated and shown 
in the figure, indicating that 44.4 per cent of the unbalanced 
moment of 148 ft.-kips at joint B is distributed to BA and 
55.6 per cent to BC. The fixed-end moments of 675 ft.-kips and 
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823 ft.-kips were calculated by the procedure noted in the previous 
article. 

177. The supported cantilever beam shown and analyzed in 
Fig. 218 is presented to illustrate the influence of an overhanging 
end on moment distribution. As usual it is first assumed that 


j<- . 3 ^' ^ 24 -’- 

I*- /5‘ — -4« -/5' 4^— 9" ->!<- /5'—->\ 



Fiq. 217 . 


joint B is restrairu'd against rotation and the fixed-end moments 
calculated, d here is then an unbalanced moment of 350 ft.-kips 
at joint B tending to produce clockwise rotation. 1"his unbalanced 
moment will be distributed among the connecting members in 



Fig. 218 . 


proportion to their stiffnesses as soon as the restraint at joint B 
is released. The only question is regarding the stiffness of the 
cantilever end BC. Applying the definition of stiffness we see at 
once that BC has zero stiffness; i.e., if we apply a moment at the 
B end of BC^ the member has no resistance to rotation and there- 
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fore no moment is required to rotate the end we are considering 
through a unit angle. Consequently when the restraint at joint B 
is released the entire unbalanced moment of 350 ft.-kips must be 
distributed to BA as shown. 

178. The angle frame analyzed by two different procedures in 
Fig. 201 is reanalyzed by moment distribution in Fig. 219. The 
calculations for relative stiffnesses and distribution factors are 



C 

Fig. 219. 


shown at (5) in the figure, and the fixed-end moment, distribution, 
and final result at (c). 

When vertical and horizontal members occur together in a 
frame the arrangement of calculations in moment distribution is 
important from the standpoint of clarity. Many arrangements 
have been suggested, but the authors prefer that first used by 
Professor Cross in his original paper.'* In that arrangement fixed- 
end moments are written parallel to the member to which they 
relate, immediately below the left end and immediately above the 
right end. Horizontal members are viewed from the bottom and 
vertical members from the right-hand side of the calculation sheet. 
Successive corrections are written parallel to the fixed-end mo- 

* “Analysis of Continuous Frames by Distributing Fixed-End Moments,” 
by Hardy Cross, Trans. Am. Soc. C. E., Vol. 96 (1932), page 1, 
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ments and outward from the beam. This arrangement was fol- 
lowed in Fig. 219 and will be used in succeedfug problems with 
vertical members. 
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179. Multiple Distribution. — The examples of moment distri- 
bution so far presented have been such that only a single distribu- 
tion has been necessary for a complete solution, i.e., they have 
been structures in which only one joint had to be balanced. Struc- 
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tures in which two or more joints must be balanced generally 
require several cycles of distribution. The number of cycles neces- 
sary depends on the precision required for the result. 

The structure shown in Fig. 220 has two joints which must be 
balanced and is presented to illustrate the moment distribution 
procedure when several joints are involved. 

At (a) and (b) in the figure are shown the loaded beam, the 
calculation of relative stiffnesses and distribution factors, and the 
fixed-end moments which result when joints B and C are tem- 
porarily restrained against rotation. 

If joint B is now allowed to rotate, i.e., if the unbalanced mo- 
ment of 678 ft.-kips at that point is distributed among connecting 
members, the result of that distribution will be as shown at (c). 
Similarly the distribution of the unbalanced moment of 586 ft.-kips 
at joint C gives the results shown at (r/). I'he single distribution 
of the unbalanced moments at joints B and C is not sufficient for 
the reason that balancing joint B produces a moment of +226 ft.- 
kips at C, and balancing joint C produces a moment of +176 ft.- 
kips at joint B, 1+ese ^+arry-over moments^’ unbalance the 
joints after the initial balancing, thus making another balancing 
necessary. The second balancing or distribution results in another 
but much smaller unbalancing as a result of carry-over'^ moments. 
The disturbing cany-over moments show a maike^d decrease after 
each distribution in normal stiaictures, and in this problem become 
negligible after the foui th distribution. It should be noted that if 
the process had been stopped after the third distribution the result 
would have dif^red from that after the fourth distribution by only 
a little over 1 per cent at C and less than 0.5 per cent at A, B, 
and D. 

The systematic arrangement of distributions and carry-overs is 
very important in order to reduce the possibility of error. At (e) 
in the figure there is indicated the procedure which seems most 
easily followed. First, the fixed-end moments are written as shown 
(or as noted in the previous article when vertical members are 
involved). Second, the unbalanced moments are distributed at 
successive joints, preferably from left to right along or around the 
structure; as soon as an unbalanced moment is distributed a line 
should be drawn under the balancing moments to indicate the 
balanced status of that joint. Third, the effect of the distributed 
moments on the far ends of the members concerned should be 
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written down, i.e., the carry-over*^ moments should be written 
at the affected ends. These three steps compk^ e a cycle, and the 
procedure is then repeated for as many cycles as are necessary for 
adequate precision. The last step should always be to balance 
joints which can rotate and carry over to joints which cannot. 
The latter point is illustrated at (/) in the figure, where the last 



Sf/ffness0t 


Sffffnosses 


step was to balance joints B and C [Distribution (4)], which can 
rotate and carry over to joints A and D which cannot. 

180 . Two three-span beams are shown in Fig. 221 and analyzed 
by moment distribution. It should be noted that the last step in 
the analysis of the beam at (a) was to balance joints B and C and 
carry over to joint D which cannot rotate. The last step in the 
analysis of the beam at (6) was to balance joints B and C. Obvi- 
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ously there should be no carry-over thereafter since there are no 
joints which cannot rotate. 

The beam shown at (6) in the figure was analyzed in Fig. 200 
by making the structure determinate and calculating the moments 
required to restore continuity. It should be noted that, although 
the calculations of fixed-end moments, distributions, and carry- 
overs were made only to the nearest whole unit in the solution by 



Fig; 222 ; 


moment distribution, the results agree with those previously 
obtained within less than 0.25 per cent after four distributions. 

It is very important for the student to recognize that moment 
distribution is an exact method of analysis in so far as any method 
is exact. The precision of the results obtained depends only on 
the precision of the calculations and the number of distributions. 
One of the great advantages of moment distribution is that an 
answer sufficiently accurate for design purposes may be obtained 
very quickly, and that answer later carried to any desired pre- 
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cision by further distributions. One of the great disadvantages of 
other methods is that, in general, a solution mi st be complete to 
get any answer at all. 





Fig. 223 . 


181, A further illustration of analysis by moment distribution is 
given in Fig. 222. The loaded structure is shown at (a) ; the cal- 
culation of stiffnesses and the distribution factors are shown at 
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(6); and the fixed-end moments, distributions, and final results 
at (c). 

For the benefit of the beginner the arrangement of the work at 
(c) in the figure has been shown in detail in Fig. 223. Since there 
is no unbalanced moment at joint C at the first distribution this 
fact is indicated by short dashes parallel to the fixed-end moments, 
and the balanced status of that joint is then indicated by lines 
parallel to the ends of the members concerned. The only ends 
affected by the first carry-over are the C end of BCy which has the 
moment +304 carried over from joint jB, and the E end of BE, 
The fact that the other ends receive no carry-over moments is 
indicated by the short dashes parallel to the ends concerned. 


-/ 66 / 



Similarly, at the second distribution joint B has no unbalanced 
moment, and this fact, and its (‘ontiniied balanced status, aie 
indicated as in the figure marked '‘Second Distribution.^^ The 
same procedure is then followed through the second carry-over, 
third distribution, third carry-over, and finally the fourth distribu- 
tion to the result shown at (c) in Fig. 222. The experienced com- 
puter might omit some of the steps shown in Fig. 222, his work 
appearing as in Fig. 224. 

182. Joint Translation. — It is sometimes necessary to deal 
with structures in which there may be relative movement of the 
joints, and in such cases it is necessary to correct the moments 
found by normal moment distribution which assumes no relative 
translation of joints. 

Before proceeding with illustrations of the necessary correc- 
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tions attention should be called to the relations shown in Fig. 225. 
In Fig. 225 (a) is shown a fixed-end prismati beam AB, It is 
assumed that the end B is moved to B' without rotation. Applying 



the principle relating deflc^ction of B to the tangent at A leads to 
the statement shown in the figure: 

ML^ 

^ ~ 6EI 


.from which we may write at once 


M = 


6EIA 

L2 


From the figure and relation shown at 
may write 


M 


3EIA 

L2 


(6) it is also clear that we 


when one end is fixed and the other freely supported. 

183 . Referring now to the beam analyzed in Fig. 221 (a), 
assume that the support at C settles 1 in. It seems clear that, if 
the support C were pulled down 1 in. without permitting rotation 



412 


BEAMS AND FRAMES 


of the beam at £ or C (it could not rotate at D since that is a 
fixed end), the shape of the beam would be as shown at (6), Fig. 

I ' I , J 

j<- — 40 - — >j<- 50 ->!< 40 — *>1 



226. From the relations noted in the preceding article we may 
calculate the moments which would result at the ends of spans 
BC and CD, using the values of I and E shown at (a) in Fig. 226. 
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There will now be unbalanced moments at B and C, and when 
these joints are allowed to rotate the unloaded structure will take 
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the shape shown at (c) in the figure. It seems clear that the moments 
accompanying this shape can be determined by distribution as 
shown in the figure at (d). The moments shown at (d) and (e) 
are those which would result only from a settlement of 1 in. at 
support C, and if these are combined with those found in Fig. 221 
(a) we will have, of course, the moments in the loaded structure 
after settlement has taken place. 
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184. Sidesway. — The joints of unsymmetrical bents, of sym- 
metrical bents with unsymmetrical loading, or of any bent subject 
to lateral loads have a tendency to translation.^ Unless that tend- 
ency is restrained by the conditions of support, or adjacent por- 
tions of the structure, translation will take place and necessitate a 
correction in analyses made by moment distribution. The method 

® Lateral translation of joints in bents is generally called sidesway. 
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of making the necessary correction is similar to that presented in 
the preceding article, differing in that the amor. 'it of translation of 
the joints is not known and generally need not be found. 

As an illustration the bent analyzed in Fig. 209 is reanalyzed 
by moment distribution in Fig. 227. The loaded frame, relative 





Fig. 229 : 


moments of inertia, calculation of stiffnesses, and distribution fac- 
tors are shown at (a) in the figure. The distribution of fixed-end 
moments is shown at (6). Study of the moments found in (6) will 
show that they do not satisfy statics unless there is a force of 
5.0 kips acting to the right at the top of the bent as shown at (c). 
The force of 5.0 kips is that necessary to prevent joints B and C 
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from moving to the left, i.e., to prevent “sidesway.^^ If the nature 
of the framing, of which the bent is a part, is such that this resist- 
ance is not present, it is necessary to correct the moments found 
in (6) for the effect of removing the holding force of 5.0 kips. It 
seems clear that if we add the corrections of (/) in the figure to (c) 
the result will be as shown at (g). The problem is to determine 
the corrections shown at (/). 

In calculating corrections due to sidesway w^e may make use of 
the discussion in Art. 182. Assume that joints B and C arc drawn 
to the left, without permitting any rotation, through some dis- 
tance A, as shown in Fig. 228 (a). Since the relative translation 
of the ends is required to take place without permitting rotation 
of the joints there will be equal moments at the ends of the 
columns, but opposite in sign, as shown in the figure. Also since the 
joints are held against rotation no moments will be produced in 
the girder by the translation. The moments produced are depend- 
ent on the distance the joints are moved, and by proper adjust- 
ment we may produce any convenient moments. If we then hold 
the joints in the translated position but allow them to rotate we 
may determine by distribution the moments resulting from trans- 
lation and by statics the force necessary to produce this translation. 
This procedure was followed in Fig. 227. As shown at {d) the 
joints B and C were translated without rotation producing con- 
venient fixed-end moments of 100 ft. -kips; the bent was then held 
in this position, the joints allowed to rotate, and the resulting 
moments determined by distribution. The force necessary to hold 
the bent in the translated position was determined by statics at 
(e) in the figure. It seems clear that if any force other than 
16.2 kips were applied to the bent as at (e) in the figure the result- 
ing moments would be in proportion to that force; thus at (/) are 
shown forces and moments ^ times those shown at (e), and these 
are the corrections to be added to the results shown in (c) to give 
the final solution at (g). 

The bent shown in Fig. 227 (a) is V^^i^^lrical, but the same 
method of attack may be followed in any one story bent. When 
the bent is unsymmetrical as in Fig. 228 (b) one may produce 
translation without rotation of the joints (B, C, and D) to produce 
any convenient consistent set of fixed-end moments. Any moment 
may be chosen as the standard and moments consistent therewith 
determined as in the figure. 
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186. Additional illustrations of analysis by moment distri- 
bution of bents in which sidesway correction> are necessary are 
given in the problems solved in Figs. 229, 230, and 231. The 
method of analysis is precisely that presented in Art. 184, and the 
student should be able to follow the solutions without further com- 



Fig. 230. 


ment. It may be worth while, however, to remind the reader that 
moment distribution will give results as precise as may be needed 
provided that the necessary number of distributions is carried out 
with proper accuracy. For the most part the solutions presented 
as illustrations were carried out with a limited number of distri- 
butions (generally made to the nearest whole unit) and in all cases 



418 


BEAMS AND FRAMES 


by slide-rule calculations. As will be noted the accuracy obtained 
by this procedure is quite adequate for design purposes. 

186. Movable Uniform Loads.— In dealing with continuous 
beams and frames subject to movable uniform loads it is necessary 
to determine maximum shears, moments, and reactions. Maxi- 



Fig. 231 . 


mum values occur at different sections for different positions of the 
load, and it is necessary to make analyses for a great variety of 
positions of the load or to calculate data from which values for any 
reasonable arrangement of loading can be quickly determined. 

The latter method is preferable, and in Fig. 232 (a) and (h) are 
shown calculations of data which will permit rapid determination 
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of shears, moments, or reactions due to any combination of Jull 
span loading of any intensity.® Since the spans are symmetrical 
it is necessary to calculate only the data for spans 1 and 2. It 
seems clear that when span 4 is loaded the moments are the same 



Fig. 232. 


as for span 1 loaded but in reverse order, and of course the same 
relation exists for spans 3 and 2. 

The use of the data shown in (a) and (b), Fig. 232, is illustrated 
in (c) and (d). In (c) the moments due to a uniform load of 2.4 kips 

* This method was developed by Professor Hardy Cross. See Chapter 
VI, Continuous Frames of Reinforced Concrete,” by Cross and Morgan, John 
Wilev & Sons. New York. 
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per foot over all spans are determined, and in (d) the moments 
due to a uniform load of 4 kips per foot over spans 1 and 3. It 
seems clear that the moments at the supports accompanying any 
combination of full span loadings can be obtained by the procedure 
illustrated. 

187. Qualitative Influence Lines. — In determining where to 
place full span loadings to produce maximum shears, moments, or 
reactions it is convenient to have quahtative influence lines, i.e., 
influence hues which are correct as to general shape without regard 
to the magnitude of the ordinates. Such influence lines can bo 
drawn freehand by application of what is known as Mliller- 
Breslau^s principle. This principle is stated below without proof : ^ 

If any deforming function — stress, shear, moment, or 
reaction — is allowed to act through a very small unit displace- 
ment the resulting shape of the deflected structure will be 
an influence line for that function. 

Thus if we wish to draw a qualitative influence line for positive 
moment at the center of span 1 in the structure shown in Fig. 233 
we may assume a hinge introduced at that point, and by imagina^ 
tion picture the shape the elastic line will take if a couple acts on 
each side of the hinge to produce a unit angular displacement as 
indicated at (a) in the figure. The freehand sketch of the deformed 
structure shown at (a) is then a qualitative influence line for bend- 
ing moment at the center of span 1. The influence line shows 
that to produce maximum positive moment at the section the first 
and third spans should be fully loaded as at (d) in Fig. 232. By 
the same procedure freehand qualitative influence lines have been 
drawn for bending moment over support @ at (6), bending mo- 
ment near the center of span 2 at (c), and reaction at support @ 
at (d) in Fig. 233. 

The same method may be applied in sketching influence lines 
for shear as shown at (e) in Fig. 233. It should be noted in apply- 
ing a shearing displacement that the displaced ends must remain 

’ The proof depends on another principle which has not been discussed as 
yet — Maxwells law of reciprocal relaticrtis. A complete discussion of the 
principle is beyond the scope of this book, but the advanced student may 
refer to “Continuous Frames of Reinforced Concrete” by Cross and Morgan, 
John Wiley & Sons, New York, which contains a straightforward proof and 
discussion. 
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parallel, the sheared section may rotate but the two surfaces must 
rotate the same. 



The student should be cautioned not to apply this procedure to 
a section near a support. Between a certain point (sometimes 
called the fixed point”) and the nearer support an influence line 
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takes the shape shown at (/) in Fig. 233 rather than the shape 
shown at (a) or (c). In general the fixed points ^ are not far 
from the quarter points, and if, wdien dealing with moments, 
the method is confined to sketching influence lines for bend- 



ing moment at a support or near the middle of spans the diagrams 
will always be similar to those in (a), (5), and (c) of the figure. 

The purpose of qualitative influence lines is to show what spans 
should be covered with uniform load to produce the maximum 
values of reactions, shears, or moments. 

® A general discussion of fixed points, their location, properties, and physical 
significance, is beyond the scope of this book. The advanced student may 
refer to “Continuous Frames of Reinforced Concrete” by Cross and Morgan, 
John Wiley & Sons, New York, for a brief general discussion. A paper entitled 
“Moments in Restrained and Continuous Beams by the Method of Conjugate 
Points “ by L. H. Nishkian and D. B. Steinman in the Trans. Am. Soc. C. E.j 
Vol. 90, page 1, makes use of points which are in reality the fixed points, and 
several of the discussions treat fixed points at length. 
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188. Quantitative Influence Lines.— When concentrated loads 
are to be dealt with it may be convenient to draw quantitative 
influence lines, i.e., influence lines which are corrof t in both shape 
and magnitude of ordinates. The moment distribution procedure 
offers a very convenient way of calculating the data for such 
influence lines. 

Taking the same series of spans considered in Fig. 232, the 
data shown in Fig. 234 have been calculated. The information 
shown evidently makes it possible for one to write down immedi- 
ately the moments at the supports due to an unbalanced moment 
of any magnitude at any joint. For example, the data at {a) in 
the figure may be used to write down at once the results obtained 
at (a) in Fig. 232. The fixed-end moment of 200 ft.-kips on the 
right end of span 1 is an unbalanced moment acting counter- 
clockwise on that joint, and this produces moments of 48.1 per 
cent at ( 2 ), }2.9 per cent at and 3.5 per cent at 
Therefore 

M 2 = - 0.481 X 200 = ~ 96'^ 


Af3 = + 0.129 X 200 = 26'* 

ihr4 = - 0.035 X 200 == - 7'* 

Obviously if two or more joints are affected the algebraic sum of 
the individual effects will give the final result. 

In using the data of Fig. 234 to determine ordinates for influ- 
ence lines the most direct procedure is to place a unit load at a 
series of points, calculate the fixed-end moment or moments due 
to the load in the various positions, determine the moments at the 
supports from the data of the figure, and finally calculate by statics 
the shear, moment, or reaction for which the influence line is 
being drawn. 

This procedure has been followed in Fig. 235. Moments at the 
supports have been calculated for ten positions of a unit load as 
indicated, and the reactions calculated by statics. The informa- 
tion in Fig. 235 will make possible the calculation of ordinates 
(located as in the figure) for an influence line for any function at 
any section. The data of the figure have been used to calculate 
influence lines for bending moment shown to scale in Fig. 236, and 
influence lines for shear shown to scale in Fig. 237. The influence 
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line for shear in span 1 is evidently also an influence line for 
reaction at 









NON-PRISMATIC BEAMS 


425 


prismatic members, i.e., members in which the moment of inertia 
varies within the span. More labor is required to calculate fixed- 



end moments, stiffnesses, and carry-over factors, but the definitions 
of these physical constants are the same, and when they have been 
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calculated the procedure is exactly the same as for frames com- 
posed of prismatic members. 



I I I i i • I i I i I 

Influence Lines for Shear 
Fig. 237. ' 


The principles already discussed are adequate for the calcula- 
tion of the physical constants mentioned in the preceding para- 
graph, and as illustrations Figs. 238, 239, and 240 are presented. 
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Fig. 238. 



428 


BEAMS AND FRAMES 


In Fig. 238 are shown the calculations for stiffnesses and carry- 
over factors for a symmetrical three-span beam: at (o) the dimen- 
sions and assumed relative moments of inertia; at (Jb) the calcula- 
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to the loading shown, and the moment distribution carried out 
using the physical constants calculated in Fig. 238. 
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Fig. 240. 


Figure 240 shows calculations of the stiffnesses and carry-over 
factors for an unsymmetrical span. 

The student will note that the factor S.96mBA in Fig. 238 (6) is 
the rotation at the B end of the span AB. Therefore 

8.96w5a ~ Gba 
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and since, by definition, the stiffness is tlie moment required to 
produce a unit rotation, Oba = 1 and 

ruBA — = 0.112 = stiffness of BA 

Also, if iuba = 1, 

Bba = 8.96 

i.e., a unit couple at B will rotate that end through an angle 8.96, 
a fact which explains the calculation of fixed-end moments for 
spans AB and CD in Fig. 239 (c). Similarly the factors 6.54m5c 
and 10.96mcB show that 6.54 is the rotation at the C end of span 
BC produced by a unit couple at B and 10.96 is the rotation at 
the C end produced by a unit couple at C. Therefore, if 

Mbc = the fixed-end moment at B 

Mcb = C 

we have the relation 

6.54A/bc “f" 10.96il/cB ~ Bbc ~ 20,407 


Since the beam is symmetrical both with respect to load and 
moment of inertia 


and 


M BC — Mcb 


(6.54 + 10.96) Mcb = 20,407 


Mcb == Mbc = 


20,407 

17.50 


- 1166'* 


When a beam is unsymmetrical with respect to loads and mo- 
ment of inertia the fixed-end moments will not in general be equal. 
For example, suppose that span BC of the four-span beam in 
Fig. 240 is loaded as in Fig. 241. If hinges are introduced at B 
and C the rotation of the tangent to the elastic line at B = 21,177 
and at C = 23,448. 

Then if 

Mbc = the fixed-end moment at B 
and 

Mcb = " C 
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we may use the data calculated in Fig. 240 and write 
.8.23 Mbc + 3.72Mcj? = 21,177 
3.72Miic + 5.60Mcs = 23,448 
M„c = 973'^ 

Mcb = 3541'*= 

Stiffnesses, carry-over factors, and fixed-end moments for non- 
jn ismatic beams may be calculated somewhat more directly by the 
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^‘column analogy” ^ and the advanced student will find it worth 
while to familiarize himself with that tool. 

® “Continuous Frames of Keinforced Concrete’' by Cross and Morgan, 
John Wiley <fe Sons, New York. This book also contains charts giving fixed-end 
moments, stiffnesses, and carry-over factors for common forms of haunched 
beams. 
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PROBLEMS 


In the following problems, where the value of E is required, it should be 
assumed as 30,000 kips per sq. in. unless otherwise stated. 

262. (a) Calculate the deflection at the center of the beam shown. 

(6) Calculate the deflection 


under the load. 

(c) Where is the deflection 
greatest? How much is it? 


33 ViT @210^1-11665" 


120 ’' 


|<_ 24 ' /( 5 - ^ 

(d) Calculate the slope of the ^ 

Pont to the elnstie line nt eneb ' • 


tangent to the elastic line at each 
end, in radians and in degrees. 


Pros. 262. 


263. (a) Calculate the deflection at the center of the main span and at 
the end of the cantilever. 

(6) Calculate the slope of the elastic line at A, R, and C. 


4^ 

nn .i.iiii fnm i nn ii mn t.tt mii i m i mjm ri n rm r 

^ 36 ^@ / 50 * I-90ir* 

[« 43' ^/2-^ 

PROB. 263. 

264. Calculate the deflection of the beam in Problem 41: (a) at the left 
end of the uniform load; (b) at the cantilever end. Assume E and / = 1. 


266. Calculate the slope of the left end of the beam supporting the uniform 
load in Problem 48. Assume E = 1; / = 2 for the lower beam; / = 1 for 
the upper beam. 

266. Calculate the deflection at B and at D for the beam shown. 



Prob. 266. 


267. What force acting down at D on the beam shown in Problem 266 
would keep the end D from rising above the horizontal line ABCDl 

268. How much would the force found in Problem 267 reduce the deflection 
at B in the beam of Problem 266? 

269. Are the reactions given in Problem 74 correct if the moment of inertia 
is constant throughout? Use angle changes. 



PROBLEMS 


433 


270 . (a) Draw the shear and moment 
diagrams for the beam shown. 

(h) The support at B settles 3.75 in. 
Draw the shear and moment diagrams. 


|< — 60* 60- 

I 56''W=@ 250^/' 1=16.470“* j 
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271 . The member B-B' in the structure shown 
was fabricated 0.48 in. short owing to an error in 
the shop. Assuming rigid connections at B and 
B', what moments will result from forcing B~B* 
into place during erection? 

(a) Assume no stress elongation in B-B\ 

(h) The area of B-B' is 44 sq. in. gross. What 
will be the effect on the moments if the elonga- 
tion of B-B* due to stress is included in the calcu- 
lations? 


c 

<^-20'-> 
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l’460Cf‘ 
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Prob. 271. 


272 . The member A-B in the struc- 
ture shown is composed of wire rope 
having a modulus of elasticity of 20,000 
kips per sq. in. and an area of 2 sq. in. 
The steel member DBC has a modulus 
of elasticity of 30,000 kips per sq. in. 
Calculate the horizontal deflection of 
point C. 
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Prob. 272. 


273 . Draw the shear and moment diagrams 
for the structure shown. Neglect the change 
in length of member BC, 


E 



Prob. 273. 



434 


BEAMS AND FRAMES 


274. Draw the shear and moment diagrams for the structure shown. 



Prob. 274. 

276. Draw the shear and moment diagrams for the structure shown. I is 
constant throughout. 



Prob. 275. 


276. Draw the shear and moment diagrams for the structure shown. 
/ is constant throughout. 

< 50* ><-24— >j< 4Q’ >1 

< 7(5 ^ 

I 4*^ ? I § §1 I 

HingO' ’^.7 '^7 


Prob. 276. 


277. Pier B for the structure in Problem 276 has settled 2 in. Assume 
I = 29,660 in,'* and draw the shear and moment diagrams. 

278. Pier C for the structure in Problem 276 has settled 2 in. Assume 
I = 29,660 in.** and draw the shear and moment diagrams. 

279. Assume that the beam of Problem 73 has a constant I throughout, 
and determine by means of angle changes whether the bending moment at A 
and the reaction at C are correct as given. 
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280 . Calculate the horizontal movement of D in the structure shown if 
there is an angle change of 0.015 radian at B and 0.020 radian at C. 



< QQ*. J> 



-c 

*1 


-B 
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> 





A D 

Prob. 280. 


281 . Each of the vertical members in the structure shown, f/oLo, C/iLi, 
and is a 36-in. WF @ 300 lb. per ft. Assume that the tics U dJ \ and 

UJJi are inextensible, and calculate the maximum moment in each of the 
vertical members. 



Prob. 281. 


The following problems may be conveniently solved by means of moment 
distribution. 

282 . Assume that the beam of Problem 74 has a constant / throughout, 
and determine whether the bending moment at B is correct as given. Draw 
the shear and moment diagrams. 

283 . Assume that the beam of Problem 74 has a constant I and that the 
end reactions are fixed supports. Calculate the indeterminate moments, 
and draw the shear and moment diagrams. 

284 . Calculate the indeterminate moments for the structure shown, and 
draw the shear and moment diagrams. 



Prob. 284. 
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285. Calculate the indeterminate moments for the structure shown, and 
draw the shear and moment diagrams. 



Prob. 285. 

286. Draw the shear and moment diagrams for the structure shown. 



Prob. 286. 

287. Draw the shear and moment diagrams for the structure shown. 



''Hinge 


Prob. 287. 


288. Draw the shear and moment 
diagrams which would result if the sup- 
port at C in the structure shown were 
moved down 2 in. and 3 in. to the right 
but without rotation. 



Prob. 288. 
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289 . Draw the shear and moment diagrams for the frame ABCD in the 
structure shown. Note that the end at A is fixed and that at D is hinged. 



290 . Draw the shear and moment diagrams for the structure shown. 



Prob. 290. 


291 . Assume that the structure sliown in Problem 286 is supported at A 
and B by rolU'rs on horizontal planes, and redraw the shear and moment 
diagrams. 


292 . Draw the shear and moment diagrams for the structure shown. 



Prob. 292. 
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293. Sketch the influence line for bending moment at P in the structure 
shown, and calculate the ordinates thereto at the quarter and center points 
of each span. 



294. Calculate the maximum shear, the maximum positive moment, and 
the maximum negative moment for the structure shown. 



295. Draw the shear and moment diagrams for the beam shown, and com- 
pare them with those for a prismatic beam with the same lengths and loads. 

5^1 JO' >1 

[< 20' ->j< 20' ->l 


HIE 
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I 

Pros. 295. 


-iJLL. 


1 , 


296. Draw the shear and moment diagrams for the structure shown. 
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Prob. 296. 
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297. Draw the shear and moment diagrams for the structure shown. 

0 

1 

Prob. 297 . 

298. Draw the shear and moment diagrams for the structure shown. 



Prob. 298 . 




CHAPTER XI 


TRUSSED STRUCTURES 

190. The remarks in the preceding chapter regarding the 
importance of facility in calculating deformations of beams apply 
with equal force to trussed structures. Also, as in beams, calcu- 
lations of deformations in trussed structures pc'rhaps are made 
more often as a step in analysis of indeterminate structures than 
simply to determine deformations as such. 

The principles already presented have frequent application in 
dealing with trussed structures, but extensions of thos(^ principles 
and additional procedures are often convenient. As in dealing 
with beams the authors have a preference for pure'ly g(M)metrical 
methods. 

The limitations previously stated apply also in dealing with 
trussed structures; i.e., angles changes are^ so small that the sine, 
the tangent, and the angle are equal. Also the' changes in the 
shape of the structure are so small that calculations of primary 
stress are not affected. 

191. Angle Changes in Truss Deflections. — As stated in 
Chapter V the triangles is the basic geometric figure in trusses 
because it is the only g(‘ometric figure which cannot be changed in 
shape without changing the kmgth of one or more of its sides. 
(k>nversely it must be true that if the k^ngth of a side of a triangle 
is changed the angles in the triangle will change. 

In the truss shown in Fig. 244 (a) a change in any side of the 
various triangles of which the truss is composed would change' the 
angles in those triangles. There would be, then, angle changes in 
the line of the bottom chord at the panel points, that at panel 
point L\ being the algebraic sum of the changes in the angles 
marked © and that at panel point L 2 the algebraic sum of the 
changes in the angles marked @, ©, and ©, and so on. If these 
angle changes were known we could compute the deflection of 

440 
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any point on the bottom chord of the truss by application of the 
general statement (1) in Art. 153. A simple method of calculating 
the chang(\s in the angles of a triangle, resultw from changes in 
the lengths of the sides, evidently would give a direct solution of 
the deflection of trusses. 

192. Angle Changes in a Triangle. — Figure 242 (a) indicates 
the nomenclature to be used in discussing angle changes in a tri- 
angle. In addition let day 5 ft, 6, represent changes in length of the 
sides a, 6, and c, respectively. The student should k(‘ep in mind 
that these changes in length will be very small in comparison with 
the lengths of the sides, and that the changes in angles resulting 



therefrom will be so small that the angle changes, their sines, and 
tangents will be identical. For clarity, diagrams showing changes 
in sides and angles will be greatly exaggerated in scale. 

Assume now that side a of the triangle shown in Fig. 242 (a) is 
shortened by the amount 6„. The apex C will move to C', and 
the triangle will take the shape ABC' shown in (6) of the figure. 
It should be noted that CC' is a line perpendicular to AC, and 
C"C' a line perpendicular to BC. The change in length 8a and 
the resulting angle changes da and dff are so small that these per- 
pendicular lines may be considered as arcs drawn from A and B 
as'centers; i.e., the angle changes are so small that the arc, sine, 
and tangent are identical. 
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Examination of the figure will show at once the following 
relations: 


^ CC' ^ C'C" 

da = — — and dfi = 

0 a 


Also it is clear that triangles APaCj CC"C\ and BPbC are similar 
and we may write 

CC h ^ C'C" ha 

— =- — and — — = — 

3a Ta 5a Tb 

Therefore 

CC' = 5a- and C’C" = - 

ra Tb 


Putting these values in the relations for da and djS, 

j 3a j , 6a 1 

da = — and a/3 = 3o — X — 

Va a Tb 


We now have expressions giving the change in angles a and ^ 
resulting from a change in the length of side a. To obtain an 
expression for the change in the angle y it will be more convenient 
to draw a sketch showing the change in the length of the side a 
introduced at the other end, as has been done in Fig. 242 (c). 
We may write by inspection of the figure: 


dy 


B'B" 

a 


Since triangles B'B'^B and BPcC are similar 

B'B" _ ^ 

5 a ^<5 

B'B" = — 

To 


dy r= 5^ X — 

a Te 


From this 
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Summarizing these results we may say the chauges in the angles 
of a triangle due to the change of the side a are: 



ra 


ha 1 
dl3 = 8a- X- 
a Tb 

, Ca 1 

dy = 8a — X — 
a Tc 

Similar relations can be written for angle changes resulting from 
changes in the other sides. The relations can be written directly 
by analogy, but the student will do well to draw separate sketches 
for each side. A sketch is shown in Fig. 242 (d) of the changed 
shape resulting from an increase in side 6. A change in each side 
affects each angle in the triangle, and combining all the changes 
we will obtain: 



Vc Vc Tc 


The student will find these easy to remember if he keeps in 
mind that the change in an angle due to the change in any side is 
always some portion of the change in side divided by the perpen- 
dicular distance from the angle to the side opposite the angle; 
i.e., the numerator is always some portion of the change in side 
and the denominator is always the perpendicular distance from 
the angle to the side opposite the angle. When the side in question 
is opposite the angle the numerator is the whole change; when the 
side in question is adjacent to the angle the numerator is the change 
times the projection of the side adjacent on the side opposite the 
angle, over the side adjacent. 
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193. Signs in Angle Changes. — It is necessary to adopt a sign 
convention for angle changes, and it seems most convenient to 
call an increase in angle positive and a decrease in angle negative. 
It is easy to sec by a sketch, such as those in Fig. 242, whether an 
angle change is an increase or a decrease, and in case of doubt 
the student should make such a sketch. However, in routine 
calculations it is desirabk' to have an automatic procedure, and 
the following rules applied to the relations on page 443 will deter- 
mine the sign of the angle change automatically. 


1. The length of a side and the perpendicular distance 
from an angle to the side opposite are always positive. 

2. The change in length of a side is positive when it is 
an increase and negative when it is a decrease. 

3. The projection of one side on another is positive if it 
lies entirely on an extension of the side projected on; it is 
negative if it is entirely or in part coincident with the side 
projected on. 


The third rule may be illustrated by reference to Figs. 242 and * 

243. In Fig. 243 the projec- 
tion of side a on side h is 
positive, the projection of side 
h on side a is positive, the 
projection of (utlu'r a or h on c 
LS negative, and the projection 
of c on eith(‘r a or h is n(‘ga- 
tive. Generally the projection 
of one side on another is nega- 
tive: a projection can never 
be positive except in an obtuse 
triangle. 

One obvious fact which should be kept in mind Ls that the sum 
of all the angle changes in a triangle must be zero. 

194. Illustration of Truss Deflections Determined by Angle 
Changes. — The calculation of truss d(ifl(^ctions by applying angle 
changes as loads at the bottom chord panel points is illustrated in 
Fig. 244. The changes in length of the various members are 
marked on the truss diagram in (a) and are symmetrical about the 
center line as noted; consequently, the angle changes will also be 
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symmetrical and lu'C'd })e calculated for one side only. The angle 
changes needed are calculat(‘d in the table and arc applied as loads, 



Member 

8“ 

Joint L, 

Joint Lz 

Jo7nt Ls II 

LoL, 



- . 1406 





iJi t-o 

- 'A 

0 -^A . 
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*■/» 
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V-V/6 

0 ^v/«eo6)_ 
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( / 555) ^ 
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~Vl6 
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73 55 ilTa - 
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(« - 
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(5) ’ 

/ X 0 8 

- 7406 

® - 

0 
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J 0 6 

*7562 

* ‘/a (-7 553) 
^ 7 667 X / * 
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Uz L, 

*/$ 
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^ / TJ5 
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Us Li 
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^ -1^6 X 0 
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0 




- 6093 


- 7094 


- 42/9 


Fig. 244. 


and the shear and moment diagrams due to those loads are shown 
at (h) and (o). 
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The only comment that seems necessary is to call attention to 
the fact that the angle changes calculated are relative and not 
actual, since the dimensions were reduced to the panel length as 
unity, as shown at (d) in the figure. The deflections shown at (c), 
however, are the actual deflections in inches, since the length of a 
panel was also taken as unity in calculating the shear and moment 
diagrams in (c). If the actual angle changes (in radians) are 
wanted the values shown should be divided by 360, the length of 
one panel in inches. Study of the relations on page 443 will show 
that if the changes in the sides are given in inches the deflection 



of the truss will be in inches whether the other factors are in inches, 
feet, or any other convenient unit. 

196. Geometry of Truss Deflection.^— Although the method of 
calculating truss deflections by angle changes described in the 
preceding articles is perfectly general it seems worth while to 
examine the geometry of the deflection caused by a change in 
length of a single bar, in a few simple cases. 

The bottom chord L 2 L 3 in the truss shown in Fig. 245 (a) is 
elongated by the amount 5. The angle U 2 L 2 L^y marked ® in the 
figure, is the only angle along the bottom chord which is changed 
by the increase in length of L2L3, as may be seen from the diagram 
of the triangle I 72 L 3 L 2 shown at the right in the figure. Since the 
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angle U2L3L2 does not change it is clear that the change in the 
angle U2L2L3 must be equal in magnitude and oj^posite in sign to 
the change in L2U2L3. The deflection at any point along the 
bottom chord is then the bending moment at that point due to 
d 

the angle change - applied as a load at L2 on the chord line LqLq 
h 

as a simply supported beam. The student should note that 
whether the deflection is found at L4, as in the figure, or at any 
other point along the chord it is equal to the change in length of 
L2L3 times the strevss in L2L3 due to a unit load applied at the 
point for which the deflection is being calculated. 

In Fig. 245 ( 5 ) the diagonal U2L3 is assumed to have an increase 
in length 8. The angles U2L3L2J and U2L3U3J marked 

(2), and (3), respectively, are affected in that case, and the 
deflected shape of the bottom chord line is as shown below the 



truss. The angle changes are computed in the figure at the right, 
and the deflection of L4 computed as the bending moment at that 
point due to the angle changes applied as loads as shown. The 
student will note again that the deflection is also equal to the 
change in length of U2L3 times the stress in U2L3 due to a unit 
load applied at L4, and that the same relation holds no matter 
what point along the chord is considered. 

Figure 246 shows to an exaggerated scale the shape which the 
entire truss assumes as a result of the elongation of U2L3. The 
extent of the exaggeration of the deformation should be kept in 
mind — if drawn to scale the change in shape could not be detected 
by eye. The student should cultivate the ability to visualize the 
deformations of structures; making numerous sketches such as 
Fig. 246 , for other bars, will help in that respect. 

The deflection of the bottom chord of the truss shown in 
Fig. 247 , due to changes in length of U2U3 and I/2L2, are shown 
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at (a) and (6), respectively. The method of attack is the same as 
in Fig. 245. 

In all cases studied in Figs. 245 and 247 it will be noted that 
a purely geometric procedure led to the same general result ; that 
the deflection at any point on the bottom chord due to the change 
in length of a particular bar is equal to the change in length times 
the stress in the bar due to a unit load applied at the point for 
which deflection is being studied. In the next article this general 



result will be established for movement of any point in any 
direction. 

196. The Principle of Virtual Work. — The principle of virtual 
work is one of tlie most powerful tools of structural analysis. It 
Is often called by other names and has been creditcid to different 
authorities, but most American writers agnn) that it was first 
introduced in the United States by the late George Fillmore Swain. ^ 

It is sometimes presented in a highly mathematical form, but 
the brief statement following is adequate for the present purpose. 

Consider any body supported at A and B, as shown in Fig. 248, 
and assume that we wish to determine the movement of the point 

^ “On the Application of the Principle of Virtual Velocities to the Deter- 
mination of the Deflection and Stresses of Frames,” by George Fillmore Swain, 
Journal of the Franklin Instituiej Vol. 115, page 102, 1883. 



THE PRINCIPLE OF VIRTUAL WORK 


449 


p along the line X-X due to a change in length, 8, of the fiber / 
Imagine a unit load applied at p acting in the direction of the 
movement to be determined. Use the following notation: 

8 = change in length of the fiber /. 

8f = the movement of the point p along the line X-X due to 
the change in length, 6, of the fiber /. 

u = the stress in the fiber/ due to the unit load acting at p. 

It is assumc'd that the unit load is acting at p, and the resulting 
stress, u, is acting on the fiber 
/. Now change the length of 
the fiber / by the amount 8. 

Evidently the stress u acts 
through the distance 5 and does 
work, a X 8. The change in 
length of / causes p to move 
through the distance 8f and the 
unit load moving through that 
distance does work, 1 X If 
we have not created or dissipated j-^ig. 248. 

energy, i.e., if we accept the prin- 
ciple of the conservation of energy, we have' the relation: 

I X 8f uX d 
or 

8f = uX 5 

It should be emphasized that 8f is due only to the change in length 
of the fiber/. Presumably other fibers in the body also change in 
length, and each contributes its share to the total movement. A, 
of the point p, which of course must be equal to the sum of the 
movements contributed by all fibers which change in length. 
Therefore: 

A = 

If we wish to study the rotation of point p due to a change in 
length of the fiber/ we may apply a unit couple at p instead of the 
unit load, and a little study will show that the argument is not 
changed by so doing. It will still be tru(^ that the stress, u (now 
caused by a unit couple at p), does work, u X 8\n moving through 
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the distance 6 , and the unit couple also does work 1 X in which 
Of is the angle through which p (and therefore the unit couple) 
rotates owing to the change in length of the fiber /. As before 


and 


ixeF = ux 6 

Of = uX d 


Further, if other fibers change in length they will contribute to 
rotation and we may say that the total rotation of p due to all 
changes in length will be: 


d = HBf — 


The student should note that no restriction has been placed 
on the cause or nature of the change in length of the fiber /. It 
may be caused by stress due to the application of external loads, 
by change in temperature, or by errors in the manufacture, and 
may be either plastic or elastic. Whatever the cause or nature 
of the change in length of the fiber, if it is known, the movement* 
of p may be calculated, whether that movement is linear or angular. 

If the structure is an articulated truss instead of a solid body 
the bars of the truss replace the fibers of the body and the general 
principle leads to exactly the same result as found in particular 
cases in the preceding article by purely geometric methods. 

197. Applications of Virtual Work. — As an illustration of the 
application of the principle of virtual work Fig. 249 is presented. 
This is the same truss for which deflections were calculated by 
angle changes in Fig. 244, and in Fig. 249 the deflection of panel 
point Lz is found by virtual work. Since the truss and the 
changes in length are symmetrical about the center line the quan- 
tities u and bu are also symmetrical and need be calculated for one 
side only as has been done in the figure. Of course the result for 
one side must be doubled to obtain the effect of both sides. 

As noted previously the movement of a particular point in any 
direction may be calculated by application of the principle of 
virtual work. A disadvantage in its use is that calculations must 
be made for each point to be studied. 

As another illustration consider the structure shown in Fig. 250. 
It is obvious by inspection that any movement of panel point S 4 
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must be horizontal, and the amount of that movement may be 
obtained as : 

Ah = X8u 

in which 6 is the change in length of a particular bar due to the 
applied loads and u is the stress in that bar due to a unit load 
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x2'-^2 0936 " 

Vertical DcHection of Lj 


Fig. 249 . 

acting at B4, in the direction of the movement being studied, as 
shown in the figure. 

The student should note that, though it is obvious that B4 
must move horizontally, it is not obvious, because of the horizontal 
load P3, whether that movement will be to the left or the right, 
and a sign convention is necessary. The most convenient sign 
convention is that which calls an increase in length of a member 
positive and a decrease in length negative. The sign of the stress 
u is that used throughout the text, tension positive and compres- 
sion negative. If these signs are used the quantity 28 u will be 
positive when the movement is in the direction of the unit load, 
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and negative if the movement is in the opposite direction. Thus 
in Fig. 250 if the quantity 21511 is positive the point ^4 moves to 
the right in the direction of the unit load, if it is negative B 4 
moves to the left. 

198. Absolute Movement. — In the great majority of cases one 
is interested in the vertical or horizontal movement of a particular 
point, but, as stated, by the application of the principle of virtual 
work the calculation of movement in any direction is possible. 
Furthermore, it should be clear that although the true movement 
of a point must be along some particular line that movement may 



be projected on a line in any other direction. The projection on 
any other line may be thought of as a component of movement 
along that line. Thus in Fig. 250 (b) the true movement of B 4 
is horizontal and equal to Ah; it may be projected on line 1 ~ 1 , and 
Ai_i is that projection, or it may be called the component of 
movement along 1-1. If the unit load at B 4 is applied along 1-1, 
as shown at ( 6 ) in the figure, the quantity 21 5u will give the com- 
ponent Ai_i, the factors 5 being the same as before, but the 
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factors u being the stresses due to the unit load acting along the 
line 1 - 1 . 

As a further illustration refer again to Fig. 219. The calcu- 
lated deflection of Ls, 2.0936 in., is only the vertical movement of 
that point. Applying a unit load at Ls acting horizontally, and 
to the right, we have: 



5 

u 

hu 

LoLi 

4- 

+1 

+0.1875 

L\Li 

+ 3 ^ 

+1 

+0.1875 

Z/2L3 

+A 

+1 

+0.1875 


XBu = -f 0.5625 in. 

That is, panel point L 3 not only moves 2.0936 in. vertically down; 
it also moves 0.5625 in. to the right, and the true movement is 

V 2.0936- + 0.56252 = 2.1678 in. 

downward to the right along a line having a slope of 0.269 hori- 
zontal to 1 vertical. 

When the true movement of a point is wanted it is necessary 
to calculate two components. It is generally more convenient to 
calculate rectangular components, although a little refiection will 
show that any two components fix the magnitude and direction of 
movement of a point in a plane. 

199. Causes of Change in Length. — In the preceding discussion 
the causes of change in length of the bars of a structure or fiber of 
a body have merely be(*n stated as stress, change in temperature, 
and error or deliberate change in manufacture. 

Stress is probably the most frequent cause of change in length 
with which the engineer deals, and the student is already familiar 
with the calculation of such changes. It may be well to summarize 
the necessary data. Let : 

s = intensity of stress in any bar of a frame or any fiber of a 
flexural member. 

I = the length of the bar in question. 
ds = the length of the fiber in question. 

6 = the change in length of the bar or fiber. 

E = the modulus of elasticity. 

Then 


si 
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and 

5 = — for the fiber 
E 

Also, if ; 


S = the total stress in the bar in question, 

A = the gross area of the bar in question, 

M = the bending moment at the section being considered in 
a flexural member, 

y = the distance from the neutral axis of the flexural member 
to the fiber considered, 

I = the moment of inertia of the flexural member about its 
neutral axis, 

then 

S 

s = — for the bar * 


s ^ 


My 

I 


for the fiber 


These results are frequently combined in stating the deflection 
of a truss and given as 


a=E 


SI 

AE 


u 


200. Calculation of Beam Deflection and Change in Slope by 
Virtual Work. — The general relations for deflection and change in 
slope at any section in a flexural member developed from geometric 
relations in the preceding chapter may be established by the prin- 
ciple of virtual work.- 

Refer to Fig. 251 and assume that we wish to study the deflec- 
tion and change in slope at the point p due to the applied loads. 
The moment diagram shown at (6) in the figure is produced by 
the applied loads, and any ordinate in that diagram is designated 
by M, 

Considering first the deflection, apply a unit load at p in 
accordance with the general principle ; the moment diagram shown 
at (c) in the figure is produced by the unit load, and any ordinate 
in that diagram is designated by m, 

* In all that follows regarding deflection of beams it is to be understood 
that shearing distortions are neglected. The remarks in the footnote on page 
344 apply here with equal force. 
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In accordance with the fundamental statement the deflection 
of p due to any fiber, such as / in section 1-1, Ls 

My rny .. Mds 
= — ds- — dA = — • myHA 


All terms in this relation have been defined except dA, which Ls 
the area of the fiber/. Since u is the total stress on fiber / produced 

7fiy 

by the unit load at p, and since -- is the intemity of stress, the latter 
must be multiplied by the area to obtain the total stress u. If all the 



fibers in the section 1-1 are taken together we will have the 
deflection at p due to stresses on all the fibers at section 1-1. 
Calling that deflection Ap we will have 


Af = 



Mds 

EP 


• my^dA = 


Mmds 

EP 



Mds 

El 


m 


in which the integration covers the entire area of the section. 

To obtain the total deflection at p it is necessary to include the 
effect of every section along the beam, i.e., 



m or 


E M^ds 


• m 
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Study of these expressions will show that they lead to the same 
results as obtained by purely geometric methods in Chapter X. 


The quantity 



will be recognized as the angle change 


at 


section 1-1. The moment diagram for a unit load at p is also an 
influence line for bending moment at p. Consequently the 


product 


change 


(Mds\ . 

KeT)^^ 

/Mds\ 

\EI ) 


is the bending moment at p due to the angle 


applied as a load at section 1-1. 


The same method may be used in studying rotation, and the 
moment diagram produced by a unit couple at p is shown ut (d) 
in the figure. The student will recognize that the moment dia- 
gram due to a unit couple at p is identical in shape and ordinates 
to an influence line for shear at p. 

Consequently the statement 



means that the change in slope at p is equal to the shear at p due 


to the angle changes 



applied to the beam as loads. 


201. Williot Diagram. — In some' case's a grar)hical method ^ 
of determining truss defle'Ctions has certain advantages over arith- 
metical solutions in that one diagram defines completely the 
move^ment of all points. 

A four-panel truss is shown in Fig. 252 with assumeel (changes 
ill length shown on the left half; the deformations are symmetrical 
about the center line. 

The Williot diagram is drawn assuming some> point fixed in 
position and some bar fixed in direction. For the pre^sent ejase 
assume L 2 fixed in position and U 2 L 2 fixed in directiein. If L 2 is 
fixed in position and U 2 L 2 in direction it is obvious that the only 
movement possible for U 2 is vertically downward § in. to IJ 2 as 
indicated ih (6) of the figure. Imagine the members disconnected 


^ The method is generally attributed to Williot, said to have been a French 
engineer, and some authors state that it was developed about 1877. Later a 
German engineer, Otto Mohr, extended the method to unsymmetrical trusses 
and loads, and it is frequently referred to as the Williot-Mohr diagram. 
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at Uij and U1U2 moved parallel to its original position to the 
position U2^a. Now shorten t/2'a (U1U2) J in. sr* that a moves 
to h, and lengthen U1L2 so that Ui (in UiLo) moves to c. Actually 



Uz 


Fig. 252. 

the ends of U1U2 and t/iL2, h and c after the changes in length, 
must be together in a new position consistent with the deforma- 
tions. This position can be found by drawing an arc using U2 
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as a center and U2h as a radius, and an arc using L2 as a center 
and L2C as a radius; the intersection of these arcs at C/i' deter- 
mines the new position. The actual changes in length are so 
extremely small compared with the lengths of the members them- 
selves (less than 0,1 per cent in the most extreme cases with 
present materials) that we may substitute tangents, i.c., normals 
to the members, for the arcs without detectable inaccuracy, and 
that substitution is always made. Now imagine that the members 
at Li are disconnected and ViLi allowed to move parallel to its 
original position so that U\ (in V\Li) moves to Vi] Li (in UiLi) 
then moves to d. Now lengthen UiLi | in. so that d moves 
down to 6, and lengthen L2L1 so that Li (in L1L2) moves to /: 
e and / may then be brought together at the new position of Li, 
Li', by striking arcs from f/i' and L2 as centers and with Ui'e and 
L2/ as radii. Follow the same procedure with members connect- 
ing at Lo and find the new position at Lo'. Then the dotted lim^s 
in (6) of the figure show, enormously exaggerated, the deformed 
left half of the truss. Since the truss is symmetrical the right half 
would be in a corresponding position on the right-hand side if it 
were shown. 

To construct such a diagram with the distortions drawn to a con- 
venient scale in the case of a large truss is entirely impracticable. 
Williot’s discovery was that only the distortions and the arcs need 
be drawn, and that they may be drawn to any convenient scale. 
This has been done at (c) in the figure. Thus starting from L2 
the distortion of U2L2 has been laid off, | in. downward to [72, 
and the distance from L2 to U2 is clearly the actual movement of 
U2 when L2 is fixed in position and U2L2 in direction. Then from 
U2 the distortion of U1U2 has been laid off, \ in. to the right 
parallel to U1U2J and the distortion of U1L2 laid off, J in. along a 
line parallel to the member. From the ends of these distortions, 
arcs (i.e., normals to the directions of the members) are drawn, 
and the intersection of these establishes the new position of Ui. 
The actual movement of [7i, under the assumed conditions, is 
determined in magnitude and direction by the distance from L2 
to Ui. The same procedure may be followed to determine the 
new position of Li : from the new position of C7i lay off the distor- 
tion of UiLij J in. downward; from L2 lay off the distortion of 
L1L2, j in. to the left; from the ends of these distortions draw 
arcs intersecting at Li, the new position of that panel point. As 
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before, the distance from L2 to Li gives in direction and magnitude 
the actual movement of Li, under the assumed conditions. The 
process may now be continued to find the new position of Lo and 
its actual movement, under the assumed conditions. The dia- 
gram shown at (c) in the figure is the Williot diagram, drawn in 
this case with the changes in length of the various members shown 
to the same scale as in (6) of the figure. A little study will show 
that, if L2 in the Williot diagram at (r) is placed on ilu) original 
position of any panel point in the distorted truss diagram at (6), 
that panel point in the Williot diagram will coincide exactly w ith 
the new position of the panel point in the distorted truss. Thus, 
if L2 in the Williot diagram is placed on f/i in the truss diagram 
of (6), U I in the Williot diagram will coincide with t/i' in the dis- 
torted truss of (6), showing that the distance from XJi to L2 in the 
Williot diagram gives in magnitude and direction the actual move- 
ment of U\ under the assumed conditions. The student should 
show that the same situation exists with reference to other panel 
points. 

In the actual truss the point L2 is not fixed, but since the truss 
and the assumed changes in length are symmetrical about the 
center line it Is clear that the bar U2L2 will remain fixed in direc- 
tion, i.e., it will not rotate even though it does move. In the 
actual truss the panel ’p^int Lo is fixed in position. Since the 
right half of the distorted structure must correspond to the left 
half, evidently a horizontal line drawn through Lo' in the distorted 
truss at {b) would pass through L4', and all vertical deflections 
should be measured from this line since in the actual structure Lo 
and L4 remain at their original levels. Similarly in the Williot 
diagram (c) all vertical deflections should be measured from a 
horizontal line through Lo, and since Lo does not move horizontally 
all horizontal movements should be measured from Lo in the 
Williot diagram. The student will note then that the distance 
from Lo in the Williot diagram (c) to L2, for example, is the true 
movement of L2 in the actual truss, and the vertical and horizontal 
projections of this distance are the vertical and horizontal move- 
ments of L2. 

As stated before, the Williot diagram may be drawn to any 
convenient scale, and as an illustration the Williot diagram of 
Fig. 252 (c) is redrawn at (d) to a much larger scale. In the 
diagram at (d) the right-hand half has been added in dotted lines. 
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Parts of the right and left sides coincide, but the student will 
notice that all the full lines in the diagram at (d) arc exactly par- 
allel and proportional to the corresponding lines in (c). In both 
diagrams the changes in length are indicated by lu^avy lines as a 
help in following the construction. 

As further illustrations, Figs. 253, 254, and 255 are presented. 
The Williot diagram shown in Fig. 253 is for the truss for which 


^ 2 - 3 /, U 4 Us 



Fig. 253 . 


deflections were calculated by angle changes in Fig. 244, and for 
which the center deflection was calculated by virtual work in 
Fig. 249. The student will note that the calculations by angle 
changes give directly only the vertical movemcuits of the bottom 
chord panel points; the calculations by virtual work give only the 
vertical movement of panel point but the Williot diagram gives 
the complete movement of every panel point. This does not 
necessarily indicate universal superiority for the Williot diagram; 
frequently, if not usually, the vertical or horizontal movement of a 
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single point or the vertical movements of the pan(4 points on one 
chord may be all that is required. 

Attention is called to the fact that in drawing the Williot dia- 
grams of Fig. 254 and 255 lines are drawn past intersections. 
This practice is usually followed since it leads to greater accuracy. 



L3 Fixed in Position and UjL^ m Direction 
Fig. 254 . 

The student will notice, of course, that the structure in 
Fig. 255 is unsymmetrical with respect to both truss and distor- 
tions shown thereon. However, the Williot diagram was drawn with 
respect to Lo as the fixed point and I/o^o as the fixed direction. 
Since the point Lo is in fact fixed in position, and UqLq fixed in 
direction, the diagram is correct in spite of the dissymmetry. 
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202. Williot Diagram for UiiS 3 anmetrical Cases. — In the 

majority of practical applications of the Williot diagram sym- 
metrical trusses symmetrically loaded are dealt with. In such 
cases there will always be some bar or line which does not rotate, 



and the Williot diagram should always be referred to such a bar 
or line whenever it is possible. However, because of dissymmetry 
of either truss or loading, there are cases in which there is no known 
line or bar that has no rotation. When that is so it is necessary to 
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correct the Williot diagram to include the effect of rotation of the 
reference line. As stated in the footnote on j'age 456, the cor- 
rected diagram is frequently called the Williot-Mohr diagram. 

The construction of the Williot diagram for an unsymmetrical 
truss or unsymmetrical distortion does not differ in any respect 
from that for a symmetrical truss except that the entire diagram 
must be drawn, as was illustrated by Fig. 255. 

The four-panel truss for which Williot diagrams were drawn in 
Fig. 252 (c) and (d) will be used to illustrate the Mohr rotation or 
correction diagram. In Fig. 256 (b) a Williot diagram is dra\^Ti 
based on the assumption that Lo is fixed in position and LqLi 
fixed in direction. The Williot diagram is shown in full lines with 
the changes in bar lengths made heavier. The scale of the dia- 
gram Fig. 256 (5) is the same as that of the diagram Fig. 252 (c). 

The shape which the truss would take if-Lo is fixed in position 
and LoLi fixed in diniction is shown greatly exaggerated at (a) in 
Fig. 256. The scale of the deformations used in drawing the 
sketch at (a) is one-half that used in drawing the Williot diagram 
at (b). 

The Williot diagram in Fig. 256 ( 6 ) gives the movements of all 
points when Lo is fixed in position and LoLi fixed in direction. 
The'diagram indicates a movement of L 4 up and to the right, and 
since the conditions of support are such that Li obviously can 
move only in a horizontal direction it is clear that the reference 
line LqLi must be rotated until La is brought down to the same 
level as Lq. It is nc'ccssary, therefore, to add graphically, to the 
movements shown by the Williot diagram in Fig. 256 ( 6 ), the 
movements wliich will result from rotating the truss about Lo 
until La moves vertically down through the vertical projection of 
the distance LqLa in the diagram at ( 6 ). This is shown as 0~La 
in the distorted truss in (a) of the figure. The student is reminded 
that although 0-La is shown as a large distance in the figure, 
because of the greatly exaggerated scale, it is in fact a very small 
distance compared with the size of the truss, and the arc drawn in 
rotating the truss about Lo until La is brought down to 0 in the 
diagram at (a) cannot be distinguished from a normal to L0L4 
at 0, All members of the truss rotate through the same angle 
when La is brought down to the horizontal line L0L4, and each 
panel point then must move normal to a line connecting it to Lo 
(the center of rotation) and through a distance that is to 0-La as 
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the distance from Lo to the panel point in question is to L 0 L 4 . 
Thus panel point U 2 must move normal to U 2 L 0 and thi'ough a 

distance equal to X O-L^y using the scale of the sketch in 

L0L4 

(a), Fig. 256. This movement in magnitude and direction added 
graphically, and to the proper scale, to L 0 U 2 in the Williot dia- 
gram, Fig. 256 (5), evidently will give the triu^ movement of 
panel point U 2 - Similar relations will give the true movements 



Fig. 256. 

of all panel points. Study of tlii^ diagram at (a), Fig. 256, will 
show that the distance from any panel point to 0 of the small 
dotted truss drawn on O-L^' as a basi^ is the true movemimt of 
that panel point due to the rotation necessary to bring L 4 ' down 
to 0 ; i.e., considering panel point t' 2 , it is clear that 

0-2' ^ L 0 U 2 

0~h^' L{)L4: 

It follows that the distance from any panel point to Lo of the dotted 
truss shown in the Williot diagram. Fig. 256 (5), is the movement 
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of that point, due to rotation of the truss, to the scale of the 
Williot diagram. Of course that movement ‘->mbined with the 
movement shown in the Williot diagram proper gives the true 



i 1 i 1 i I 

Scale in Inches 

Ll Fixed in Position and UfLi fd Oirech'on 
Fig. 257 . 

movement of the panel point in question. Considering again 
panel point f72, its true movement is given in the diagram of (6), 
Fig. 256, as Lof /2 plus (graphically) U 2 L 0 . A sketch plus a little 
study will show the student that the resultant movement is equal 
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to the distance from U 2 to 1/2. Since the same procedure will 
give the true movement of any panel point it follows that the 
distances from the panel points of the dotted truss in (6), Fig. 256. 
to the corresponding panel points in the Williot diagram are the 
true movements of those points. 

As a further illustration, Fig. 257 shows a Williot diagram with 
the rotation correction, for the truss shown in Fig. 254, using panel 
point L2 as the fixed point, and U 1 L 2 as the bar fixed in direction. 
In that solution it is clear that both Lq and Lq move with respect 
to the reference point, and the rotation diagram must be con- 
structed to rotate the truss about Lq until Lq is brought to the 
level of a horizontal lino through Lo. It will be clear upon reflec- 
tion that here also the distances from the panel points of the 
dotted truss to the corresponding points of the Williot diagram 
give the true movements of those points. 

203. Deflections from Influence Lines for Stress. — When 
influence lines for stress in the various bars of a truss are available 
they may be used to obtain deflections by a very simple procedure. 
It will be recalled that the principle of virtual work gives the 
movement of any point due to the change in length of any fiber in 
a soUd body, or the change in length of a bar in a frame as 5u, in 
which d is the change in length of the fiber or bar, and u the stress 
in that fiber or bar due to a unit load applied at the point and in 
the direction of the movement to be calculated. Referring now 
to the truss and influence lines on page 285, assume that we wish 
to calculate the vertical deflection of all bottom chord panel 
points due to an increase in length of, say, i^in. in the bar [/2L3. 
The influence line for stress in (72L3 gives the stress in that bar 
for a unit load at each panel point, consequently the ordinates to 
the influence line times in. will be the deflections sought. Thus: 

Lo Li L2 Lo Li 

0 X 0.2 -0.197 X 0.2 -0.394 X 0.2 +0.644 X 0.2 +0.615 X 0.2 

0 -0.0394 in. -0.0788 in. +0.1288 in. +0.1030 in. 

L* Le L7 Lg 

+0.386 X 0.2 +0.258 X 0.2 +0.129 X 0.2 0 X 0.2 

+0.0772 in. +0.0516 in. +0.0258 in. 0 

Obviously the same procedure may be followed for other bars 
and the total deflection obtained by summing the results for all 
members of the truss. 









Truss Deflections Calculated from Influence Lines. 
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So far as the authors know this method has not been published 
before. By a slight extension it leads to the so-called method of 
‘‘elastic weights,” but that extension seems an unnecessary 
obfuscation of a very simple relation. 

204. Illustrative Examples.— The methods oi calculating deflec- 
tions of trusses by angle changes, Williot diagram, and influence 
lines are illustrated in Plates III and IV. The truss shown is a 
double-track railroad bridge designed for Cooper’s E-60 under the 
“Specifications for Design and Construction of Steel Railway 
Bridge Superstructure,” published by the American Society of 
Civil Engineers ^ in 1923. 



Fig. 258. 


No particular comment on the calculations seems necessary. 
Obviously all three methods should give identical results if all 
were carried out with perfect precision. In general, however, the 
Williot diagram is likely to be somewhat less precise than the 
method of angle changes or influence lines owing to the normal 
imperfections of drafting equipment and technique. 

206. Maxwell’s Law of Reciprocal Relations. — A very useful 
relation which the student may have observed in some of the 
problems previously studied is illustrated in Fig. 258. Assume 
that we wish to calculate the deflection at B due to a load P 
acting at A, and the deflection at A wlien the load P is at B. 
At (a) in the figure is shown the moment diagram due to a unit 


* Transactions Am. Soc. C. B.j Vol, 86, 1923, page 471. 



load acting at A, at (b) that due to a unit load acting at B, at (c) 
the moment diagram due to the load P acting at A, and at (d) 
that due to the load P at B. 

In accordance with the general statement on page 455 we 
may write at once : 



These two quantities are identical, and since there was no restric- 
tion on the location of the points we may make the general state- 
ment : the deflection at B due to a load P acting at A is equal to 
the deflection at A due to the load P acting at B. This is a som('- 
what restricted statement of the law of reciprocal relations dis- 
covered by the English scientist, James Clerk Maxwell, and 
announced by him in 1864. It need not be restricted to vertical 
displacements, and may be extended to include rotations. It is 
just as applicable to trusses as to beams, and it is the basis of 
Mliller-Breslau’s principle stated in the preceding chapter. The 
law of reciprocal relations is very useful in dealing with indeter- 
minate structures. It is advisable for the beginner to prove 

carefully each use of Maxwell’s 
law. Although it is very simple, 
it is easy to make statements 
which sound plausible but are 
erroneous. 

A further illustration is 
given in Fig. 259. Maxwell’s 
law states that the horizontal 
movement of point C due to a 
load P acting vertically at point 
D is equal to the vertical movement of point D due to the load 
P acting horizontally at point C. This may be shown as follows : 

Let u = the stress in any bar due to a unit load acting down 
at point D. 

V = the stress in any bar due to a unit load acting hori- 
zontally at point C. 




Then 


Pu == the stress in any bar due to the load P acting down at 
point D, 

Pv = the stress in any bar due to the load P acting hori- 
zontally at point C. 


Applying the principle of virtual work we may write: 


A PiB.tD 



v = pZ 


id 

AE 




Pvl 


vl 


Since these quantities are identical the reflation is proved in this 
case. 

206. Applications. — The principles discuss(‘(l so far in this 
chapter are fundamental tools in structural analysis and design. 
They have no virtues in tli(‘mselves and become of value only so 
far as they contribute to the design, fabrication, and erection of 
engineering structures. They have occasional utility in dealing 
with oi’dinary determinate structure's, but pe'rhaps their greatest 
application is as an aid in the analysis of statically indeterminate 
structure's. In both fields, but particularly in the latter, it is 
sometimes convenient to extend and elaborate them, but such 
extension and elaboration are for the' most part only a convenience, 
not a necessity. The majority of problems that the engineer 
mee'ts can be dealt with by direct application of the principles 
presented. 

Lack of space prevents an extended discussion of applications 
but a few' simple illustrations will be presented. 

207. Camber. — Most specifications govcTiiing the design of 
bridge trusses require that the trusses be “cambered,’’ i.e., that 
they be so fabricated that when erected on the falsework the bot- 
tom chord panel points will be above the design position and w ill 
come down to that position only under a specified loading, fre- 
quently called the camber loading. Various w^ays of accomplish- 
ing the specified result are used, but the most direct and effective 
is to shorten tension members by the amount they would lengthen 
under the camber loading, and lengthen compression members by 
the amount they would shorten. The “camber diagram,” a 
diagram showing the position taken by the bottom chord panel 
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points as a result of these changes in length, can then be obtained 
by drawing a Williot diagram, or by calculating the movements 
by angle changes or from influence lines. It should be noted that 
the latter methods will give only the vertical movements. How- 
ever, the horizontal movements can be determined directly from 
the changes in length of the bottom chord, when that is horizontal, 
which it usually is. Of course the Williot diagram gives both move- 
ments directly. 

As an example assume that the truss shown on Plates III and 
IV is to be cambered for the load given: dead load, plus 6640 lb. 
per ft. on each track and 18 per cent impact (ordinarily impact is 
not included in computing camber) . The changes in length under 
this loading are shown in the tables on each plate. Now if these 



Fig. 260. 

changes are made in reverse in fabrication, i.e., if UiLq is made 
0.239 in. longer, LqL\ is made 0.154 in. shorter, and so on for other 
bars, the bottom chord panel points will lie above the horizontal 
by amounts equal to the downward deflection shown in the lower 
left corner on Plate III. In other words, the deflection diagram 
shown on Plate III turned upside down would be a camber dia- 
gram except for the horizontal movements which can be deter- 
mined directly from the changes in length. Thus if the changes 
shown in the table were reversed Li would move 0.154 in. toward 
Lo; L 2 would move 0.308 in. toward Lo; L 3 , 0.467 in. toward Lo, 
and so on. The resulting- camber diagram would be as shown in 
Fig. 260. Actually, however, the true camber diagram would 
not agree exactly with the inverted deflection diagram for the 
reason that the fabricating shop could not make exactly the changes 
in length shown. Shops can work only in multiples of in. ; con- 
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sequently the camber change for UiLo would have to be +0.250 in. 

in.) instead of +0.239 in.; the camber change for LqLi, 
— 0.156 in. in.) instead of —0.154 in.; and so on. The true 
camber diagram would then be computed from the actual changes 
in length which the shop made. It would differ very little from the 
illustrated diagram of Fig. 260. 

208. Redundant Members. — Occasionally trusses are built in 
which more members are provided than are necessary for stability. 
As an example the truss in Fig. 

261 (a) has two diagonals in 
the panel 1-2. All bars are 
capable of resisting either ten- 
sion or compression, and the 
truss is therefore statically in- 
determinate in panel 1-2; i.e., 
the stress in bars in that panel 
cannot be calculated from statics 
alone An analysis can be 
made, nowever, applying the 
principles discuvssed in this chap- 
ter. Any one of the six bars 
in panel 1-2 may be considered 
as the extra or redundant mem- 
ber, and if that bar is removed 
the stresses in the remaining 
bars can be calculated by stat- 
ics. It will then be possible to 
calculate the relative movement 
between the points to which 
the redundant bar is connected, 
and having this movement to Fig. 261 . 

calculate the force necessary to 

restore these points to the positions they would occupy with 
the bar in place. That is the usual method of analysis. 

In Fig. 261 (6) the diagonal C/ 1 L 2 has been called the redundant 
member and removed. The panel points Ui and L 2 will then 



separate by an 


amount A = u. 

^AE 


Unit loads acting on the 


panel points as shown in Fig. 261 (c) will draw the points together 
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by an 


amount 8 = 



u. 


If the stress in the bar is >Si, that 


stress acting as in (df) will draw the points together Si8, and we 
may write 


W + f^.A 


in which Si, h, and Ai refer specifically to UiLo. It should be 
clear that E could be omitted from the calculations since it is the 
same for all members. The same method may be followed 
adopting any other bar as the redundant. 

If there is more than one redundant bar, of course it is neces- 
sary to obtain as many relations as there are redundapts. 



Fig. 262. 


Illustrations of the analysis of trusses containing redundant 
members are given in Figs. 2G2 and 263. As indicated in the truss 
diagrams above the calculations, the truss dealt with in Fig. 262 
contains one redundant member, and that in Fig. 263, two re- 
dundant members. The calculations follow exactly the procedure 
outlined at the beginning of the article, and no comments are neces- 
sary except to call attention to some terms the meaning of which 
may not be clear. In Fig. 262 the column headed u contains 
stresses due to unit loads acting at U 2 and L\, as shown in the 
diagram above the table. In the column headed 29iu' the factor 
is the same as u but with the directions of the unit loads re- 
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versed. Similarly in Fig. 263 the column headed Ui contains 
stresses due to unit loads acting at U 2 and Li. and the column 
headed U 2 stresses due to unit loads acting at [/s and L 2 as shown 
in the diagram above the table. As in Fig. 262 factors ui and 
U 2 ' are the same as ui and U 2 but with the directions of the unit 
load reversed. In each figure the right-hand column headed 
'‘Stress’’ contains the stresses in the members of the panels con- 
taining a redundant member. 
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209. Use of Maxwell’s Law in Obtaining Influence Lines. — 

In Art. 187 Mliller-Breslau’s principle was stated without proof. 
A general proof is perhaps beyond the scope of a textbook for 
beginners, but we may make use of Maxwell’s law of reciprocal 
relations to establish the principle in two simple cases. 

Figure 264 shows an unsymmetrical two-span beam. Assume 
that a unit load is placed at any point such as P. We may calcu- 
late the reaction at B by removing the support and calculating the 
force necessary to restore B to the proper level. We may say 
then, using the data from the figure: 




Ofl 

P 1 T at a 
Ob 
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However, Maxwell’s theorem says that 

jj Ijatr ItatB 

Ob — Op 

Therefore 




jf 1 T at B 
Op 

1 T at B 

Ob 


That is, the deflection curve resulting from a unit force (or any 
other convenient value) acting upward at B is an influence line 
for Bj and the numerical values of the ordinates to the influence 
line may be obtained by dividing each ordinate of the deflection 
curve by the deflection at B, 

As a second example refer again to Fig. 259 and assume that 
the right-hand support is hinged but not free to move horizontally. 
The structure is then statically indeterminate, but we may 
determine the horizontal reaction at C due to a unit load at any 
panel point between A and B by imagining the end at C on rollers, 
calculating the horizontal movement due to the load at any panel 
point, and then finding the force necessary to restore C to its 
original position. 


Let horizontal reaction at C due to unit load at 

any panel point. 

^ ^ = the horizontal movement of C (when C is on 
rollers) due to a unit load at any panel 
point. 

= the horizontal movement of C due to a unit 
horizontal reaction at C. 

Svp == the vertical movement of any panel point 
between A and B due to a unit horizontal 
reaction at C. 


Then we may write 


But from Maxwell^s theorem 


He 


== 


at r.p. 


at C 




'’vp.p. 


at C 


Therefore 


d 


1 at <7 
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Since there was no restriction on the panel point between A and B 
to be loaded, we may conclude that the deflected shape of the bot- 
tom chord between A and By due to a unit horizontal reaction at 
Cy is an influence line for horizontal reaction at C, and the numeri- 
cal values of the ordinates to that influence line may be obtained 
by dividing the deflections of the various panel points between 
A and B by the horizontal deflection at C. 



Fig. 264. 


The relations just established will be applied in connection 
with a continuous truss and a two-hinged arch in succeeding 
articles. 

210. Two-span Continuous Truss. — The preceding article 
described the use of Maxwell’s reciprocal theorem in determining 
the influence line for center reaction in an unsymmetrical two- 
span beam. The same method may be followed in dealing with a 
truss continuous over two spans. 

The major difficulty in dealing with indeterminate structures 
is the necessity for having known proportions before an analysis 
can be made. The real problem then is to assume a structure 
near enough to the right proportions so that repeated corrections 
will not have to be made. The problem of analysis is relatively 
easy, but the problem of design may be rather difficult. The 
matter cannot be treated adequately in an elementary book, and 
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procedures which experience has shown to be satisfactory will be 
used without explanation. 

Consider the two-span continuous truss shown in Fig. 265 (a). 
According to the principle established in Art. 209, we may allow 



4x/x4x-; = a08J /jxJxjxf-- 2.250 

3.9/7 9.750 


4x2-8.000 
Ix2xlj%\-0.861 
^ ^ 7.355 


L4 

4x4 46.000 

2x4 5.355 

10.667 


Fio. 265. 


a unit reaction to act at the center support as shown at (6) in the 
figure, and the resultant deflected structure will be the influence 
line for the center reaction. The difficulty is that to determine 
the deflected position of the bottom chord we must know the areas 
of the bars of the truss. We will assume, for a preliminary design, 
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that the deiBections may be found as those of a continuous beam 
having constant moment of inertia. This has been done in 
Fig. 265. At (c) is shown the moment diagram due to the unit 
reaction at the center support (using the panel length as unity), 
and at (d) the bending moment diagram due to the moment 
diagram of (c) applied as a load. The moment diagram at (d) 
is also the deflection diagram, and as shown in Art. 209 the ordinates 
to the influence line may be found by dividing the ordinates of the 
deflection curve by the center ordinate, i.e., by 10.667. 

The influence line for center reaction determined by the 
procedure described in the preceding paragraph is shown at (6), 
Fig. 266. With an influence line for center reaction, the structure 
may be analyzed by statics, and influence lines for the various 
bars in the truss may be determined by the simple device of 
placing a unit load at successive panel points and calculating the 
resulting stress in the bars. The resulting influence lines are 
shown in Fig. 266 designated by the usual bar notation. 

There are various short cuts and semi-automatic devices for 
obtaining influence lines for stress from the influence line ' for 
center reaction. However, these methods are not essential, and 
the beginner will do well to confine his first studies to fundamental 
procedures which are easily understood and less subject to error. 

The influence lines for stress having been obtained, the next 
step Ls the determination of the live-load stresses. Two pro- 
cedures are open to the engineer. He may deal with the actual 
wheel loads, placed on the influence line in the most unfavorable 
position, as stated in Art. 56, or he may make use of equivalent 
uniform loads as described in Art. 124. The exercise of judgment 
will be necessary in either case. 

When dealing with the actual wheel loads the most unfavorable 
position cannot be determined exactly by the criteria developed 
for simple structures as the influence lines do not have linear 
variation. The student will generally find, however, that wheels 
located in accordance with the criteria for simple structures will 
be in the proper position within one wheel on either side. Thus, in 
considering UiLoj the criterion for position at panel point 1 in a 
simple span of 4 panels of 30'-0" each would require placing wheel 5 
(Cooper's E loadings) at the panel point. If the student does 
not find that position to be correct for this case he will probably 
find that either wheel 4 or wheel 6 at the panel point is the correct 
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position. One should always try first the position of the wheel 
which would satisfy the criterion for the most nearly comparable 
influence line for a simple structure. 



The use of the equivalent loads given on Plates I and II will 
usually lead to results sufficiently accurate for design purposes. 
It is obvious that such loads are not exactly equivalent for inde' 
terminate structures since they were developed for influence lines 



TWO-SPAN CONTINUOUS TRUSS 


479 


having linear variation, and influence lines for indeterminate 
structures do not have linear variation. The adent will do well 
to compare the results obtained from equivalent uniform loads 
with those obtained from the actual wheel loads. He will find 
that the differences are not very significant from a design point of 
view in most cases, but he should guard against sweeping general 
conclusions based on a few comparisons 

The calculation of dead-load stresses is clearly a matter of 
statics. With an influence line 
for center reaction, all reac- 
tions from dead load are 
obtainable from statics and 
the calculation of stresses may 
be carried out in any con- 
venient way, arithmetical or 
graphical. 

The live-load, impact, and 
dead-load stresses, and the 
wind vstresses, if significant, 
having been determined, a 
tentative design may be made. 

The next step is then the 
determination of a more ac- 
curate influence line for c(niter 
reaction. The revised influence 
line may be found again as the 
deflected shape of the bottom 
chord, except that now having 
tentative areas tlu' deflected positions of the panel points may be 
found by one of th(' methods discussed in preceding articles. 

For the structure shown in Fig. 266 a tentative design led to 
the areas given in the table in Fig. 267. By using the relative 
changes in length in the members given in the same table, the 
Williot diagram shown in Fig. 268 was drawn. This leads at 
once to the revised influence line for center reaction shown in 
Fig. 269. Corrected influence lines are shown for UiUs, UsLo, 
and L 2 L 4 . The student should compare these with the tentative 
influence lines in Fig. 266, and compute the corrected influence 
lines for other bars for comparison with the originals. 

A thorough study of the influence lines based on the areas 
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Fig. 267. 
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given in the table in Fig. 267 will show that only a few minor 
changes are necessary for final design, and those changes are so 
small that a recalculation of the influence line for center reaction 
would not alter the result. It will be noted that some small 
ordinates of the influence lines have a large percentage change, but 



that those ordinates which have large relative changes have little 
or no significance in the determination of design stresses. 

Other redundants may be used for analysis instead of the 
center reaction, such as one of the end reactions or some bar in 
the truss. Each possible procedure has its advocates, as well as 
its advantages and disadvantages, but they need not concern the 
beginner. 

211. Two-hinged Arch. — The two-hinged arch is similar to the 
two-span truss in that it is indeterminate to the first degree. The 
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problem of analysis is similar, but the problem of preliminary 
design is somewhat less obvious and beyond the scope of this 
book. Nevertheless the two-hinged arch affords an interesting 
application of the principles discussed in this chapter, and certain 
parts of the problem can be presented without discussing the 
background. 
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Fig. 271 . 

It seems clear that, if an influence line for horizontal reaction is 
available, influence lines can be drawn step by step by moving a 
unit load from panel point to panel point and computing the stress 
in the various bars. That in general is the common procedure. 
Various devices are used to obtain a preliminary influence line foi 
the horizontal reaction. 
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Figure 270 shows a twelve-panel, two-hinged, double-track 
railroad arch to be designed for Cooper^s E-75. The preliminary 
influence line assumed for H is shown at (6) in the figure. Below 
the influence line for H are shown influence lines for stress in five 
typical bars, calculated by the fundamental method of placing a 
unit load at successive panel points. The student should check 
the influence lines .^hown and draw additional influence lines by 
the same procedure. The problem is evidently one in statics 
since the horizontal reaction can be taken from the influence line. 
For example, assume that the unit load is at [/s'; the horizontal 
reaction is then 0.540, and the vertical reaction at the left end is 

(=.25). The reactions being known, of course the stress in 
any bar may be calculated. 

The live-load stresses may be calculated from the influence 
lines by the same methods suggested in the preceding article for 
the two-span truss. The dead-load stresses may be calculated 
either graphically or arithmetically. Two-hinged arches are 
frequently erected as three-hinged, and the dead-load stresses are 
then statically determined. Temperature stresses may be impor- 
tant in two-hinged arches, and it is necessary to estimate the 
probable reaction due to temperature change, but the methods of 
doing so cannot be discussed here. 

The stresses determined for the arch in Fig. 270 are shown in 
the table in Fig. 271. The estimated dead-load panel concentra- 
tions are shown on the right-hand side of the arch in Fig. 270 (a), 
and the dead-load stresses were found assuming erection as a 
three-hinged arch. The areas ba.sed on the stresses in the table 
are shown in the last column of the table. 

A tentative design, as shown in the last column of the table, 
having been prepared, the next step is to calculate the influence 
line for H based on that design. The influence line may be found 
from the deflected top chord diie to a unit horizontal reaction when 
one end is on rollers as in the angle frame of Fig. 259, described in 
Art. 209. The stresses due to a unit horizontal reaction are shown 
on the left half of the arch in Fig. 270 (a), and the relative changes in 
length due to these stresses are shown on the half arch inFig. 272 (a) . 
The Williot diagram based on these relative changes in length is 
also showm in the figure. 

The influence line for determined from the Williot diagram, 
is shown in Fig. 272 (6). The ordinates from the preliminary 
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influence line, Fig. 270, are shown below in parentheses for com- 
parison. The student should note in calculating the ordinates to 



Scale of flelafive Distortions. 

Fia. 272 (a) 

the influence line that the distance 43.81 shown as the movement 
of Lo is in fact only half the movement, since only half of the 
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Williot diagram is drawn. Since the other half of the diagram 
would be the same in magnitude of movements as that shown, the 
true horizontal movement of Lq relative to Lo is 2 X 43.81 = 87.62. 
Consequently the ordinate to the influence line at, say, U 2 is: 


32.83 

87.62 


= 0.375 


The other ordinates are calculated in the same manner. 



Fig. 272 (6) 

It is obvious by inspection that there cannot be very serious 
changes in the design stresses shown in the table. Fig. 271, but the 
student should recalculate one or two influence lines for stress and 
compare the design stresses obtained therefrom with those shown 
in the table. 

212. Secondary Stresses. — The problem of secondary stresses 
is so broad that it is only possible, or justifiabhi, in this book to 
give some indication of what the problem is and show by a very 
brief and elementary example the application of moment distri- 
bution in calculating secondary moments. 

The secondary moments under consideration here are those in 
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the plane of the truss resulting from rt\straints which prevent 
changes in angles between the bars of the truss. These restraints 
may result from gusset plates or from friction between members 
and pins in the connections. The two-panel truss shown by heavy 
full lines in Fig. 273, when loaded at Li, would deflect, and if the 




connections were in fact frictionl(\ss pins would take the position 
shown to greatly exaggeratc'd scale by the dotted lines. The 
angles t/iLoLi and LoUiLi would increase, and the angle UiLiLo 
decrease, with corresponding changers in the other triangle. How- 
ever, the members are actually connected by gusset plates which 
resist any tendency for the 
angles betweem the bars to 
change. Since the changes in 
length, and consequently the 
deflection, must take place, 
the bars of the truss will be 
forced to bend into the shape 
shown by light full lines in 
the fig\ire. The moments ac- 
companying the bending of 
the bars are the secondary 
moments in the plane of the 
truss, and flexural stresses resulting from these secondary moments 
are the so-called secondary stresses under consideration. 

During the deflection of a truss the various bars and joints rotate 
even though the gusset plates prevent changes in angles between 
the bars. If we imagine the deflection and bar rotations to take 
place, but hold all joints parallel to their original positions, it is 
clear that the various bars will be bent into shapes as shown by 
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Fig. 274. Since all joints are presumed held parallel to their 
original positions the moments caused by deflection and rotation 
may be calculated from the relation previously developed and 
shown in Fig. 275. Having computed the moments at the ends 
of all members we may sum up those at each joint. In general 
we wiU find unbalanced moments at the joints, and if the joints 
are successively released the unbalanced moments will be distrib- 
uted among the connecting members in proportion to their stiff- 
nesses. Moments may then be “carried over” in accordance 
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Fig. 276. 


with the usual moment distribution procedure and the process 
repeated to satisfactory convergence. 

The procedure is illustrated by Figs. 276, 277, and 278. 
Figure 276 shows the truss and essential data concerning its 
members. In Fig. 277 the calculations of the angle changes are 
shown. The sketch at the top of the table in Fig. 278 shows the 
bar rotations based on the assumption that LoLi is fixed in direc- 
tion.^ As will be noted, bar rotations have been called positive 
when clockwise and negative when counter-clockwise. 

® It seems clear that any other bar could have been chosen as a reference 
line and the rotations calculated with reference thereto. For example, if 
IJ\L\ had been assumed fixed in direction the bar rotations would have been; 

17, Lo +0.001778 LoL, +0.002417 

VxU -0.001070 LxU -0.002138 
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The moments due to bar rotations with joints held against 
rotation are computed from the relation shown in Fig. 275, and 

El 

are recorded in the table. The quantity 6 — ^ would give the 

moment in inch-kips, since E was used as 30,000 kips per sq. in., 
and that factor has been divided by 12 to secure moments in 
foot-kips. 

The distribution is carried out in tabular form, and the only 
comment necessary is to call attention to the sign convention. 



Angle Changes 

© ^iK204 K34I ^£*.549 x^) • ^.000639 

® mi) • 

(6) —(*.255 *. 205 X 204 ) - 1 00/063 

Fia. 277. 


In calculations of this type a convention based on direction of 
joint rotation has some advantages. A moment which tends to 
rotate the joint clockwise is called positive and the reverse nega- 
tive. This change in sign convention makes no difference in the 
moment distribution procedure, but the student should note that 
the carry-over moment has the same sign as the distributed 
moment. 

Although the problem shown here is very simple the same 
method of attack will be adequate for any case. It should be noted, 
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however, that when dealing with a symmetrical truss symmetrically 
loaded the center vertical or center line will not rotate; use of 
this member or line as the reference line will make it possible to 
limit the calculations to one half the truss. 
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Fig. 278 . 


No attempt should be made to draw conclusions from the 
secondary stresses found in this case. The problem is presented 
merely as an exercise in applying moment distribution, and the 
results have no significance from any other point of view. 
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In the following problems, where the value of E is required, it should he 
assumed as 30,000 kips per sq. in. unless otherwise stated.^ 


299 . Calculate, by means of angle changes, the deflection of point Li of 
the structure shown. 


Uf 



300 . Assume that the truss in Problem 158 is so designed and loaded that 

the changes in length of the members are as follows. Each top chord member 
is shortened Each bottom chord member is lengthened in. The 

end })osts t/iLo and are shortened \ in. The diagonals are lengthened 

in. The hangers UiLi and UiLi are lengthened J in. The vertical I/ 4 L 4 
is length(*ned in. The other four verticals are .shortened i in. Calculate 
the deflection of each bottom chord panel point by means of angle changes. 

301 . Solve Prolflern 2S0 by means of virtual work. 


302. Calculate the reactions for the structure .shown, a.'^suming equal areas 
for all bars. 


/ 20 '^ 160 ^ 



303 . Solve Problem 299 by means of virtual work. 

304 . Determine the movement of each panel point in the truss of 
Problem 300 by means of a Williot diagram. 
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305 . Calculate the stresses in all the bars of the truss shown. 



Prob. 305. 


306 . Calculate the deflection of panel points Li and L 2 , in the truss of 
Problem 305, by means of angle changes. 


Prob. 307. 



307 . Assume ail bars to have equal areas: 10.0 sq. in. each. 

(а) Calculate the stress in L 0 L 2 of the structure shown. 

(б) The member L 0 L 2 has been fabricated 0.25 in. short owing to an error 
in the shop. What stresses will be produced in the bars of the structure if 
L 0 L 2 is forced into place in the erection? 

308 . Calculate the stresses in all the members of the structure shown with 
the load in the position shown. 
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309 . Determine the angle through which the boom, in Problem 308, 
rotates as the result of changes in length of the sides of thr triangle of which 
it is a part. 

310 . Calculate the stress in the tie rods of the structure shown. 

^6- Pprfs 

t“9 Wire Rope 


/io"l % 


■H /0'k-20-->1 I 

I , 1,1 

K 30 

Prob. 310. 

311 . Calculate the stresses in the ties WzUz and W 2 V 2 of the structure 
shown. The gross areas of the bars of the truss are shown in the figure. 
The tie WzUz is a wire cable having an area of 3.0 sq. in. and a modulus of 
elasticity of 20,000 kips per sq. in. The tie steel bar having an area 

of 4.0 sq. in. and a modulus of elasticity of 30,000 kips per sq. in. 


Pros. 311 ; 
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312 . Calculate the reactions for the structure shown, assuming equal 
areas for all bars. 



818 . Calculate the stress in URi. and L1L2L3 of the structure shown. 



314 . Calculate the angle changes in triangle LqL\Rq of the structure i*i 
Problem 313. 



Prob. 315. 


316 . Assume that deflections of the structure shown are the same as for a 
beam having constant moment of inertia. 

(o) Draw the influence line for reaction at Pier 3. 

(h) Draw the influence line for stress in C/gt/iof/n. 

(c) From the influence line for stress in TJ^VioUn calculate the maximum 
tension and the maximum compression in the bar due to a moving uniform 
losid of 2,000 lb. per ft. plus a roving concentration of 60 kips. 
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Girder ^ Girder 


ib 

1 




1 1 

% 


r 1 1 

k— 60-— >j 

k — 

— 6 @ 50 '‘ 240 '- 
Prob. 316. 




316 . Assume equal areas in all the bars of the structure shown, and draw 
an influence line for //, giving all ordinates. Use a Williot diagram to obtain 
the panel-point movements needed to calculate the ordinates. 

317 . Calculate the stress in IJiLi of the arch shown in Fig. 272 (5) due to a 
load of 160 kips acting horizontally and to the right at Li. Obtain the neces- 
sary information from the Williot diagram in Fig. 272 (a). 

318 . The two hinged arch .shown in Fig. 272 (6) is loaded at Us with a vertical 

downward load of 240 kips, and at Li with a horizontal load acting to the right 
of 160 kips. Calculate the stress in and U^Li. Obtain the necessary 

information from the influence line for H in Fig. 272 (b) and the Williot dia- 
gram in Fig. 272 (a). 

319 . If the arch of Problem 318 is supported by rollers on a horizontal 
plane at Ln and has a horizontal tie of 54 sq. in. gross area between Lq and Ln, 
recalculate the stresses in the members asked for in Problem 318. 



Prob. 320. 


320 . Calculate the secondary stre.sses in the structure shown. The 
members have the following properties, with the gravity axes at the centers 
of the members. 

LqLiL'o UiLo and UiL'o UiLi 

Gro.ss area 60.0 sq. in. 101.9 sq. in. 141.0 sq. in. 

Moment of inertia 6370 in.^ 17,400 in.* 24,300 in.* 

Distance b. to b. angles 305 in. 365 in. 36] in. 

321 . Add the secondary members MiLi and 
M'lLi to the structure in Problem 320, and 
recalculate the secondary .stres.ses. Secondary 
members, two 15 in. channels @ 40 lb. I — 693 
in.* 

Prob. 321. 




PROPERTIES OF TRIANGLES AND QUADRATIC PARABOLAS 


The figure on page 497 gives simple relations for the areas into 
which moment diagrams may often be divided for convenience in 
calculation, and also the location in a horizontal direction of the 
centroids of such areas. The data shown will be helpful in cal- 
culating deflections and changes in slope of beams subjected to 
combinations of uniform and concentrated loading. 

Most students remember the properties of a right triangle, and 
the data regarding a parabola shown in the lower right-hand 
comer of the figure. Many, however, do not recall the less fre- 
quently used relations. 

The reader is cautioned against the common error of assuming 
that the relations between a rectangle and a parabola shown in the 
lower right-hand comer hold for any rectangle in which the ends 
of a diagonal lie on the parabola. It is not necessary to restrict the 
relations to a rectangle at the apex of the parabola, but one side of 
the rectangle must be tangent to the jSarabola and the parallel side 
a chord or semi-chord of the parabola. When the side parallel to 
the tangent is a semi-chord, of course, one diagonal of the rectangle 
is a chord of the parabola. 
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INDEX 


A 

A-loading, 28, 29 
Analysis, relation of, to design, 1 
Angle changes, 344 
as loads, 346 
deflections due to, 351 
departure due to. 346 
effect of on loaded beams, 350 
general theorems of, 351 
in a triangle, 441 
in loaded beams, 348 
in truss deflections, 440 
signs, 444 

sloi)es due to, 346, 351 
statical moment, 347 
truss d(;flections, 444, 467 
Angle frame, 380, 382 
moment distrilnition, 404 
Angles, i)roperties of small. 344 
Arch, three-hinged, 46, 158 
graphic determination, 225 
two-hinged, 481 

influence liru's for, 482 
Assumptions, in analysis of wind 
frames, 304, 306, 310, 317 
in i)roperties of small angles, 314 
in truss analysis, 165, 320, 324, 330 

B 

l^ars, necessary number in truss, 153 
]4eam, cantilever, 41 
supported cantilever, 374 
moment distribution, 402 
three-span continuous, 378 
two-span, 372, 388 
moment distribution, 402 
Beams, bending moment, 62 
continuous, maximum shears, mo- 
ments and reactions, 418 


Beams, Continued 

qualitative influence lines, 420 
quantitative influence lines, 423 
deflections, and slopes, 354 
virtual work, 454 
fixed-end moments, 386 
floorbeams, 82 
non-prismatic, 360 
carry-over factor, 425 
fixed-end moments, 425 
moment distribution, 424 
stiffness, 425 

prismatic, moment distribution 
393 

n'actions, 34 
shear, 62 

shear and moment diagrams, 66 
stiffne.^^s, 397 

tliree-s])an, moment distribution 
407 

Bc'nding moment. 62 
definition of, 64 
diagram.s, 65. 66 
graphical determination, 230 
influence lines, 103 
maximum, continuous beams, 418 
rate of change, 74 
relation between shear and, 74 
.'-igns, 64 

spans with floorbeams, 83, 127 
Bent, multiple-story, 309 
two-hinged, 383 
unsym metrical, sidesw’ay, 416 
with knee brace, 308 
l^ents, industrial building, 304 
Bow’s notation, 238 
Bridge trusses, sec Truss 
Bridges, highway, moving loads, 1* 
railroad, conventional loads, 26 
moving loads, 19 
wind stress, 317 
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INDEX 


Building Code Committee, Dept, of 
Commerce, • recommenda- 
tions of, 14 

Buildings, high, wind stresses, 310 
minimum live loads allowable for 
design, 14 

movable and moving loads in, 9 


Camber, 469 
by Williot diagram, 470 
Cantilever beam, 41 
irregular, 381 
supported, 374 
moment distribution, 402 
Car, hot-metal, 26 
Carry-over factor, 395 
non-prismatic beams, 425 
Carry-over moment, 395 
Center of gravity, graphically de- 
termined, 215 

triangles and parabolas, 496 
Centrifugal force, 31, 336 
Change in length, causes of, 453 
due to stress, 453 
Column analogy, 431 
Columns, bases fixed, 306 
bases hinged, 306 

Continuous beam, three-span, 378 
two-span, 372 

Continuous beams, maximum shears, 
moments and reactions, 418 
qualitative influence lines, 420 
quantitative influence lines, 423 
Continuous structures, application of 
statics, 76 

Continuous truss, two-span, 475 
Contra-flexure, 305 
Conventional loads, railroad bridges, 
26 

Conventions, 5 
Cooper, Theodore, 19 
Cooper’s loadings, 19, 27, 28, 133, 271 
Counters in trusses, 273 
Cranes, impact, 29 
in industrial buildings, 16 
lateral effect, 31 


Cranes, Continued 
longitudinal effect, 32 
Cross, Hardy, 65, 344, 404, 419 
Crowds, weights of, 12 
Culmann, Carl, 231 
Ciilmann’s method, 237 


Dead loads, 6 
Deflections, beams, 354 
virtual work, 454 
from influence lines for stress, 466 
related by Maxwell’s law, 468 
truss, by angle changes, 440, 444, 
467 

by stress influence lines, 466, 467 
by Williot diagram, 456, 467 
geometry of, 446 ^ 

Department of Commerce, recom* 
mendations of Building 
Code Committee, 14 
Design loads, choice of, 6 
Diagrams, shear and moment, 65 

E 

Elastic support, illustration of, 376 
E-loadings, 28, 133, 271 
Equilibrium, 2, 33, 216 
three non-parallel forces, 44, 208 
Equilibrium polygon, 215 
through three points, 227 
Equivalent uniform loads, 270 
diagrams, facing p. 302 

F 

Factor, carry-over, 395 
Fixed-end moments, 343, 386, 401 
non-prismatic beams, 425 
Floorbeam reaction, maximum, 132 
Floorbeams, bending moment in 
spans with, 83 
defined, 83 
spans with, 82 
influence lines, 104 
Force, centrifugal, 31, 336 
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Force, Continued 
diagram, 211 
polygon, 211 
Forces, components, 212 
graphical representation, 207 
lateral, 30, 303, 304 
non-parallel chord truss, 327 
stresses in bridges, 317 
longitudinal, 32, 303, 329 
stresses due to, 329 
parallelogram of, 2, 208, 209 
resolution of, 212 
substitute, 213 
three non-parallel, 44, 208 
triangle of, 208, 209 

G 

Geometry, of continuity, 389 
' of small-angle changes, 352 
of tmss deflections, 446 
Goods, weights of, 10 
Graphic statics, 206 
bending moment, 230 
center of gravity, 215 
equilibrium, 216 
equilibrium polygon, 215 
through three points, 227 
fundamental principles, 207 
moment of inertia, 235 
reactions, 219 
stress, signs, 241 
stresses, 237 

substitute members, 244 
three-hinged arch, 225 
Greene, A. E., 352 
Charles E., 352 

H 

Highway bridges, moving loads, 17 
I 

Ideal stnictures, relation to practi- 
cal, 3 

Impact, 29 


Indeterminate structures, applica- 
tion of angle changes, 370 
Index stresses, 190 
Influence lino, definition of, 101 
Influence lines, 101, 255 
criterion from, 288 
deflections from, 466 
fundamental principles in con- 
stmetion, 102 
Maxwell’s law, 473 
Mliller-Breslau’s principle, 473 
qualitativ^e, continuous beams, 420 
quantitative, continuous beams, 
423 

reactions, 102 

shape of deflected structure, 420 
shear and moment, 103 
spans with floorbeams, 104 
stress, 255 

two-span continuous truss, 475 
units, 106 

use in computation, 106 
use in truss deflections, 467 

J 

Johnson. Louis Jerome, 13 
Joint translation, 410 

K 

Kip, defined. 5 
Knee braces. 309 
Kunz, F. C., 7 

L 

Lateral forces, 30, 303, 304 
Live loads, 6 
varying effect of, 101 
Load, uniform, with roving concen- 
tration, 23, 29, 263 
Loading and shear, relation between, 
71 

Loads, 6 

centrifugal force, 31, 336 
conventional, railroad bridges, 26 
dead, 6 
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Loads, Continued 
design, choice of, 6 
lateral, centrifugal force, 31, 336 
wind, 30, 310, 317 
live, 6 

minimum allowable in design of 
buildings, 14 
varying effects of, 101 
longitudinal, 32, 329 
movable and moving, buildings, 9 
general, 8 

movable uniform, continuous 
beams, 418 

moving, highway bridges, 17 
railroad bridges, 19 
moving concentrated. Ill 
moment, 119 
reactions, 112 
shear, 115 

spans with floorbeams, 127 
criterion for maximum shear, 
129 

moment, 127 
shear, 127 

moving off span, shear, 118 
moving uniform, maximum effect, 
108 
snow, 32 

uniform, equivalent, 270 
diagrams, facing p. 302 
wind, 30, 310, 317 

Locomotives, weights of typical, 25 
Longitudinal forces, 32, 303, 329 

M 

Marburg, Edgar, 160 
Maxwell, James Clerk, 468 
Maxwell's law, 467 
influence lines, 473 
M-diagram, as load, 351 
M-loadings, 27, 28, 133, 271 
Mohr, Otto, 352, 456 
Mohr’s method, 237 
Moment, bending, 62 
definition of, 64 
graphical determination, 230 


Moment, bending, Continued 
influence lines, 103 
maximum, continuous beams, 
418 

maximum criterion for, 121 
moving concentrated loads, 119 
rate of change, 74 
relation between shear and, 74 
signs, 64 

spans with floor beams, 83, 127 
carry-over, 395 
diagrams, 65 

of inertia, graphically" determined, 
235 

point of greatest, 125 
resisting, 63 

tables, 133, 137 (Tables III and 
IV) 

unbalanced, 401 
Moment distribution. 342, 344 
angle frame, 404 

arrangement of calculations, 404, 
406 

fundamental procedure, 399 
introductory relations, 393 
multiple distribution, 405 
non-prismatic beams, 424 
overhanging end, 403 
prismatic beams, 393 
qualitative influence lines, 420 
quantitative influence linos, 423 
signs, 402, 489 
supported cantilo\'er. 402 
tliree-span beam, 407 
two-span beam, 402 
use in sectondary stresses, 486 
sign convention, 489 
Moments, due to bar rotations, 489 
fixed-end, 343, 386, 401 
Movable and moving loads, build- 
ings, 9 
general, 8 

Movable uniform loads, continuous 
beams, 418 

Movement, absolute, virtual work 
452 

Moving concentrated loads, 111 
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Moving concentrated loads, Con- 
sumed 
moment, 119 
reactions, 112 
shear, 115 

spans with floorbeams, 127 
moment, 127 
shear, 127 

criterion for maximum, 129 
Moving loads, highway bridges, 17 
railroad bridges, 19 
Moving uniform loads, maximum 
effect, 108 

Muller-Breslau’s principle, 420, 473 
Multiple distribution, 405 

N 

Nishkian, L. H., 422 
Non-prismatic beams, 360, 424 

P 

People, weight of crowds, 12 
Pole distance, 231, 236 
Portal, effect of bottom chord, 325 
stresses, 322 

Prismatic beiiin, definition of, 360 

R 

Railroad bridges, conventional loads, 
26 

moving loads, 19 

Rate of change, bending moment, 74 
shear, 73 

Reaction, floorbeam, maximum, 132 
Reactions, 33 
beams, 34 
calculation of, 39 
graphic determination, 219 
maximum, continuous beams, 418 
moving concentrated loads, 112 
statically indeterminate, 35 
Reciprocal relations, Maxwell’s law 
of, 467 

Redundant members, 471 
Relative stiffness, 399 
Resisting moment, 63 


S 

Secondary stresses. 486 
Section, choice of in analysis, 166 
Shear, 62 

and bending moment, relation be- 
tween, 74 
definition of, 63 
diagram^. 65 
influence lines, 103 
loads moving off span, IIS 
maximum, approximate method, 
109 

continuous beams, 418 
moving concentrated loads, 115 
rate of change, 73 
relation between loading and. 71 
relation between moment and, 74 
signs, 64 

spans with floorbeams, 127 
Sidesway, 414 

corrections duo to, 416 
unsymmctrical bent, 416 
Signs, in angle changes. 444 
moment distribution, 402, 489 
shear and moment, 64 
stress, 167, 241 
Slopes, beams. 354 
virtual work, 454 

Small-angle changes, geometry of, 352 
Smith, Albert, 315 
Snow load, 32 

Statical indetermination, 35, 341 
degree of. 341 

Statically indeterminate structures, 
methods of analysis, 341 
Statics, application to continuous 
structures, 76 
graphic, 206 
laws of, 1, 33, 217 
relation of wind stresses to, 317 
Steinman, D. B., 27, 271, 422 
Stiffness, definition of, 397 
non-prismatic beams, 425 
relative, 399 

Stress, application of fundamental 
method, 167 
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Stress, Continued 
choice of section in analysis, 166 
fundamental method of deter- 
mination, 165 

in bridges, lateral forces, 317 
influence lines, deflections from, 
466 

reversal in web members, 261, 
268 

signs, 167, 241 

Stresses, chord, uniform fixed loads, 
182 

graphically determined, 237 
index, 190 

longitudinal forces, 329 
secondary, 486 
two-hinged arch, 484 
two-span continuous truss, 479 
web, non-parallel chord trusses, 
263 

Stringers, defined, 83 
Structures, continuous, application 
of statics to, 76 
practical and ideal, 3 
statically indeterminate, applica- 
tion of angle changes, 370 
methods of analysis, 341 
trussed, analysis of, 165, 255 
graphic analysis, 237 
weights of, 7 

Subdivided trusses, see Truss 
Support, elastic, illustration of, 376 
Swain, George Fillmore, 160, 448 
Symbols, 5 

T 

Three-hinged arch, 46, 158, 225 
Train, effect of wind on, 325 
longitudinal effect of, 32, 329 
Trestle, steel, 330 
Truss, Baltimore, 160, 279 
bow string, 158 
continuous, two-span, 475 
counters in, 273 
crescent, 158 
deck, 164 
definition of, 153 


Truss, Continued 
deflections, determined by angle 
changes, 440, 444, 467 
geometry of, 446 
stress influence lines, 466, 467 
Williot diagram, 456, 467 
Fink, 157 

graphic analysis, 247 
Howe, 156, 158 
K, 160, 284 

criterion for stress, 286 
fixed loads, 189 
moving loads, 284 
moving loads, 256, 264 
necessary number of bars, 153 
non-parallel chord, criterion for 
web members, 267, 268 
lateral forces, 327 
reversal of stress, 268 
verticals, 269 
Parker, 159, 180, 288 
Pennsylvania, 160 
Pettit, 160, 279 
pony, 158 

Pratt, 157, 158, 256 
fixed loads, 179 
roof, graphic analysis, 238, 242 
reactions, 43 
saw tooth, 158 

stresses in, chords, uniform fixed 
loads, 182 

non-parallel chord, 263 
fixed loads, 180 

parallel chord, fixed loads, 174, 
179 

roof, fixed loads, 167 
subdivided, 279 
criterion for chords, 281, 284 
fixed loads, 183, 186 
secondary system, 188 
through, 164 

sample computations, 283, 288 
types, bridge, 158 
building, 156 
Warren, 158 
fixed loads, 179 
without verticals, 275 
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Truss, Warren, without verticals, 
Continued 

criterion for loaded chord, 277 
Whipple, 160 

Trussed structures, analysis of, 165 
graphic analysis, 237 
indeterminate, 440 
Two-hinged bent, 383 
Two-hinged arch, 481 
influence lines for, 482 

U 

Unbalanced moment, 401 
Uniform loads, equivalent, 270 
diagrams, facing p. 302 
movable, continuous beams, 418 
Units, influence lines, 106 

V 

Verticals, non-parallel chord trusses, 
269 

tension in, 274 
* trusses without, 275 

criterion for loaded chord, 277 


Virtual work, 448 
absolute movement, 452 
applications of, 150 
beams, change in slope, 454 
deflection, 454 
redundant members, 471 

W 

Waddell, J A. L., 7 
Warehouses, weights of contents, 1C 
Weight of crowd of people, 12 
Weights, of cranes, 16 
of goods, 10 
of • structures, 7 
typical locomotives, 25 
Williot diagram, 456 
camber, 470 

tniss deflections, 456, 467 
two-hinged arch, 484 
unsymmotrical cases, 462 
Williot-Mohr diagram, 463 
Wind, efTcct on train, 325 
on bridges, 30, 303, 317 
on buildings, 30, 304, 310 
stresses, relation to statics, 317 
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